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Abstract

We study a two-phase Stefan problem with kinetics. Our results ob-
tained earlier [15] rely on an artificial damping represented by the heat
losses. The evidence from DNS, however, suggests that this additional
damping is unnecessary. Here we prove existence of a finite-dimensional
attractor for the problem without heat losses. We use a more elegant
technique of energetic type estimates in appropriately defined weighted
Sobolev spaces as opposed to the parabolic potentials of [15]. We demon-
strate existence of compact attractors in the Sobolev spaces and prove
that the attractor consists of sufficiently regular functions. This allows us
to show that the Hausdorff dimension of the attractor is finite.
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1 Introduction

The principal result of the present paper is the proof of existence of a finite-
dimensional compact attractor for the two-phase Stefan problem with kinetic
condition without heat losses. This Free-Interface Problem (FIP) is employed
to model propagation of condensed phase combustion fronts and some phase
transition interfaces (see, for example, [25, 17, 27]). The condensed phase com-
bustion, also known as Combustion Synthesis. finds technological applications
in synthesis of some technologically advanced materials, see [21], [28] and also
[29] for a popular exposition.

The FIP with kinetics is known to generate a variety of complex thermoki-
netic oscillations [9] such as Hopf bifurcation, period doubling cascades result-
ing in chaotic dynamics, a Shilnikov-Hopf bifurcation etc. In the appropriately
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nondimetionalized variables the problem is formulated as follows: find s(¢) and
u(x,t) such that
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where v(t) is the interface velocity, s(t) = fg v(7)dr is its position, u is the
temperature, and the one-sided derivatives u} and wu, are taken at the free
interface. We would like to stress that, in contrast with our previous work [15],
in the heat equation (1.1) the Newton’s cooling term is absent.

The evolution of the model in (1.1)-(1.4) is governed by the interplay between
the heat release due to the kinetics g(u|,—s+)) and the heat dissipation by the
medium. The jump condition (1.4) (the Stefan boundary condition) reflects the
balance between the heat production at the free boundary and its diffusion by
the medium. The condition (1.3) is a manifestation of the nonequilibrium nature
of the transition; for the classical (equilibrium) Stefan problem it is replaced by
the condition u|,—,¢+) = 0. We also require that the solution at minus infinity
(far ahead of the advancing interface) should satisfy lim,_, o w(z,t) = 0. This
requirement is related to the front propagation in the negative z-direction (v <
0).

Numerical calculation of the correlation dimension based on direct numerical
simulation of FIP (1.1)-(1.4) suggests that the essential dynamics of the free-
interface problem should be finite-dimensional. Indeed, we were able to prove
in [15] that a variant of FIP (1.1)-(1.4) possesses a compact finite-dimensional
attractor.

However, the crucial component used in the proofs of the results presented in
[15] was the addition of a heat loss term to the heat equation. Thus, according
to [15] the dissipative character of the problem, compactness of the attractor
and the very estimate of its Hausdorff dimension seem in a sense to be due
to this additional artificial damping. Meanwhile our numerical experience with
FIP (1.1)-(1.4) clearly suggested that should not be the case, although we were
not able to prove it at the time.

The analysis presented in [15] was carried out in weighted spaces of contin-
uous functions first, and only after that in the (weighted) Hilbert spaces that
are necessary for the estimates of the Hausdorff dimension. Thus, the results of
[15] were not quite satisfactory as they were based on artificial damping, and
additionally the analysis was unnecessarily cumbersome due to purely technical
difficulties.

In the present paper we manage to remove the requirement of nonzero heat
losses. Using weighted Sobolev spaces directly, with somewhat different weights,
one can obtain compactness and finite dimensionality results without the heat
loss term. Also we use a more elegant technique of energy type estimates in
appropriately defined weighted Sobolev spaces in contrast with the parabolic
potentials of [15].



Next, for reader’s convenience we present a detailed outline of the logical
structure of the paper. In Sec. 2 we collect some pertinent background infor-
mation. In Sec. 3 we state the main existence results of the paper (Theorem
3) in weighted Sobolev spaces H) with initial data in H, (see (3.7) for the
definition). The proof of the theorem is quite lengthy and consists of several
logical steps that are carried out in the Sections 4-6. First in Sec.4 we prove
existence of the interface velocity, and derive a global estimate for the interface
temperature. Once the interface velocity is determined, one can construct a
classical solution explicitly via the representation formula (4.12) below. The a
priori energy estimates (5.22) in Sections 5-6 then demonstrate that the solution
belongs to appropriate functional spaces and is bounded as stated in Theorem
3. This implies global existence. Even more importantly (5.22) demonstrates
the existence of an absorbing set for the free-interface problem and therefore
establishes dissipativity of the problem.

There is a substantial literature that treats basic existence and well-posedness
issues for initial-boundary value problems for different sharp-interface models
with kinetics, related to the problem (1.1)-(1.4), see, for example, [19, 22, 3, 5].
These works are mostly concerned with local in time existence. In recent pa-
pers Brauner et al. and Lorenzi, [1, 2, 18] study weakly-nonlinear dynamics for
related problems. In particular they consider perturbations of traveling-wave
initial data and investigate their instability and bifurcations. In contrast, the
present paper focuses on strongly nonlinear dynamics for a wide range of initial
data and parametric regimes.

In subsequent sections we obtain estimates, which allow us to prove com-
pactness of the attractor later on. The solution of (1.1)-(1.4) can naturally be
viewed as a sum of two parts: a contribution from the interface and such from
the initial data. The estimate (5.27) shows exponential decay for the H,-norm
of the contribution from the initial data, while (5.30) provides a uniform bound
for the contribution from the interface. The additional ingredient in the proof
of compactness of the attractor is presented in Sec. 5.2: the norms of the spatial
"tails” of the interface contributions decay uniformly in time, (5.31)-(5.32).

In Sec. 6 we obtain uniform bounds on the H,-norm of the derivative (6.35).
The bounds are derived through the potential theory representation, however
we remark that one could also obtain them via energy estimates, combined with
the Uniform Gronwall Lemma [26, Chap. 3]. The estimate in (6.35) is used in
the compactness proof, as well as in the dimension estimate in Sections 9 and
10.

In Sec. 7 we prove that solutions of the free boundary problem (1.1)-(1.4)
depend continuously on initial data (Theorem 18); in other words we establish
continuity of the corresponding evolution operator. This fact is a necessary
prerequisite for the general theorems used in Sec. 8 to hold. Another application
of the well-posedness Theorem 18 is for the proof of differentiability of the
evolution operator in Sec. 10.

In Sec. 9 we estimate the Hausdorff dimension of the attractor based on the
techniques described for instance in [26]. We study evolution of the infinites-
imal volume along the trajectories in the attractor and demonstrate that for



sufficiently large m that is defined solely by the physical properties of the prob-
lem, the m-dimensional volume decays exponentially. After that in Sec. 10 we
prove that the evolution operator is uniformly differentiable with respect to the
initial data. This, combined with the estimate for the linearized evolution of
the infinitesimal volume, leads to the conclusion that the Hausdorff dimension
of the attractor is finite.

We conclude with a remark on the notation convention: unless otherwise
indicated, all the spatial integrals are assumed to be on the whole real line, i.e.,
we always write [ ¢(x)dx instead of [*_¢(z)da.

