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Abstract

We investigate adding cutting planes within the con-
text of the homogeneous self-dual linear programming al-
gorithm. Restart methods are described and complexity

analysis is presented.

1 Overview

e Column generation applications

e Homogeneous self-dual methods for linear program-

ming
e Convergence proof for one variant
e An implemented variant
e Computational results

e Conclusions
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2 Introduction

e Interested in linear programming problems with a
large number of constraints or a large num-

ber of variables.

e Solve problems using constraint generation or

column generation methods.

e Solve linear programming subproblems using inte-

rior point methods
e These techniques are used to solve:

— Integer programming problems

— Nondifferentiable optimization problems
— Multicommodity network flow problems
— Stochastic programming problems

— Semi-infinite programming problems

— Airline crew scheduling problems

— Bounded error parameter estimation

— Adaptive filtering
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3 Homogeneous self-dual linear programs

Standard primal-dual pair of linear programs:

min cl'z max bly
subject to Az = b (P) subject to ATy < ¢
xz > 0

where x and ¢ are n-vectors, b and y are m-vectors, and
A is an m X n matrix.

Let b =b— Ae and ¢ = ¢ — e, where e denotes the
vector where every component is equal to one. Let d =
c'e 4+ 1. Construct the following linear programming

problem:

min (n+ 1w
subject to Ax — bt + bw
(HLP) —Aly + ¢t —  cw
bly — 'z + dw

—Z;Ty + e — dt

AVARAV]

IV

T, 1 0, Y, W free,

where t and w are scalars.

(D)

—(n+1)
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Properties of (HLP)

l.z=e,y=0,1t=1, w=11s strictly feasible in
(HLP).

2. The dual problem to (HLP) is equivalent to (HLP).
3. (HLP) has optimal value 0.

4. Let (z*, y*, t*, w") be an optimal solution to (HLP).
Assume t* > 0. Then x*/t*, y*/t* are optimal to
(P) and (D).

5.1If t* = 0 in a strictly complementary opti-
mal solution (z*, y*, t*, w") then either z* > 0 with
Az* =0 and ¢’ z* < 0 or Aly* < 0 and b'y* > 0,
so either (P) or (D) is infeasible.
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Solving (HLP)

e An interior point method can be used to find a

strictly complementary optimal solution to (HLP).

e The linear algebra required to perform an iteration is

comparable to that required with other formulations.

e The numerical stability is comparable, and is able to

identify infeasibility efficiently:.
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4 Convergence for the feasibility problem

e Solve the problem:
Does there exist y € C' C R™7
where C' is a convex set defined by an oracle.

e Assume that if C' is nonempty, it contains a ball of

radius €. Assume C' C {y: —e <y <e}.

e Initialize with dual feasible region

{y:—€§y§€}7

where e denotes a vector of ones of appropriate di-

MEnsion.

o Assume know primal and dual strictly feasible iter-
ates for the current relaxation.
— Initially, y = 0, z = e.

— Add constraints through current iterate. Use a

direction to regain strictly feasible iterates.
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e Current homogeneous problem has the form:

min (n+ 1w
subject to Ax
(HSDF) —Aly +cT
—cl'y +(n + 1)w
—(n+ )7
x T w

e Define s :=c7 — Aly, k := (n + 1w — ¢!

e Primal-dual logarithmic barrier:

(z, 8,7, K) =

ols +76—(n+1)— 2" In(x;8;) — In(7k).

e Our proximity measure is

AVARAV]

IV

S(z,s,7,6) =05 u—ut|, (1)

where u, u~! € " indexed from 0 to n, and

Tk 1f1 =0

w; = (2)

\/x;8; otherwise

(u™)i = 1/u; (3)

e (z,s,7,K)is approximately centered if it satis-

fies 6(x, s, 7, k) < 6 for some ¢, with 0 < ¢ < 0.5.
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The algorithm

L.

2.

Initialize with w = 1.

If the problem has too many dual constraints, STOP
with infeasibility.

. Find an approximate center for the current value

of w.

Call the separation oracle at the point y/7.

. If cuts are found, add them through the current

dual iterate, obtain a new feasible iterate with z > 0

and s > 0, and return to step 2.

. Otherwise, STOP with feasibility.
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Restarting after adding a cut

e The new primal problem is

min e + Crnt1Tntl

subject to Az + a,y1 2,41 = 0 (PT)

Ly Lp41 Z 0

e The new dual problem is

max 0
subject to  Aly + s = ¢ (D)
ag—l—ly T Sugl = Cny

Sy Sp+l Z 07

e We can use directions d, and d, which move us to
the points in the corresponding Dikin ellipsoids

that maximize the new variables:
d, = —D*A"(AD*A") a4 (4)
d, = —(AD*AN a4, (5)
where D = X%°5705,

e So we update for a positive scalar «:

T = 4+ ad, (6)
Tpyl = « (7)
yT o= y+ad, (8)
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Finding a new approximate center

e Define

App = w%ﬂ(AD%DAT)_lanH- (9)
e Take step length
a = 5/APD- (10)

e The new iterates are strictly primal and dual feasi-

ble for appropriate 3.

Theorem 1 Assume the old iterate was approzimately
centered. Let 6% denote the measure of centrality af-
ter taking the defined step. If p = ¢O.5(1 — 20) then
(6T < 6% +0.5(=1+3/(1 —26)). If 6 = 0.25 then
6T < 1.601.

Theorem 2 If 6 = 0.25 then the potential function
value at the new iterate is © < 8.672. A new approz-

imate center can be regained in O(1) Newton steps.

