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@ Wt L .f TL?jtc@_T@ Wt LH f TL?|t vLu can work on both parts with
your books closed, but you must hand in part I before you open your book.

@ W L|itcM.L't @_ UadU *@Lht @i ?L| @1 i_.
1.(a) Define a countable set.
(b) Let and  be countable sets, _ => Use| i _i€?]|L? to prove that " is
countable.
(c) Give an example of an uncountable set.
2.(a) Define a Cauchy sequence.

(b) Use | i _i€? | L? to prove that the sequence % = 1*?c? = 1c2c is a Cauchy sequence.
3.(a) Define an open set. (b) Use | i _i€? | L? to prove that the set . =i1%0 % 1j is
not open.

3.(c) Define a limit point of a set. Give an example of a set with exactly two limit points.
4.(a) Give a definition of continuity at a point and of uniform continuity in a domain.

(b) Let s(% be defined on the real axis and have the property that (% s(+)m 3rfo +nfor
any %and + such that % +m 1 Use| i _i€? | L? to prove that S is uniformly continuous.
4.(c) Give an example of a bounded function which is continuous on the interval (0cl) but
not uniformly continuous.

5.(a) Define what it means for a function to be differentiable at %. (b) Use | i _i€?| L?
to prove that the function

}(% — %c for %= R"
] Oc for %9 R~

is differentiable at %= 0 and that } (0) =0

6. (a) Give definition of the Riemann integral for a function on [@HK. Be sure to define all
the notation you use. You can restrict yourself to the case of a continuous function.

(b) Let s(% be continuous on [@Kcs * Use | i _i€?]|L? to prove that its integral
8 (% = [ s(|)_| has the property that (% 8 (+)m <« b +m

7. For each of the following statements indicate whether they are true or false. For those
which are false give counterexamples.

1. Every bounded sequence contains a subsequence which is Cauchy.

2. Ifs 5 and is strictly increasing at % then s (%) : 0

3. If s(% is differentiable for all %5 R then S is continuous.

4. If s (9 exists for all %5 R then s is continuous.

5. If any point %of the set . is its limit point then . closed.

6. The function s(% = 1*%is uniformly continuous on the set ( = [1*2c4 )

7. If s(% is increasing and bounded above for %: 0Octhen the sequence @ = s(?) has a
limit.
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Ti? LL! Llit @_ UaU *@Lht @i ?L| @L i_. Before you start using the
textbook, you must hand in part I of the exam.
8. Let
0cO % 1
s(W=< 1lcl1 % 2
2C %= 2

Use any of equivalent characterizations of integrability in Theorem 6.2.1 to prove that s (%)
is Riemann integrable.

9.(a) Let s(%9 0 be continuous on [0,1] and [ s(%_%=0 Prove that s(% 0

(b) (BONUS 5PTS) Does this property hold if is S Riemann integrable but not necessarily
continuous? Explain your answer.

10. Let s 5 be defined for all real %and s (% = 0 for all % Prove that s is constant.