2 Properties of solutions: Previous results

In this section we present some pertinent background information from [8] (cer-
tain statements are slightly modified and clarified). The following theorem
summarizes existence results:

Theorem 1 Suppose that the kinetic functions g satisfies the following assump-
tions:

(A1) g(u) is a continuously differentiable, negative function, with ¢'(u) < 0 on
[0,00) and g(0) = —vg for some velocity —vg < 0

(A2) g(u) is sublinear: limyoog(u)/u = 0.

Let the initial data ug(x) € C(—o00,00). Then there exists one and only one clas-
sical solution of the free interface problem (1.1)-(1.4). The solution is uniformly
bounded for all t > 0.

For the clarity of presentation, on many occasions in the sequel we replace
the sublinearity condition (A2) by a stronger condition: We will assume that
g(u) is a monotonically decreasing differentiable function on [0, oo with |¢'| < L
and satisfying

Vb < g(u) < —vy for some Vy,vp > 0. (2.5)

These conditions are satisfied, for instance, for the standard Arrhenius kinetics,
(in the context of condensed state combustion see, for example, [9]). However
all the results of the paper hold for the less restrictive sublinear kinetics as well.

Under the assumptions of Theorem 1 and some additional conditions the
following smoothness result holds [8]:

Theorem 2 Let the initial data ug be twice differentiable in v < 0 and x > 0
with bounded derivatives. Let ug satisfy the following matching condition:

ug Uy
oluo(0) = S (0) — 242 (0), (2.6

in addition, let the derivative of the kinetics function g’ be Lipschitz continuous.
Then the velocity v is differentiable.



3 Statement of the existence result

For our purposes we need to study properties of solutions in appropriate weighted
spaces that are introduced next. Let w(z) := e~ **, a > 0; we define the Hilbert
spaces

Hw = {f | ||f”w = (/W(J?) |f|2 dl‘)l/z < OO}
Hy ={f | 1fllyq = £l + 110 fIl,, < o0} (3.7)

The choice of the weight w is dictated by the spectral properties of the lineariza-
tion of (1.1)-(1.4): an appropriate choice of the parameter « allows one to shift
into the negative real part half-plane the essential spectrum of the linearization
about any solution from the attractor. It was shown in [23] that the contin-
uous spectrum of the linearization about the basic traveling wave solution is
contained within a parabola in the negative half-plane Re z < —c(Im 2)?, for
some constant ¢ > 0, while the origin z = 0 is an accumulation point for the
spectrum. Following ideas of Sattinger [24], introduction of the weighted spaces
allows us to move the continuous spectrum away from zero, which is instrumen-
tal in the proof of a version of the Hopf theorem. Details concerning a rigorous
treatment of the Hopf bifurcation for the sharp interface models can be found
in [23], [7].

To follow the evolution in weighted spaces we recast the problem in the
interface-attached coordinate frame. We introduce { = x — s(t), then the de-
pendent variable becomes u(¢,t) = u(¢ + s(¢),t); with the customary abuse of
notation we still use u(¢,t) for @({,t). Then the problem takes the form:

up = ucc +v(t)ue, ¢#0, t>0, (3.8)
g[u(0,1)] = v(t), (3.9)
[uc(0,8)] == uf (0,8) — ug (0,1) = v(t), (3.10)

u(Ca 0) = UO(C) >0,

All the norm estimates in the subsequent sections should be understood in
the (t-coordinates. Alternatively the estimates can be carried out in the original
coordinates, with the shifted weight function w(x — s(t)). Thus, everywhere for
any function F

1Pl = IFGOPw00 = ([ 1P vl = s(e)d)
(Here and below we use a convenient notation ” := ” which always means
"equals by definition”).
The main existence result of the paper is the following global existence the-
orem for the free interface problem with initial data in H, (cf. Theorem 1):

Theorem 3 Suppose that the kinetic function g(u) is a continuously differen-
tiable, monotone decreasing, negative function on [0, 00) with —Vy < g(u) < —vy



for some Vh,vo > 0, and |g'| < L for some L > 0. Suppose the initial data
ug € H,. Then

(i) There exists one and only one solution of the free interface problem (1.1)-
(1.4) such that u € C(]0,00), H,) N C((0,00), H.) and v € C(0, ).

(i1) Moreover, |lu(.,t)|l, < C for all t, while [lu(.,t)||,, < C1 fort >to >0,
where Cy depends on tg.

(111) The solution is classical and uniformly bounded for all t >ty > 0.

The proof of the theorem is quite lengthy and consists of several logical steps
that are carried out in the Sections 4-6. First in Sec.4 we prove existence of the
interface velocity, and derive a global estimate for the interface temperature.
Once the interface velocity is determined, one can construct a classical solu-
tion explicitly via the representation formula (4.12) below. The a priori energy
estimates (5.22) in Sections 5-6 then demonstrate that the solution belongs to
appropriate functional spaces and is bounded as stated in Theorem 3. This
implies global existence.

4 Integral equation for the interface velocity

4.1 Integral representation for solutions

The proof of Theorem 3 utilizes the reduction to an integral equation for the
interface velocity,

ww=g(/G@w—awm@ms—lﬂxaw—aﬂ¢—ﬂwﬂw).@1n

The latter arises from the interface boundary condition, when the solution is
sought via the single layer potential representation (see [8]):

(Tup)(¢,t) = =wu((,t)=— /0/ G(C+ s(t) — s(r),t — m)v(r)dr
+ [ ¢+ st - € e, (4.12)
where

Gl —&t—71)= exp{—%}[@r(t — )2

is the heat kernel and s(t) = fg v(T)dr.
It is convenient to view the representation formula (4.12) for the solution
operator T as a sum of the two parts: the contribution of the free boundary

ui(¢,t) ;=T (t)uo(C) == _/0 G(C + s(t) — s(r),t — T)v(r)dr (4.13)



and that of the initial data
w(Gt) = TOuw(e) = [ GC+s0 -6 Ou©d  (@14)

Next we prove local existence for the integral equation (4.11).

4.2 Local existence for interface velocity

Let Kv denote the action of the right hand side of (4.11) with a fixed ug € H,,.
Our first step is to show that K is a contraction.

Proposition 4 The transformation ¥ = K is a contraction on a closed subset
E, of C(0,0] for some o, E, := {v : vg < —v(t) < Vp,0 <t < o} for some
o > 0. Therefore K has a unique fived point v = Kwv.

