Mathematical Analysis I. Math-4200, Fall 2006
Assignment 3: Topology of the real line
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Problems

Do the following problems. You are welcome to consult the text and notes and discuss the
problems with other people. However, the solutions should be yours. Please indicated on
your papers, who you discussed the problems with.

1. Sec. 3.1.3, problem 1:Compute the sup,inf, limsup, liminf, and all the limit points of
the following sequences x ,x ,...,z where
)z =1/n+( 1)
(byx =1+( 1) /n
(c)x =( 1) +1/n+2sinnn/2

2. Use the definition of sup £ as the minimum of all the upper bounds y (y =z, for any
x5 F) to prove that supA_ B sup A. (Sec. 3.1.3, one half of problem 4).

3. Sec. 3.2.3, problem 1. Use the definition of an open set to show that if a finite number
of points is removed from an open set, the remaining set is still open. Is the same true
if a countable number of points are removed? [The answer to the question is negative,
to justify it you have to demonstrate a counterexample. |

4. Suppose that a set £ R is bounded from below. Let x = inf E. Prove that there
exists a sequence x ,z ,r ,... 5 E,such that x = limx . Note that if x = inf E5 F
then the stationary sequence x = x, for any n, solves the problem.

5. Let the sequence i a j be given recursively by the formula
2a +4

a = .
’ 3

Prove that the sequence is monotone increasing and bounded above. Find the limit of
iaj.

a =2

E4. (Extra credit). For every sequence k , k , k , ... of nonnegative integers let

r =k +

kE +

be the sequence of continued fractions. Prove that x ,x , x ,... is a Cauchy sequence and
that any positive real number can be approximated by such a continued fraction (if the
integers are selected in an appropriate fashion). [Sec. 2.3.3, problem5.]



