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Abstract. For a one-phase free-boundary problem with kinetics, which is known to

generate a rich dynamics, we present results of a numerical study of the correlation

dimension of the attractor.

1. In tro duction. It wasshown [FRS, FR1] that, in contrast to the classicalStefan
problem, the non-equilibrium Stefan problem where the phasetransition tempera-
ture is related to the interface velocity through the kinetics, exhibits a wide variety
of dynamical scenarios. In recent papers [FR3, FR4] we studied one-phasenon-
equilibrium Stefan problem and proved that it possessesa compact attractor of
a �nite Hausdor� dimension. The analytical estimate on the dimension produces
extremely large valuesfor the dimension.

The situation here is somewhatsimilar to other well-studied dissipative systems
such as, for instance, the Navier-Stokes and the Kuramoto-Sivashinsky equations
[T] where, in addition, the estimate of the fractal dimension is strongly dependent
on the sizeof the domain or, for unboundeddomains, on the choiceof the weighted
space[HNZ]. We would like to emphasizethe di�erence betweenthe latter and our
problem, whoseremarkable feature is that all characteristics of the dynamics are
de�ned by the intrinsic physical parametersonly.

At the sametime, in [FR2] we demonstratedthat a 3� 3 pseudo-spectral approx-
imation of the free-boundary problem mimics the in�nite-dimensional system very
well. Theseobservations suggestthat the asymptotic dynamicsof the free-boundary
problem should be relatively low-dimensional. Below we present numerical evidence
in favor of the latter suggestion.

The free-boundary problem is formulated as follows

ut = uxx � 
 u; �1 < x < s(t); (1)

(@u=@x)jx = s( t ) = � V (t); g(ujx = s( t ) ) = V (t); u(x; 0) = u0(x): (2)

Hereu(x; t) is the temperature, 
 � 0 is the heat losscoe�cien t. The two boundary
conditions: the Stefan and the kinetics condition overdetermine the problem and
allow one to �nd the free boundary whoseposition is s(t) and velocity, V (t) = _s(t).
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The free-boundary problem (1-2) arisesnaturally as a mathematical model for
a variety of exothermic phase transition type processes,such as condensedphase
combustion [MS] also known as self-sustainedhigh-temperature synthesis or SHS,
solidi�cation with undercooling [L], rapid crystallization in thin �lms [VW] etc.

2. Analytical Background. Existence and uniquenessof bounded classical so-
lutions for the problem (1-2) was established in [FR4]. Next, following [FR4] we
brie
y describe the necessaryprior results on the existenceand structure of a com-
pact attractor.

By integrating Green's identit y over the domain � < s(� ); 0 < � < t one can
obtain the following representation for the solution:

u(x; t) =
Z t

0

eG(x; s(� ); t � � ) [� V (� ) + U(� )V (� )] d� (3)

�
Z t

0

@eG
@�

(x; s(� ); t � � )U(� )d� +
Z 0

�1

eG(x; � ; t)u0(� )d�

Here eG = e� 
 ( t � � ) G is the fundamental solution of the heat equation with damping,
G is the Gaussiankernel

G(x; � ; t � � ) � G(x; t; � ; � ) = exp
�

�
(x � � )2

4(t � � )

�
[4� (t � � )] � 1=2 :

Since both U := u(s(� ); � ) and V = ds=dt = g(U) are determined by the ini-
tial conditions, the representation can be thought of as the time evolution of the
initial temperature distribution u0 under the semigroupT(t): u(t) = T(t)u0. We
understand the evolution as taking place for the functions on the �xed interval
(�1 ; 0). This is equivalent to the intro duction of the moving coordinate system
attached to the free boundary x0 = x � s(t). We split the semigroup operator T
into two parts: the contribution of the free boundary and that of the initial data
T(t)u0 = T1(t)u0 + T2(t)u0; where

T1(t)u0 =
Z t

0

eG(x; s(� ); t � � ) [� V (� ) + U(� )V (� )] d� (4)

�
Z t

0

@eG
@�

(x; s(� ); t � � )U(� )d�

T2(t)u0 = e� 
 t
Z 0

�1
G(x0; � � s(t); t)u0(� )d� (5)

It can be shown that the contribution from the free boundary exhibits a uniform
exponential decay in x and that its spatial derivative is uniformly bounded. This
allows us to apply a version of the Arzela-Ascoli theorem and prove that T1 is
uniformly compact. Clearly T2 decays exponentially in time.

Prop osition 1. Let the metric space X be de�ned as a ball in the space C(�1 ; 0]:

X = f u 2 C(�1 ; 0]; jjujj = supju(x0)j � N g

where the radius N is large enough.Then:
(i) The semigroup T2 is uniformly contracting:

rX (t) = sup
u0 2 X

jjT2(t)u0jj ! 0 as t ! 1 :
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(ii) There exists a constant, Rabs , total ly determined by the kinetics such that any
ball Ba = f u 2 X ; jjujj � Rabsg is an absorbingset for the ball BR with respect
to the evolution by T.
(iii).The semigroup T1(t) is uniformly compact: there exists t0 > 0 such that
[ t � t 0 T1(t)X is relatively compact in X :

This yields ([T , Chap. I]) existenceof a compact attractor for the dynamics by
the semigroup.

Remark 1. The proof of existenceof a compact attractor in [FR4] is predicated
upon an extra requirement on the kinetic function:

� V0 � g � � v0 < 0 (6)

The upper bound v0 corresponds to the \ignition velocity": the model is valid only
for moving fronts; this bound can be dropped in the presenceof heat losses,
 > 0:
We note that although the lower bound is rather natural and is satis�ed for the
standard Arrhenius kinetics, the proof can be carried out even if g has a sublinear
growth.