Proof. Introduce

|¢lo == sup |o(t)]

0<t<o
First we note that K maps F, into itself, since the range of the function g is
[~Vo, —vg]. Now, let 9 = K¢ and ¢’ = K¢/, then
o= < 1] [166- €0 - G~ €0ua(©)ie

/ (G(s(t) — s(r), t — 7)p — G(s/(t) — (), t — 7)')dr

=1L ‘/ s—&t) — G(s' — & t)|ug(€)de —l—/o AGY (T)dT (4.15)

+ [ 6 - st =) (o= ar| = LW+ W

where L is the Lipschitz constant for g, s fo o(T)dr, s'(t) = fg o' (T)dr
and

AG] = |G(s(t) - s(7),t = 7) — G(s/(t) — &/ (7),¢ — 7)]

The estimation of |AG| is quite elementary and is based on the mean value
theorem. First we note that

1AG] = [5(1) = s(r) = () = ()] | G2 ot = )

s(t) — s'(t) — (s(7) = ¢'(1))




where 7 < 7/ <t and § is between s'(t) — ¢'(7) and s(t) — s(7). Since
5] < max {|s'(t) — &'(7)], [s(t) — s(7)[} < Vo(t —7)
and |G| < Co(t — 7)~1/? we get the estimate
[AG] < CoVol(r') = &' (7)](¢ = 7). (4.16)

Integration with respect to 7 yields:

t t
W2 + Ws| < / AGY/ (r)dr +|<P—<Pl|g/ Co(t — 7)Y 2%dr
0 0

2 C
< <§V000t3/2 + 70151/2) lo—¢'|, = <A2t3/2 + A3t1/2) lo—¢'l,  (4.17)

The estimation for the term |W;| in (4.15) is a little more involved. Denote
8G :=G(s—&,t) — G(s' — &, t).
Then

|W| = '/6Gu0(§)d§‘ = '/ww‘léGuodf < \/I_1||u0||w (4.18)

CauchyTSchwarz

where
I = /|G(8 —&,t) = G(s' = &, 1) P exp(—a)dE := Iy — 2015 + Iy

Next we deal separately with terms I11, I12, and Izs. Denote a := s(t), b :=
§'(t); then by completing the square in the exponent and integrating we get

am L [t OO0 o
= VT 2 A, oy

The integrals I;; and Iso are obtained from I;5 by replacing a — b by 0, and
a+ b by 2a and 2b respectively

V2 V2
Iy = th71/2 exp[ta®/2 4+ aa), Iy = thfl/Q exp[ta® /2 4 ab]

Now we rewrite the expression I1; — 2[12 + Iso as a complete square plus a
(small) correction

\/2_ a’t
(5

T
Iy — 2L+ Inp = Tt_l/2 exp

{expiaal 2ol -y expl (527 + explo

V2 ot aa ab]? alb+a) a—>b.,
= 4—\/¥exp7 {exp7 iy +2€XPT {1 _eXP[_(T) ]]



We use an elementary inequality | exp(—z?) — 1] < 22 to continue as follows:

V2T a’t aa ab ., a—>b, a(b+a)
< — R —
7 eXp — (exp 5 eXp 2) +2( 5 )* exp 5

V21 a—b, ot |, alb+a)
_4—\/f( 5 ) exp7{a exp(a@)—l—?expT}

where to estimate the difference ... we have used the mean value theorem with
0 between a and b. We note that

la =0 =[s(t) = s'(t)| = | (¢ — &) (Bo)[t

with 0 < 6y < t. To finish the estimation we plug the just established estimate
for I into (4.18) to obtain

[Wh| < [I11 — 2@ +122]1/2||u0||w
, ot Oa alb+a)
<Cl(o— ) E0Viemn 2t faep 22 4 VEexp 2D
< €l ~ #) @oVillwlls < VT ol s o~

and thus

sup [Wh| < Aiv/olluollwlle — ¢'lls (4.19)
0<t<o

As the final result we get

}q/;—zp’}a =|Kp—K¢'|, §Losu£) |[W1 + Wa + W3]
<t

< L{A1V0||uollw + A20°/% + A/} o — ¢'|, < CValp — |, .

By choosing ¢ sufficiently small we achieve the contraction.

4.3 Interface temperature

We complete the characterization of the solution on the interface by the estimate
on the interface temperature. We shall also need this result later on for the
differentiability of the semigroup argument.

Proposition 5 If the exponent o in the weight satisfies a < vy then
u(s(t),t) < Vo/vo + =4 |Juo|,, (4.20)

Proof. First, the contribution of the source term in (4.12) into the interface
temperature is estimated as follows:

<

Ve (- sER
/02 7w(t — 1) el At —7) I

*_2 27
| et

/0’ Gls(t) — (7). £ — )o(r)dr

Vo

<V

I i



Next we estimate the contribution from the initial data.

A2
[ st = €@ = == [exp(~ Ik ag) expl-aun©)ie
oes—i—a t [S( )—§+204t]2 1/2
Cduchy?chwartz HUOHW \/_ </ exp(_ 2t )d&)

=t /4 exp(as + ozzt) [luol|,

The two estimates yield the result of Proposition. m
From now on we shall assume that a < vg.

5 Estimates for the solution in weighted spaces

In the sequel we encounter certain integrals of the error function type. To
estimate them we employ the following simple result.

Lemma 6 Fora,b>0

%ﬁexp(— a?), fora>1/vb

2—\{/7_%, f0r0§a<1/\/5

/ exp(—bn?)dn <

Proof. If av/b > 1 then

o0 1 (o]
/ exp(—bn?)dn = \/-/ exp(— )dnéﬁ/ﬁnexp(—nr"}dn

= exp(—ba?)

2\/5

On the other hand, always for a > 0

- —b2d</oo pydy = YT
/aexp< L A

Also, the following Poincaré type lemma in the weighted spaces will be in-
strumental below.

Lemma 7 Let f € HL, then for any 0 < ¢ <1/«
1
£20) < (—a+ ) IFIE +ellfz 3 (5:21)

Proof. Assume first that f is C'. By integrating from —oo to 0 we obtain:

ro- [ (e s =2 / " e ffdr—a / L

—0o0 —00 —00

1 "
<(—a+ —)/e_medx—l—c/e_a*fIde
c

10



By selecting ¢ = 1/« one obtains an inequality, similar to the ordinary Poincaré’s
inequality on a finite interval. This indicates that the role of 1/« is similar to
the interval length for the Poincaré lemma on a finite interval. =

5.1 Energy estimates

The energy estimates below are performed in the interface-attached coordinate
frame (3.8); we abuse notation and still use x instead of ¢ in (3.8).

Theorem 8 For (0 < a < v,

(. )12, < O+ lluo |3 exp(—rt) (5.22)

w =

where
k= a(vy — a),

and C' > 0 depends on « and sublinear kinetics g. In addition,

t
[ 12 < ot + ol
0

Proof. We multiply (3.8) by ue™®® and integrate by parts separately on
the intervals (—o0,0) and (0, o) taking into account the interface conditions to
obtain

1d

2 2
= (0-+ ) 2, = el = w0, t)o

(5.23)

||uHi = /e*azu(uzz + vuz)dm =

() e}

The (positive) term —u(0,¢)v is due to the jump condition (3.10) at x = 0.
Recall that by sublinearity (see Theorem 1) |v/u| = |g(u)/u| — 0 as u — .
Therefore if |u| > M, then |v| < e|u] for an appropriate M depending on . On
the other hand, for |u] < M, g(u) < g(M) (by monotonicity of g). As a result
for the last term we obtain

(0, )| [u(t)] = [u(0, )lg(u(0,1)) < g(M)M +eluf® := K +elul*  (5.24)

1
< K+e(=—a)llul? +ecllul?
(5.21) c

Substitution into (5.23) yields

1d 1 1
s Il < K+ 5 Ja(+a) +2(C —a)e| Jul2 = (1 - e0) Juel, (5.25)

To optimize the estimate we set ¢ = 1/a, € = a which results in

d
pr lull?, < 2K — k|l (5.26)

11



with k¥ = a(vg — a). By Gronwall’s Lemma it immediately yields

2
2 2
Jll2 < o ), exp(—rt) + = K

To obtain the estimate on HuIHZ,

(5.25) can be rearranged in the form

in (5.25) we set € = a/2, ¢ = 1/a; then

d

2 2 2
lually < 2K = mllull, — = llull,
By integrating we get the integral estimate for Hu£||i :

t t
0< / e |2 dt < 26t — 5 / lal® dt — [l + ol < 2t + uol.
0 0

[
One easily arrives at the following corollary of the proof above.