(Proof uses Lemmas I1.67 and I1.70 and Theorem 11.49
in Theory and Algorithms for Linear Optimization, by
Roos, Terlay, and Vial.)
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Global convergence

Theorem 3 The upper bound on the number of con-
straints that need to be added before the algorithm can
be terminated with infeasibility is O(m?/€e?), and the
number of Newton steps required has the same com-

plexity.

This follows from a very similar analysis to that of

Goffin, Luo, Ye.
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5 An implemented variant

Recall (HLP):

min (n+ 1w
subject to Ar — bt + bw = 0
(HLP) —Aly + ot — cw > 0
bly — 'z + dw > 0
—b0Ty + Tz — dt = —(n+1)
r,t > 0, Y, W free,

In practice, we want to:
e Solve the optimization problem.
e Add deep cuts, so current iterate is infeasible.

e Add many cuts simultaneously.

e Notation: We add columns to A. We denote the
index set of the current columns by 7. We let a;

denote the jth column of A.
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Our algorithm

L.

2.

Initialize: Choose initial I°, choose f3, €.
Set w’ =1, (z°,1°, 9%, s*, k) = (e,1,0,¢,1).
[teration counter & := 0.

Outer loop: while w* > Je:

(a) Inner loop:

For fixed w*, find approximate analytic center for

feasible region for (HLP).
(b) Find cuts: Let .J := {j :a] y" > ¢;t"}.

(¢) If J £ 0:
(

)
)
d) Add a subset of violated constraints:
(e) LetJ C JandJ#0. Update I*! = [FUJ.
(f)  whtl =k,
(g) else:
(h)  Reduce parameter: w*t! .= guw*.
(i) Let IM! .= I*
(j) end if

(k) Update iteration count: k =k + 1.

. end while
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Recentering after adding cuts

e For a given index set I and variable w, let Q(1, w) be
the set of points (z, ¥, s, t) that are approximately

centered in the feasible region of the corresponding

problem (HLP).
e When we add cuts J, get I' := T U J.

e We have (Z,7, 5,1) € Q(I,w), and we need to find
(2" y', 8" 1) € QU w).
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e Thus, need to approximately solve:

min In(tk) + Tjep In(x;s;)

subject to Apxp — bt = w(Ape —b)

(AC) Aby+sp—cpt = wle—cp)
—chap +bly —r = w(—cha —1)
Tp,Sp,t. K > 0.

e This iterate is infeasible in (AC').

e Use the infeasible-primal-dual method to recover

a new approximate analytic center, for (AC’).
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Results: block angular LPs

Name nrow ncol mnrow mnblks gncol
cocof 63 96 8 2 21
cocot 63 96 38 24 5}
decompl 7 5 2 2
decomp? 7 7 2 2
decomp3 7 7 2

hpw3at 66 126 35 6 43
hpw3p 108 126 30 14 53
hpw3t 108 126 35 48 92
hpw7m 72 65 15 4 27
hpw't 72 65 16 5 32

psc07-01 | 1820 1839 181 93 556
psc07-02 | 1738 1757 181 106 455
ptcd07-01 | 1820 1839 270 34 304
pted07-02 | 1738 1757 270 42 338

pds-1 1474 3729 87 11 237
pds-2 2954 7335 181 11 372
pds-3 4594 12287 303 11 607

Table 1: Problem descriptions

Nrow: Number of rows
ncol: Number of columns
mnrow: Number of rows in master problem

nblks:  Number of blocks

gncol:  Number of columns added to the master
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Name Outer Inner Rgap

cocof 25 56 1.1e-008
cocot 22 48 6.1e-008
decompl 11 19 5.4e-008
decomp? 11 18 5.4e-008
decomp3 11 16 3.1e-008
hpw3at 22 40 1.2e-010
hpw3p 21 48 1.4e-008
hpw3t 26 49  8.0e-009
hpw7m 19 41 5.9e-009
hpwTt 20 43 7.6e-009
psc07-01 52 159 2.2e-009
psc07-02 41 128 3.8e-009
pted07-01 60 145 2.4e-009
pted07-02 64 156 2.4e-009
pds-1 66 218 2.7e-008
pds-2 79 250 1.9e-007
pds-3 131 402 7.5e-008

Table 2. Computational results

Outer: Number of outer iterations = Number of oracle calls
Inner: Number of Newton steps used to reoptimize the master.

Rgap: Relative duality gap
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Comments:

L.

The stopping criteria require that z;, s; > —107°
should be satisfied, and that the relative duality gap

is no larger than 1079

. Relatively few columns are generated.

. Number of outer iterations are reasonable, but

not extremely good.

. The reoptimization seems to work well. On average

3—4 iterations per iteration. However, the warm-
start can take a large number of iterations if really

deep cuts are added.

. The algorithm is generally slow timewise, because

the master problem gets dense.

. This is really a straightforward implementation.

Each subproblem is solved from scratch using an inte-
rior code without warmstart, which of course makes

things slower.

. Due to rounding errors and finite precision of the

computations, it is occasionally difficult to to deter-

mine whether a cut is genuine.
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So far, the times are not that good. However there are

several things to try:

1. Use the simplex algorithm or interior-point algorithm

with warm-start to solve the subproblems.

2. Use the simplex method to generate alternate op-
timal extreme points, so generate more cuts per
subproblem per major iterations. (For the pds-*
problems, the same three subproblems keeps on gen-

erating cuts.)

3. Try to improve the warmstart procedure for the

master problem.
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6 Conclusions

e We have shown that a interior point cutting plane
method based on the Goldman-Tucker homogeneous
model can be used to solve the convex feasibility
problem in a fully polynomial number of calls to

an oracle, with a similar number of Newton steps.

e The proof of this result used a different mea-
sure of centrality than other interior point cutting

plane proofs.

e Initial computational experience with an inte-
rior point homogeneous cutting plane algorithm is

promising, but needs more work.
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