3. Rigorous Estimate of Hausdor� Dimension. Now we brie
y describe the
main result of [FR5] which presents an estimate on the Hausdor� dimension of
the attractor. In [FR5] we studied evolution of the in�nitesimal volume along the
tra jectories in the attractor. We demonstrated that for su�cien tly large m that is
de�ned solely by the properties of the kinetics function the m-dimensional volume
decays exponentially . We showed that the nonlinear evolution of the volume is
well approximated by its linear counterpart. The desired result is ensuredby the
di�eren tiabilit y with respect to the initial conditions of the semigroup solving the
free-boundary problem. This leadsto the conclusionthat the Hausdor� dimension
of the attractor for the solutions of the free boundary problem is �nite. In the
arguments regarding the Hausdor� dimension of the attractor we followed quite
closely the ideasoutlined in [T].

Theorem 1. The Hausdor� dimension of the attractor (functional invariant set)
A is no larger than a constant M de�ned solely by the kinetics and heat losses,

M � cV2
0 =(v2

0 + 16
 =3): (7)

The estimate exhibits a transparent and physically natural dependenceof the
dimensionon the heat lossand characteristics of the kinetics which are the de�ning
factors of the dynamics. However, numerical experiments [FR1] demonstrateamaz-
ing similarit y betweendynamical scenariosfor di�eren t kinetics, and in the absence
of the heat losses.Moreover, for standard kinetics (Arrhenius) the estimate in (7)
yields rather large upper bounds on the dimension, while the pseudo-spectral ODE
reductions of the model [FKRT] suggestsubstantially lower values. Then a natural
question arises: What are the "real-life" values of the fractal dimension and how
are they e�ected by the parameters of the model? In the next section we discuss
results of numerical computation of the correlation dimension of the attractor.

4. Correlation Dimension. While the Hausdor� dimension is convenient for an-
alytical estimates, it is highly nontrivial to compute and requires too much storage
and CPU time. More convenient computationally is the correlation dimension. Al-
though in general dcor r � dH ausdor f f ; they are usually very close. We follow the
now standard procedurefor computation of the correlation dimension[GP]. Namely,
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consider the set f Ui ; i = 1; :::N g of points on the attractor Ui = U(T + i� ); where
T � 1. We measure the spatial correlation between the points on the discreet
approximation of the attractor with the correlation integral

C(l) = lim
N !1

1
N 2 f number of pairs with the distance � (Ui ; Uj ) < lg

If for small l ; C(l) scalesas l � then the correlation exponent � can be taken as the
correlation dimensionof the attractor dcor r : For practical calculations the frequency
of sampling � , the number k of points in spacewhere the solution is sampled at
each time, and the number of samplesN are determined empirically. Similarly for
low n a better approximation for dcor r may be obtained if the distance � is not
necessarilyEuclidean.

To obtain a numerical approximation of the attractors we solve the initial value
problem (1)-(2) for su�cien tly large time until the asymptotic regime is attained.
Obviously the dimension of the attractor should not depend on the choice of initial
data, which was con�rmed by direct numerical simulations. Problem (1)-(2) was
solved in the frame attached to the free boundary on a �nite interval [� L; 0] with
the Dirichlet condition u(� L; t) = 0 simulating the decay of the solution at �1 :
According to our observations the results are practically insensitive to the increase
in the interval length after L � 10 (see [FR1] for the details of the numerical
algorithm).

To represent di�eren t dynamical regimeswe usethe Arrhenius kinetics

V = g(u) := � exp[� (u � 1)=(� + (1 � � )u)]; (8)

where (in the context of combustion) � is proportional to the activation energy
(Zeldovich number), � is the temperature ratio of the freshmixture and the product.

Thus, the attractor is represented as a set in Rk , where k is the number of
sampling points of temperature pro�les. We choosetime snapshotsof the solution
for every 0.4 in the interval of the asymptotic regime(200 < t < 4200)and consider
them asa discreteapproximation of the attractor in Rk . The correlation dimension
for this discrete set is evaluated as explained above. As a control experiment we
selecta periodic asymptotic regime. It is immediately con�rmed that dcor r � 1 as
one should expect.

In contrast, for � = 1=0:3261 = 3: 0665; � = 0:4 the regime is chaotic as is
illustrated in Fig. 1 presenting a seriesof snapshotsof spatial temperature pro�les.
One can seethat in this casedcor r � 2:1 (Fig 2). From our observations it appears
that the dimension cannot be much higher than 2.

5. Concluding Remarks. The results of numerical estimates of the correlation
dimension described in the present paper represent a rather remarkable contrast to
the analytical estimate. Indeed, the attracting set for the problem in (1)-(2) turns
out to be extremely thin.

Thus, very complex thermo-kinetic oscillations generatedby the interaction be-
tweenthe kinetics and the dissipation result in the excitation of just a few modes.
Although the numerical dimensionis obtained for a �nite spatial interval the results,
according to our observations, are practically insensitive to the further increasein
the interval length. This observation is valid for a variety of kinetic families we ex-
perimented with. It should be addedthat theseresults wereobtained in the absence
of damping represented by the heat losses.
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f

Figure 1. Time history 0 < t < 1000for chaotic dynamics u(x; t)
vs. x; t:

We should emphasizeagain that for our problem, all characteristics of the dy-
namics including the Hausdor� dimension are de�ned by the intrinsic physical pa-
rameters only. Our results presented above suggestthat the chaos generatedby
the one-phasenon-equilibrium Stefan problem is low-dimensional.
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Figure 2. Correlation integral for 5-, 6- and 7-point samples.
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