Corollary 9 The contribution from the initial conditions decays exponentially:
2 2
Jua (- D), < lluoll;, exp(—kt) (5.27)

Proof. The contribution from the initial conditions us is a smooth solution
(no jump at zero) of the Cauchy problem for the heat equation in (3.8). For ug
the calculation similar to the one in (5.23) leads to (5.23) with the jump term
—u(0,t)v missing. Thereafter, a simplified version of the proof leads to the
estimate (5.27). m

By combining the estimates on the total solution and on the contribution
from the initial conditions we can easily estimate the contribution from the
interface

Corollary 10

4K
lur (- DI < T2 o, exp(—rit) (5.28)

2 2 2 2
Proof. [lur( )|, = lu(8) = wa( 012 < 2ful )] +2 sl )]
riangle

The estimate of Theorem 8 can be made more explicit if the kinetics function
1s bounded instead of sublinear.

Corollary 11 For the bounded kinetics

V2
- OI2 < 2o T o2, exp (—rt) (5.29)
2 V02 2
lur (DI < — - + 2 Jluoll;, exp(—t) (5.30)

12



Proof. The estimate in (5.24) simplifies as follows:
Lo 2
[ul lv] < JulVo < =V5 + alul

i.e., the constant K is replaced by V{?/(4a). The subsequent estimates change
accordingly and lead to the results in (5.29)-(5.30). m

Remark 12 If we choose, for instance a = Avg, then for large t the bound
becomes

1 Vi

ul)?, < o+t
v

Y21 =)
This provides an estimate on the diameter of the absorbing ball (see Sec. 8
below).

5.2 Spatial decay of the interface contribution

For any fixed ¢ we show that norms of the "tails” (for |¢| large) of the interface
contribution to the solution tend to zero, uniformly for any bounded set of
interface velocities. This result is necessary for proving H,-compactness of the
absorbing set. For any function F' we introduce the restrictions (”tails”):

F(), (>M F(), (< —-M
rute)={ F A o ={ TS

and note that for any F € H,,, F1 s also belong to H,,,.

Proposition 13 For any M > 1 the norms of the restrictions of uy(t,.) to the
intervals (—oo, —M) and (M, o0) decay exponentially in M uniformly in time:

a8 g = (/OOMW(C) {/Ot G(¢C+s(t) —s(r),t — T)’U(T)dT:| i d() v

e <_ 3 aM) (5.31)
fratte Mo s= (/MOO w(C) [/Ot G(C+s(t) —s(7),t — T)U(T)dT] 2 d() .
s (_%M> (5.32)

where c_,cy > 0 depend only on the kinetics and the weight.

Proof. For brevity we write

13



Note that by the ”triangle” inequality,

t t
/G(.+A,t—7)v(7)d7 §sup|v(7)|/ 1G4 At — )|y dr (5.33)
0 +M T 0

Next we evaluate the norm under the integral sign. We start with the evaluation
ahead of the interface, { < —M.

—-M —M 2
| wtoe¢ amic = [ eSS agic -

—ﬁexp( W)/: exp[_{C+(A2;‘7~'@)} Jd¢
< S epla{a + 75 expl AT

27 ]
To obtain the last inequality we completed the square in the exponent and
employed Lemma 6 (recall that M > 1, and a — vy < 0). Furthermore, since

A < —vo7 and (=M + T(a — vg))? > 2M7(a — vg) we continue as follows

< expla(—u + gm e MO

o
— ex —vg + =) 7| exp|—M (vg —
Then integration with respect to 7 yields

sl <, swploto)] [ wlQlGRacy ar

o 1/2
M(vo— Ot)sup|v |/ { eXp (UQ—§)’7~']} dT

SC‘/Oei 710701)/2[ (

v — )
For the tail behind the interface ( > M we have
= [Tent- S g
5, el [T e CEEE - S
< eXp[—%M]% /%*1 eXp[—% - %C]dg

< eXp[—%M]i '

7 exp(—%(vo - Z)%)

Similarly to the ¢ < —M case, integration with respect to 7 yields

lua (t, )y < cVoe™ MO‘/2[2(U Z)] 3/4
| |

14



6 Estimates for the spatial derivative of the so-
lution

In this Section estimates on the spatial derivative of the solution are performed
in the ”laboratory” system of coordinates (z,t).

Theorem 14 . The H,-norm of the spatial derivative of the solution satisfies

e~ avot Q o
s, < (S +avBe o)l + (V[ — 3107

(6.34)
The principal application of the theorem is the following obvious
Corollary 15 For large t
2 21 X\1-3/2 2
lua (I < (CVO)7[5 (o = )77 +e:= Cup +¢ (6.35)

uniformly in any ball |lug||,, < R.

Similarly to the estimates for the solution itself, we split the proof into two
parts.
6.1 Contribution from initial data

Proposition 16 The H,-norm of the derivative of the contribution from initial
data satisfies

o), (12 < (S22 avBexp-a(um —a)}) ol (0:36)

We note that the proof below is based on a curious trick that is similar to the
well-known way of computing the Gaussian integral, where ([, exp(—a?)dx)?
is treated as a double integral over the quarter-plane.

Proof. For (u2).(.,t) = (T2(t)up)s, we have:

I (012 = | ‘ [ Gt = e tua(erde ol - s(t)dr
- / ( / Gl — & ) (€)de / Gl — mt)uo(mdn) w(w — s)da
-/ ( [ Gulo— .06, - mt)uO(é)uo(n)dndé) w(z - 5)dz

< [ ([, 160~ l1Guta =m0 L0 i) (o — sy

15



We replace the interior double integral by the two repeated ones, choosing a
convenient order of integration for each one:

=3 [wouier [ (/ Gala |dn) {€)|Gale — & 1)l — s)dode
+5 [t [ </ Gl — £,1) |d£) LGl — 1, )l — s)dudn

Since

/IGx(x —n,t)|dn = —=

for the interior integrals we get

/ ( Gt n’ﬂdn) W OICu(w — € Dlw(w — s)do

e e
(637)\/5/‘” OIG(z — & t)|w(x — s)dx

m/|$—§| ( @ ;f)Q —a(m—s)+a£)) dx

Next we split the domain of integration into the two parts, where |z —&| = x —¢&
and where |z — | = —(x — §):

oo _ _ 2

¢ —z — 20t — &+ 2at)?
+exp(as+a2t)/ \/7r_t<§ m% a —l—a) exp <—%> dx

exp(as + a2t)[/oo [%y exp(—y°) — %aexp(—f)] dy

avi it

y=lz—E+20t)/(2V)

2 il g 2 V2 2
—exp(as + « t)[/ ﬁyexp(—y ) — ﬁaexp(—y )| dy
= 2exp(as + ozzt)\/i_t (/\/_ yexp(—y?)dy + a~——= / aexp(— dy)
m av/t

< 2exp(as + a’t) {eXp( o) o ]

NN

Since s(t) < — vot it yields,

ex —Of2
Iea), (I < exp(manot + o20) (S VB ol (039

16



6.2 Contribution from the interface

Proposition 17 The H,-norm of the derivative of the contribution from the
free interface is uniformly bounded for all time

[(ur)e (5 D)l < CVO[ (vo — 5)] i/ (6.39)

provided that o < 2vy.

