
Preliminary Examination

Department of Mathematical Sciences
Rensselaer Polytechnic Institute

August 23, 2014
Instructions:

• Please submit 10 problems for grading out of the 12 problems given on the exam.
Do not submit solutions for more than 10 problems. (If solutions to more than
10 problems are submitted the 10 lowest numbered problems will be read.)

• The exam will be graded anonymously. Do not write your name on it. Instead,
write the last 4 digits of your RPI identification number (RIN) at the top right-
hand corner of every page you submit for grading.

• Show all work necessary to justify your answers. Answers without proper sup-
porting work will not receive full credit.

• When turning in your work, place each problem solution face down on its re-
spective numbered envelope at the front of the room.

• No books, notes, calculators or other electronic devices (e.g., iPods, phones) are
permitted.

• You have 4 hours to complete the exam.
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1. Think of a sphere of radius R with a hole of radius r (r < R, of course)
drilled along a diameter of the sphere. Show that the volume of this solid
is the same as the volume of a sphere with a different radius S. What is
S?

2



2. (1) For what values of a does
∫∞
e

dx
x(ln x)a converge, where a > 0?

(2) When the integral converges, find its value.
(3) For what values of a does

∑∞
k=2

1
k(ln k)a converge?
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3. An ellipse is described by x = a sin t, y = b cos t, 0 ≤ t ≤ 2π, with 0 < b ≤
a.
(1) Show the circumference C of the ellipse is given by

C = 4a

∫ π/2

0

√
1− k2(sin t)2dt,

in terms of a parameter k2. Find an expression for k2.
(2) If k2 is small, find an approximation to C = C(k2) valid to fifth order
in k.
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4. The sketch below shows a hemisphere of radius R and a right circular cone
circumscribed about it. For the cone of smallest possible volume, find the
ratio of its height h to the radius r of its base.
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5. Consider the experimental observations given in the following table:

t 1 4 8 11
y 1 2 4 5

where t stands for time and y is the observed data. Using matrices and
vectors, formulate the least-squares linear fit, y = at+ b with a, b ∈ R, to
the data, and find explicitly the values of a and b.
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6. Consider the elastic collision of particles of certain gas, which can be
modeled as hard spheres with the same radius. First we observe that if
two particles move along the same straight line and hit each other with
a perfectly elastic collision, their velocities will be exchanged after the
impact.

We now consider two particles moving in R3 with velocities u and v. At
the instant of their collision, we denote the unit vector parallel to the
segment joining the centers of the spheres as n. Then, after the collision,
the components of their velocities along n will be exchanged, while the
components perpendicular to n will be unchanged.
(1) Write down the after-collision velocities, denoted as u? and v?, of these
two particles in terms of u, v and n;
(2) Based on the formulas you obtain, verify the conservation of momen-
tum and energy, namely

u + v = u? + v? , |u|2 + |v|2 = |u?|2 + |v?|2.

Here | · | is the Euclidean norm in R3.
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7. Let A ∈ R2×2, given by

A =

[
a b
−b a

]
, b 6= 0.

Show that there is no real number λ ∈ R such that A − λI is singular.
Here I is the 2× 2 identity matrix. Can such λ be found if we allow it to
be a complex number?
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8. Consider a difference equation

xk = Axk−1,

where A ∈ R2×2 and x0 ∈ R2 are given by

A =

[
0.8 0.2
0.2 0.8

]
and x0 =

[
1
2

]
.

Determine whether the sequence {xk}k converges as k → ∞. If so, what
is the limit? If not, why?
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9. Two planes in R3 intersect in a line. What condition must their normals
satisfy for this to happen? Your answer must include a mathematical
derivation of the condition.
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10. This problem considers how close two objects, moving in the x, y-plane,
come to bumping into each other. The position of the first object is
(x1, y1) = (t − 4 cos(πt), 12 t

2 − 3 + 3 sin(2πt)), while the position of the
second object is (x2, y2) = (−4 cos(πt), 3 sin(2πt)). Note that the objects
in this problem are points in the plane.
a) The plots of these two curves are shown in the figure below for 0 ≤ t ≤ 2.
Identify which one is curve 1 and which one is curve 2 (and provide brief
reasons why).
b) Explain why a point where the curves intersect does not necessary
correspond to the objects bumping into each other.
c) Find the time t, for 0 ≤ t <∞, at which the objects are closest.
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11. Calculate the line integral

∫
C

(−y + 3z)dx+ (−x+ 5z)dy + (3x+ 5y)dz,

where C is the line segment from (0, 0, 0) to (1, 0, 2) followed by the line
segment from (1, 0, 2) to (1, 1, 1).
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12. Calculate the surface integral

∫∫
R

f · n dS, where f = (−1, ex+z, 4z), R is

the cylinder x2+y2 = 4, for −1 < z < 2, and n is the unit outward normal
to R (outward in this case meaning pointing away from the z-axis).
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