Proof. From the definition of u; and the ”triangle” inequality, it is obvious
that

[(w)e( 0], < /IIGm(-—8(7)»t—T)Hw|v(T)IdT

< v/ 1Gal. — s(r),t — 7|, dr

Introduce again 7 =t — 7. To estimate the norm in the integrand

x — s(7))2 x — s(7))2
6.1 = 3= [ i e |- oo s(0)]

27

we complete the square in the exponent to {(x — s(7) + 7a)}?/27, and then
directly evaluate the Gaussian integrals:

G ll2 = (—/ - 1/2) exp {a [s(t) = s(r) + 73]}
< <3_/2 +2 4 1—/2) exp (—a(vo — %)%)

From this, by using convexity of the square root, we obtain

(1) (5 )l < Vo/o (IG=12)dr

<V / 01/2 + C;/Z + Cé/Q exp (—g(v - g)5’) dr
=0 o \#3/4 T =2 21 V0T

<V (c}/2r(1/4)a—1/4 + T (1/2)a" V2 + c§/2r(3/4)a—3/4) < CVpa 3/4

! !
where a = —(vg — =) and C' is an absolute constant. To estimate the integrals

from 0 to ¢t above we have replaced them by the integrals from 0 to co. m
This concludes the proof of Theorem 3.

7 Dependence of solutions on initial data

In this section we prove that solutions of the free boundary problem (3.8)-(3.10)
depend continuously on the initial data; in other words, we establish continuity
of the evolution operator. This result will be used in the sequel to demonstrate
spatial smoothness of the elements of the attractor.

17



Theorem 18 Solutions of the problem (3.8)-(8.10) depend on initial conditions
continuously in H,, . More precisely, let {u(x,t),s(t)}, {u/'(z,t),s(t)} be solu-
tions with nitial data uy,u, € Br C H,,, where B = {w : |wl||, < R}. Then
there exists o > 0 that depends on R alone such that for 0 <t <o

sup |v(t) —o'(t)| < co /4 luo — ugll,, , (7.40)

0<t<o
||’U,—U/||w < C”UO _u6||w (741)

Furthermore,

t
2 2
/0 () — (P dr < €V g — w2

uniformly on the ball Br; here C' depends solely on w.

Remark 19 We state and prove continuous dependence on initial conditions
only locally in time. The argument extending this result to any fixed time is
based on the a priori estimates and follows closely the proof of global existence.

Remark 20 If the initial data are in HL then a similar argument yields the
following estimate, analogous to (7.41):

[u() = ' Ollo < C lluo =gl (7.42)
This guarantees continuous dependence on the initial data in HY.

The proof of Theorem 18 consists of two parts. First we establish continuity
of the interface velocity (7.40) and then use it to carry out the energy estimates
(7.41).

7.1 Estimates for v — v’

The estimates of this section are very similar to those in Sec. 4.2; they are
performed in the laboratory coordinate system. Introduce the norm

lo=v'ly1/0 = sup 7/*u(r) —o/(7)] (7.43)
o<r<o

Here the exponent 1/4 is selected for simplicity of presentation; it is sufficient
to take 71/27¢ for any 0 < & < 1/2
Let v and v’ be solutions of the integral equation in (4.11) with initial data

18



up and ug respectively, then

v(t) —o'(t)] =
lg </G — &, t)uo(§)dE — /G (T),t—T)v(T)dT)

_ </G (s'(t) — tué(é)dé—/ G(s'(t) — §'(7) t—T)v’(T)dT)|
<L'/ — &, t)ug(€)de — / — &, tyup(€ df'

/ G(s(t) — s(r),t — 7)ol )dT—/ G/ (8) — 8 (7).t — 7Y (7)dr

0 0

+L

)

where L is the Lipschitz constant of g. To continue the estimate we employ a
”coordinate descent”:

<L ' @6 -en-aco- »:,w)uo(s)ds\
2| [ G0~ ) wol) - u:)(s))ds\

ny /O/ G(s(t) — s(1),t — 1) (v(1) —V'(7))dr

) /O/[G(s(t) —s(1),t =) — G (t) — &' (), £ — Y (T)dr
= L(Wo + Wy + Wy 4 W)

The term Wy is estimated as follows,

Wo(s',1)] = \ R —ua@))dg'

1/2

< |luo — ug||w
Cauchy-Schwartz

G e
The last integral is evaluated directly

[t — g npag = S LU o (=90l g o

7

since as’ + a?t/2 < —awgt + a?t/2 < 0 for a < 2vg. Thus,
[Wol < Aot™/*[Juo — up|w
The term W; is identical to W7 in (4.18) and therefore

Wil < o) =o' ()] Ast" [ Juol |
(4.19)
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For the estimate of Wa, after a simple algebra we replace the exponential by 1
and integrate to obtain:

/0 7'71/4(477(15 - 7'))71/2 exp {—7[8(1)(;_87(_7)—)] } 71/4(1)(7') —'(7))dr

< At [l =",y

Wa(t) =

Finally we estimate

Ws = /0 (G(s(t) = s(1),t —7) = G(s'(t) — (1), t — 7)]v'(T)dr

= /t AGV (T)dr

0

For AG we have
IAG| < CoVplu(r') — o' (7)|(t — 7)1/2
(4:16)

= CoVolv(7') = v/ ()| ()4 (¢ — 7) /() 71/
< CoVolo(r') =o' (7)|(r') /4t — 7) /2 =4

T<7/'<t
< CoVollv =0l 1pa (¢ —7) 2771
Integration with respect to 7 yields:

/t AGV' (T)dT

0
= Astfjv- UI|]U,1/4

Ws(t)

t
< o=/l 10 CoVE / VA — )27
0

We collect the estimates for Wy through W3 to obtain
Jo(t) =o' (8)] < LAot ™ [Jug — up |l + Llv(t) — o' (£)[ Axt"/?fuo]|.
FL A [ — Ul|]a,1/4 + LAst[Jv — 1/”071/4

Upon multiplying this inequality by ¢'/* and taking suprema on the interval
(0, 0] we get:

[0 = 'l1,.1/4 < LAol[to — |l + LA [Jo = v/[], 1 4 /o]
+LAy0"? [lv— UI|]a,1/4 + LAzo®/ [lv— UI|]0,1/4
< LAolluo = |l + L { 410" 2l[uolu + A2/ + A30™ L [Jo =0/l 14

(note that all the powers of o are positive). If o is sufficiently small then the
last inequality can be solved for [[v —v'[], ; , yielding

v ="ll5,1/4 < Clluo — uple, (7.44)

We note that the choice of o depends only on [jugl|,, ; therefore this result can
be interpreted as uniformly continuous dependence of v on the initial data in
any ball [juo|l, < R.
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7.2 Energy estimates for u — v’

In this subsection we once again abuse notation and denote by u(z,t) and u'(x, t)
the two solutions of the free boundary problem in the frame attached to the
free boundary (3.8)-(3.10) that correspond to the solutions in the laboratory
coordinate system of the previous subsection. Thus u and u’ solve the problems

Ut = Uz + [U2(0,8)]uz, g(uw(0,t)) = [ug(0,8)], wu(z,0)=wup(x),

Uy = Uy + [ (0, )1y, g(w(0,8)) = [up(0,1)],  W'(x,0) = up().

The difference w = u — v’ solves the following problem

Wy = Weg + [Uz(0,8)|ws + [we(0,0)|ul;  wli—o = uo — ug,

[wa(0,8)] = (9(0))"w(0,1) = g(u(0, 1)) — g(u'(0,1)), (7.45)

where 6 is an intermediate value between u(0,¢) and u'(0,t),
We multiply the equation throughout by ww and integrate to obtain:

1d

S ||w|\i = /wwmwdx—l— [uz(0,1)] /wwmwdar—l— [w,(0,1)] /wu;wdx

= —[w,Jwlo — we|? + a/wwxwd:v + [u,(0,1)] /wwmwdx (7.46)

Hue0,0) [ wrdwda

We need to estimate different terms in (7.46). For the first term we use Lemma
7 to obtain

1
o 0.0000.0] < L0, < £ (3 ol + el = aull2) (47
(7.45)

(recall that —(g(0))" < L).
Next we note that

' / wwzwdx

u0,8) [ wwrwda] < 300wl +< s ]2)

Vo 1
< 52 llle, + e llws ) (7.48)

2 2
< 5 Cllwllg +ellway)

(

1
€

N

Therefore

On the other hand, as follows from Theorem 14, for ¢t <1

(1) < C3/VE

w =
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We use Cauchy-Schwartz inequality to obtain

0(0.0] [ wntws

< Llw(0, )] Jluzll, wll,

1
< S LCot ™ (]l + [w(0,6))
_ 2 1 2 2 2
< Cr\/A <||w||w 2 ol + ¢ ool = o [l

Collecting the estimates for different terms we get

1d _

5 g7 I0lls < (=146 + Vo/2+ /2 + O )] |
1 \% 1

+ [L (— — a) a2t Ct Y41+ = — a)} w2
€ 2e €
1 c, _
< = llwallg + 5272wl
where on the last step we have chosen
1

T AL+ Vo/2+ aj2) + 20173

so that the coefficient of ||w£||i is —1/2; consequently the coefficient of Hw||i
becomes

&
co+clt_1/4+02t_l/2 < C4-1/2
t<o

We rewrite our last result as

d -
= 1l + a5 < et ™2 o]l (7.49)

d
From this inequality we get first that 7 Hw||i <t /2 ||w|\i and therefore

by the Gronwall lemma
lwll3, < llwollZ exp(2et*/?);

which yields the first estimate in the statement of Theorem 18 . At the same
time by rearranging (7.49) and integrating with respect to ¢, we obtain

t t
d
2 _ 2 2
[ sl ar < [ e w2 = 4 ful2)ar (7.50)
0 0
= Jlwoll? exp(2ct*/2) — ]2, < 2 ol exp(2et*/?)
which is the contents of the second statement of the theorem.

Remark 21 Obviously for t > o > 0, the last estimate could be modified as
follows

t
/ s 2 dr < 1 exp(et) [lwol
0
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8 Absorbing set and attractor

In the current section, utilizing the estimates of the previous sections, we estab-
lish existence of a bounded absorbing set and of the attractor, which is compact
in the weighted space H,. For our purposes we rephrase Corollary 9 and the
estimate in (5.30) in the following form:

Proposition 22 (i) The semigroup Ty is uniformly exponentially contracting
i H,:

[T2(t)uoll, < C exp(=~rt/2) [Juoll,, ,

fort > to and any to > 0 ( the constant C depends on to for small to; this
dependence can be ignored for tg > 1), where k = a(vg — «) > 0;
(it) For any € > 0, the ball

Vo

Jar

Baps i ={ue H,: |u], < +e}

s a global absorbing set in H,,.

Note that the radius of the absorbing ball reflects the contribution of the
free interface alone. Next we prove that the free-interface contribution to the
evolution, i.e. the family of operators Ti(t) is uniformly compact:

Proposition 23 For any to > 0 the orbit Q(to) = Ui>1,11(¢)B, of any ball
B, = {uo : ||uol|, < r} is relatively compact in H,,.

Proof. We construct a finite e-net for the orbit (¢p). First we employ
Proposition 13 and select M so that

T1(t)ug) (¢, 20(0)d¢ =
/<>M|< (o) (¢ 6) 2 () <>M</O

for all ¢ > to. We have proved that Q(to) is a bounded set in HZ-norm (see (5.30)
and Proposition 17), then according to Rellich’s theorem on the finite interval
[—M, M] the restriction of Q(ty) is imbedded compactly in the corresponding
restriction H,, ([—M, M]) (note that on the finite interval the weight is irrelevant,
for example, w can be taken w = 1) Therefore a finite e-net in H,([—M, M])
can be constructed. The estimate in (8.51) shows that for all elements of Q(¢o)
the share of the norm that is responsible for the exterior of [—M, M] is small;
therefore by extending elements of the e-net as 0 beyond this interval we obtain
an e-net in H,(—00,00). &

The properties of the evolution operator T'(t) described in the above propo-
sitions allow us to apply the general result [26, Chap. I] that in our situation
can be stated as follows:

tGU(T)dT)deC <e?  (851)

Theorem 24 The w-limit set of the absorbing ball Baps, A = Ney>082(to), is
a global compact attractor for the space H,; A is the maximal attractor in H,
and it is connected.
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Since, by definition the attractor is both positive and negative invariant with
respect to the evolution, the mapping T'(¢) is one-to-one on the attractor. As
an immediate application we obtain the following important characterization of
the attractor:

Corollary 25 The attractor A consists of H. functions that satisfy the esti-
mates

6(0,) < Vo/vo (8.52)
Vo
Il < 5=
6.1, < Bla) = CVol5 (w0 - )7/ (8.53)

where C' is an absolute constant (a combination of some T-functions).

Proof. Since the mapping is onto, given ¢ € A for any ¢ there exist ¥ € A,
so that ¢ = T(t)y. For t — oo the estimate (4.20) yields the estimate on
the interface temperature (8.52). Similarly, by taking into account exponential
decay of the contribution from initial data as ¢ — oo, we obtain the norm
estimates from (5.29) and (6.34).. m

Remark 26 Since any function in the attractor can be viewed as a result of
evolution by the semigroup, it therefore locally satisfies the heat equation and
consequently it is locally C°°. In addition we can show that due to the differen-
tiability of the velocity of the interface, functions in the attractor are C3 up to
the interface.

9 Evolution of the volume elements on the at-
tractor

In this section we present the principal ingredient of the proof of finiteness of the
Hausdorff dimension of the attractor. The proof is based on a study of evolution
of the infinitesimal volume along the orbits in the attractor (i.e., the evolution
under the linearized flow). We demonstrate that for sufficiently large m that
is defined solely by the physical parameters of the problem, the m-dimensional
volume decays exponentially. This property combined with the compactness
suggests that the Hausdorff dimension of the attractor is no larger than m. In
the arguments regarding the Hausdorff dimension we follow quite closely the
ideas outlined in [26, Chap. V]. The relation between the linearized flow and
the fully nonlinear evolution is considered in Sec. 10.
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9.1 Linearized problem

We treat the problem in the interface-attached coordinate frame. Let U(.,t) be
an orbit in the attractor. Let us consider the formal linearization of the problem
(3.8)-(3.10) about U:

2t = Zgx + g(U(0,8)) 2, + B82(0,1)U, := F'(U)z,
[2:(0,8)] = Bz, z(x,0) = z9(x) = Up(x) — Wo(z), (9.54)

where
6= g (U(0,1)) (9.55)
Recall that 8 < 0, |3| < L where L is the Lipschitz constant for g, and that
v(t) = g(U(0,t)) <0 (9.56)

is the interface velocity.
First we note that the linearized problem is well-posed in the following sense:

Theorem 27 For any zo € H,, there exists a unique solution z of (9.54), z €
L*0,T:5(t)) N C([0,T]; Hy) where E(t) = {f € H, Bf(0)+ [f2(0)] = 0}, for
any T > 0.

Proof. This linear problem is somewhat nonstandard as it contains a non-
local term w(0,¢). Nonetheless it can be handled as follows (cf. [23] where a
similar problem is discussed in more detail). Consider first the problem (9.54)
with a source, and zero initial conditions

wy — [’wrr + ﬁ;xg(U(Ovt))] = f(xvt)
6771(0’ t) + [@z(oa t)] =0,

w(z,0) =0,

We formally rewrite the equation above as Lo = f(z,t); let £L~! be its solution
operator: w = L7 f(x,t).

We regard a solution of (9.54) as a superposition z = w+W of an appropriate
w and of W (z,t), which solves the homogeneous problem (f(z,t) = 0) with the
initial condition z(z). Then from the linearized problem we obtain an equation
for w:

W+ W =L [BU, (2, ) (w(0,t) + W(0,t)]

This equation, restricted to the boundary, produces an integral equation for
w(0,t):

L7=w(0,t)U B+ W (x,t)]sm0 = w(0,t) + W(0,1). (9.57)
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It is not difficult to show that the above equation is uniquely solvable as an
integral equation with a sufficiently regular kernel. Thus, w is found and, con-
sequently, the problem (9.54) can be solved locally in time.
The global existence can be obtained from the energy estimate:
d 1d
—E(t) = =—
dt ®) 2dt

= —32%(0,t) — ||z£||i + (a— ) /exp(—am)zzx + 82(0,t) /exp(—am)zUmdx

22 = / exp(—az)2(zs + vz + B2(0,)U,)da

We drop the first (negative) term, use Lemma 7 and the Cauchy-Schwartz in-
equality to obtain

1
2 2 2
5, bl la = Vol (2 11 e )
1 1/2
2 2 2
FL 1A+ 2 el = ol L0

1 1
2 2 2
<~ laol + ho = Vol (el e el ) + 2 |3 Dol €Dl el

where C is a bound on the H!-norm on the elements of the attractor. By
choosing ¢ and ¢; sufficiently small we can make the coefficient of ||va||i equal
to —1/2 and therefore obtain the following inequality:

d 1 9
—F — <CFE
SE(t) +5 =% < CE@),

which yields global existence in L?(0,T;Z(t)) N C([0,T]; H,). m

9.2 Trace estimate

Now we shall estimate the evolution of the infinitesimal volume element. To this
end we need to estimate the trace of the finite-dimensional projections of the
generator of the linear semigroup generated by the operator F’ from (9.54). Let
§j» J =1,...,m be elements of H, and let z; be the solution of the linearized
problem with initial data ;. Then the volume element spanned by {5, ... ,&,,}
evolves accordingly to the well-known formula

[21(E) Ao Az ()] =160 Ao A exp/o Tr[F'(U(7)) o Qm(7)]dT,

where Qn(7) = Qum(1,U;&q,...,&,,) is the projector onto the space E(7)
spanned by {z1(7),... ,zm(7)}.

Let ¢ be an element of Z(7), then for the corresponding diagonal entry of
the matrix of the m-dimensional projection we have

(F', o = / b ybda + v(r) / Wb,z + [§(0) / WU da
= 6al + (o +0) / e, bz + [¢/(0)] / WUpbdz  (9.58)
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It is easily seen via integration by parts that

1 1
[woitie = Gote e + Gt N+ 5 [witda =5 (059

Thus (9.58) becomes

2

(F'd,0)0 = =16/ (0)]6(0) — l|6,|IZ, + [¢'(0)] /wUmdx + % + %

2
< LE0) -~ el + 5+ 5+ 000) [Wliods (0.60)
IBI<L

To evaluate the trace we select a special orthonormal basis in the subspace
=. In the choice of the basis elements we shall distinguish the two possibilities:
#(0) = 0, which defines an (m — 1)-dimensional subspace, and otherwise. Since
the trace of the operator is independent of the choice of an orthonormal basis,
we can choose m — 1 basis elements satisfying ¢(0) = 0.

We will next estimate the absolute value of the principal negative term
- ||¢I|\i Since for any ¢ > 0

1
Q/e_ax(bz(ﬁdx < c/e_ax¢idx+z/e_am¢2dx

then

2

5 2 1 «Q 1 o
> 2 do—— = ———5 = =
||¢THW = ¢ /w¢ﬂ"¢ € 62 (9.59) € 62 Set ¢=2/a 4

If $(0) =0 then

2
(F'o,0)0=—lgalll+ 5 +5 < T — 5 (9.61)

we remind that the velocity is negative —Vy < v < —vg < 0. Therefore for
#(0) = 0 the matriz entry is negative if o < 2vy (note that if & = vy then
(F'¢, ¢),, attains its minimum —uv2 /4).

If ¢(0) # 0 we need to estimate the extra terms in (9.60) that contain ¢(0)
as a factor. First we note that

‘W(O) [ wtsode

1 b
<% / wU2dx + 5 (B9(0))? / wp?dx
1 s b )
< o U= |IZ, + 3 (Lo(0)) (9.62)

|BI<L

where b > 0 will be chosen later. Thus, the matrix element is estimated as

27



follows:

= (F'¢,¢)w 05 Lg*(0) - 1.2 +—+—+ ||U 12+ 5 L%()

2 2
< @+L2>Qw@| #2) =02 + g5 1012 + o)
(5.21)
b b. 1
S PR 6+ (L )1+ o 0

To eliminate the term with H%”i , which we cannot control, we select b = 2/L,
¢ =1/(2L) and obtain
L L
p<AL?+ 2 ||UL|5 < AL+ =B(w)
4 ¥ (8753) 4
Thus the diagonal entry for the basis element with ¢(0) # 0 is bounded above.
If for definiteness « is taken as a = Avg, 0 < A < 1, then
V2L

4172 }
107 + (9.63)

uw < C(\)

where C(A) = O(1). In the leading order, assuming vy < 1,
w< CLVR/i, (9.64)

where C' is an absolute constant. Employing the above estimates for the trace
entries (9.61), (9.63) we complete the estimate for the trace

m

Tr[F'(U(r),V(7)) 0 Qu(7)] = Z<F/¢q‘,v $i)o < p— (m —1)ug /4

i=1
In the leading order,

m > CLV?/vy (9.65)
(9.64)
is sufficient for the trace to become negative.

Thus, the linearized evolution contracts the infinitesimal m-dimensional vol-
ume. This indicates that the Hausdorff dimension should be less than C LV /g,
provided the nonlinear evolution also contracts the elementary m-dimensional
volume. Therefore, to justify an upper bound for Hausdorff dimension, we need
to demonstrate the differentiability of the solution operator with respect to the
initial conditions.

10 Differentiability of the semigroup

To utilize the trace estimate developed in the previous section we need to demon-
strate that the nonlinear evolution of the volume is well approximated by the
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evolution generated by the linearization (9.54). This will be ensured by the
theorem on differentiability of the evolution operator with respect to the initial
conditions (cf. [26, Sec. V.3.3]):

Theorem 28 Let U and W be two orbits U = T(t)Uy, W = T(t)Wy, Uy, Wy €
H, 1 and z(t) be a solution of the linearized problem (9.54) with the initial
condition z(0) = Uy — Wy. Then for any to,
|U(t) = W (1) = ()l < const [Ty — Woll3/?

where 0 < t < ty and the constant depends only on t.

Note that the mapping z(0) — z(¢) is the Frechét differential of T'(¢) at the
point Uy.

Proof. First we note that by Proposition 5 the interface temperature is
uniformly bounded, and for solutions in the attractor (4.20) yields

U(0,t) < Vo/vo. (10.66)

Then since g(U) is strictly monotone, g(U) < Vs := g(Vo/vo) < Vp.The func-
tion (g7 1)(v) is bounded on the interval [vg, V], consequently ¢’ (U(0,t)) > d;.
Also we assume g € C? and therefore |g”| is bounded on [0, Vj/vp] by some con-
stant ds.

It is easy to see that the difference w = U — W solves the following problem

w = Wep + g(U(0,1))wy — [we(0,1)]wy + [wy (0, 8)|Us,
[we(0,8)] = —Av = g(U(0,¢)) — g(W(0,)) = ¢'(0)w(0,?) (10.67)
w(z,0) = Up(z) — Wo(x).

which is similar to (7.45). Let z(x,t) be a solution of the linearization in (9.54).
Then the difference y = w — z is a solution of the following problem

Yt = Yau + 9(U(0,1)ys + [y2(0,)]Uz — [wa(0,1)]wy,

[Yala=0 = g'(O)wla=0 — ¢'(U(0, 1)) 2la=0 = [¢'(0) — ¢'(U)]w]s=0 + g'(U)yla=0
(10.68)

y(z,0) =0
where 6 is between U(0,t) and W(0,t). We denote
G :={g'(0) — ' (U)} wlz=0

then the boundary condition in (10.68) takes the form
¥(0,t) = {[ya]la=0 — G} /g'(U(0,1)) (10.69)
Now we carry out an energy estimate. We multiply the equation in (10.68)

by wy and integrate the first term by parts to obtain:
1d
2dt

+[UI(0,t)]/wyzydm+ [yI(O,t)]/wUzyd:v— [wI(O,t)]/wwzydm (10.70)

2 2
IML:%%MwW%M+a/wwM
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For the first term above we have
90,0190 )] = |Gy(0,1) + ¢'y*(0,1)] < {G* +4*(0,1)}/2+ |¢'| ¥*(0, 1)

< (lg'l+1/2)+G*/2

Lemma 7

Next,

a/wyxyda: <

[\ e}

Similarly,

11, .
< Vs(2 + ¢ ||Ys
[UI<Ve 05 (Z Iylle +ellyzlle)

'[Uzm,t)] [ v

For the next to the last term in (10.70) we obtain

\[yzm,t)] [t

< (Ig’lly(O,t)l+|G|)/w|ny|d:r < (Ig'lly(0, ) + |G l1yll., 1Tz,

Cauchyfgchwartz

1 2 2
< A{lg'I(C Iyl +elly= 12172 + G vl 101l

Lemma 7

We use convexity of the square root function and the inequality 2ab < a® + b2
to continue

< {19117 Iyl + Vel llvall,) + 1G1} Iyl 10,
<\ STT= 12 lg'|> 2 1,0 2 1,0 1 2
lg'|” 2 2 B
=5 VE vl + Allyls + 562
where B is an upper bound on [|U, ||, [cf. (8.53)], and A is a positive constant,

dependent on €.
Finally for the last term in (10.70)

c 5 1 2 2
< w0 )N wzll, Iyl < 5 lwalli, + 5 lwa (0, O] Iyl

' [ wnlu 0,01y -

c 2 1 2 2 c 2 1 2 2 ,-1/2
= ol + 5o W2 180 < S+ 5 Iyl O ol e
Upon selecting ¢ = HU’O”i we estimate this term as

1 2 2 — 2
< 5 lhwe 15 wolly, + Cot ™ lylIg

' [ walin(0.0yas
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Collecting the estimates for all the terms in (10.70) we get

1d 2 1 2 2 2
37 Wl = (6" +1/2)( Hlyll,, + e llye L) + G?/2 = |lya

al 2 2 1 2 2
PSR + e lel?) + Vol Il +< o) (10.71)
g/ 2 B2 1 _
HIE 2l Al + 262 4 L e ol + Gt )

Now we can select ¢ sufficiently small so that the combined coefficient by
2

lg'|” e
—l-I-T\/E-I-E(g —I—§+§a+V0)

is nonpositive.
We collect the like terms in (10.71), drop the nonpositive term with ||yT||i
and rearrange to obtain
1d
2dt
Recall that |¢”| < da, hence

B? 1
2 — 2 2 2
Iyl = (C+ Crt ™ 2) g, < -G + 5 llwal ol

G? = 11g'(0) — g'(U(0,t)]w]* < d3]0 — U(0,£)]?|w(0,8)* < d3|w(0,t)|*

Note that |w(0,¢)| is uniformly bounded. Indeed as follows from (8.52), on the
attractor sup |w(0,t)| < 2Vp/vg = Cp. Therefore [w(0,t)[* < Co|lw(0,t)|>. Here
instead of the exponent 3 we could use 4 —¢, 0 < € < 2, with the corresponding
change in the constant Cy (in order to demonstrate the differentiability we need
to produce an exponent larger than 2; on the other hand to have an integrable
singularity at ¢ = 0, the exponent needs to be less than 4). We continue the
estimate as follows

C

G2 < Cilw(0,8)F < —z[Auf* < O || ¢/

d3 «
(10.67) @y (7.44)

As a result we arrive at the following differential inequality

1d

2 _ 2 3, 1 2 2
% Iyll2 = (C + Crt™2) lyllZ < E Jwoll}, t%/* + 5 llwalg llwolll, - (10.72)

By the Gronwall lemma,
2 2 12 s ' s 1 2 ! 2
1yl < exp(Ct+ 3 C1t) | Ejwoll,, g [[woll,, ; [wzll, dr

2 1
< exp(Ct + S Cit ) AE wo |3 '/ + 5 [[wollL exp(CE) < elfwol,
(7:50) 3 2 llwoll,, <1
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where c is a bound for the time dependent factor for ¢ < T. This completes the
proof of Theorem 28. =

Finally, the estimate for the dimension of the linear volume element and
differentiability of the semigroup yield the principal result of the paper:

Theorem 29 The Hausdorff dimension of the attractor A is finite,
dimg A <CLV{/v}

In conclusion we note that the estimate exhibits a transparent dependence
of the dimension on the properties of the kinetics.
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