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The Basic Problem

We wish to solve the linear programming problem

(P) min ¢z
ST. Axr >0
c,t ERMbeERT, AR m>n

Furthermore, we are interested in such problems

where

e (A,D) is not known explicitly a priori, but
given x € R", a violated constraint may be

generated by an oracle.

e m is possibly infinite.
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/ Motivation \

Example :

Consider the LP relaxation of an airline crew

scheduling problem.

(CSP) min ¢z
ST. Ar=e
x>0
AeRV™ z.ceR™, ecR”

(e denotes the vector of all ones.)

Typically m is huge compared to n. Indeed,
sometimes the columns can practically only be

generated with an oracle. The dual problem is

(CSD) min —ely
ST. —Aly> —c¢

which is of the form (P).

The columns of A may or may not be explicitly

\known. Y




ISMP, Lausanne Aug 27, 1997

4 N

Algorithms for the convex feasibility problem

The theoretically best algorithms for (P) are
really algorithms for the convex feasibility

problem.

For example:

e Ellipsoid algorithm (Khachiyan; Yudin and

Nemirovskii)

e Analytic center method (Atkinson and
Vaidya; Goffin, Luo and Ye)

e Volumetric center method (Vaidya)

It is clear how to apply these to (P).

. /
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Disadvantages of using these feasibility methods
on (P) :

1. These methods do not use the objective
function as an objective function. They use
it only to generate objective function cuts,

increasing the number of constraints.

2. In iterations where objective function
progress is sought, this progress is ‘not

much’. (Short steps)

3. Because of points 1 and 2, near-worst-case

performance is likely.

. /
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OUR CONTRIBUTIONS

e We provide a long step algorithm based on
the volumetric barrier where the objective

function is used explicitly.

e Violated cuts are added when needed, and

dropped when possible.

e Otherwise, long objective function steps are
taken. Objective function progress is
obtained through reducing the value of a
scalar parameter, rather than adding yet
another constraint. The duality gap is also
reduced by a constant factor in all stages

where objective function progress is sought.

. /
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steps.

Complexity

e Our algorithm: O(n'°L) Newton steps.

e Long-step direct volumetric methods for full
problem: O(ny/mL) Newton steps.

e Short step volumetric center cutting plane
algorithm due to Vaidya: O(nL) Newton

N




ISMP, Lausanne Aug 27, 1997

4 N

Define P := {x € R™ : Ax > b}. Assume that P

1S bounded.

Definitions

Define the logarithmic barrier function

F(z):= — Zlog(si(x)) Va € int(P)

where s;(z) := al v — b;, and a! denotes the i

row of A.

The point w that minimizes F'(-) over int(P) is

called the analytic center of P.

Now, Vx € int(P), define the Volumetric

barrier function
1
Viz) = 5 log det(H (z))

where H 1s the Hessian of F'. The minimizer of

V(-) in int(P) is called the volumetric center

X /
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Approximating the Hessian

Want to take Newton steps, but hard to

calculate Hessian of volumetric barrier function.

Approximate the Hessian by

Q(z) = AT s72xA.

Y. is a diagonal matrix, calculated from the

Hessian of the logarithmic barrier function.

Anstreicher showed that

Q(z) 2 V2V (x) < 3Q(x)

Our algorithm uses quasi-Newton steps with this

approximation to the Hessian.

. /
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/Path Following Algorithms — Summarh
Define

CTZIZ'

W(x,p) = - V(z) for p € (0,00)

The equation Vi (x, 1) = 0 implicitly defines a
trajectory x(u), and (Fiacco and McCormick)

lim x(p) = 2™
p—0

where z* denotes an optimal solution to (P).

We wish to follow the trajectory to x*.

e Set k=0. First, for large y = uo, find ‘very
good approximation’ ¥ to x(uo).

e Reduce pg to pgaq such that y is still a
‘good’ approximation to x(ur11). Recompute

a very good approximation y*t! to x(up,1).

e Repeat until x is very small (27%).

. /
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Our Algorithm

We 1nitialize with the relaxation

(Py) min ¢z

ST cla>=2% |
T > —2le

—x > —2le

L is chosen to be large enough so that
(i) The optimal solutions to (P) will lie in the
polytope Py if they exist, and

(ii) The solution set contains a ball of radius 27%.

For technical reasons, we are forced to have (and
always keep) the first (lower bounding
constraint). We also assume that x = 0 is
feasible for problem (P). Set 2" = 0, u° = 2%,

. /
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k

e Have 2", a very good approximation to x ()

of the current polytope.

e Identify the least important constraint from

2 to my. Let this be constraint number my,
WLOG.

e If constraint my 1s unimportant enough,
drop it. Find new ‘very good’ center using
Newton steps. Else, search for a violated
constraint. If found, add it (them) in, and

find new ‘very good’ center.

e If a constraint was neither dropped nor
added above, then x* is feasible in (P).
Update the lower bound, and reduce u by a
constant factor. Find new ‘very good’ center

using Newton steps.

e Stop when u < 2L,

. /
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quasi-Newton steps required.

Local Convergence Analysis

Place bounds on time to find new ‘very good
center’ after either adding a constraint, dropping

a constraint, or changing the barrier parameter.

Need to determine the necessary reduction in

barrier function, and the number of

Operation

Reduction in

Y (+) needed

Number of

Newton steps

Add a cut
Drop a cut

Reduce pu

S O O

(
(1)
(

(/i)
(/)
O/t

O
O

-

N
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/ Global Complexity \

Construct the function

L'y —1

Y(w, p, 1) = . + V(x)

e Prove that my < O(n) for all k.

e When cut(s) are added, 1 (-) increases by at

least a constant k,.

e When a cut is dropped, ¢ (-) decreases by no

more than a constant kg < k.

e When p is reduced, ¢ (-) decreases by no
more than O(n). Since there are O(L) such
reductions, the total setback is O(nL).

e If (1) > KnL for a given constant K, then
the volume of a containing ellipsoid becomes

too small.

e Thus, a total of O(n!°L) Newton steps

\ suffice. /
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Adding many cuts Suppose current polytope is
given by P = {x € R" : Az > b}. Let xg denote

its volumetric center. Let the cuts returned by

the oracle be u! v > ul xg, for i = 1 to p. Define
U = [u1 us ... up]

New P = [r € R": Ax > b, U x> Ul ). We

wish to find the volumetric center of P.

Now, the current point x( is not even in the

interior of P.

Therefore, we need to ‘move’ into the polytope

AN

P, by taking an affine step.

Need a feasible direction into the polytope P

does 1t exist?

. /
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Selective Orthonormalization Procedure

This weakens the cuts to give a set of orthogonal
cuts in an appropriate norm, which then makes it

easy to find a new point.

Let < z,y >=2"Q 7'y, ||lz]lq .= < T,T >,
with @ := Q(xp).

Step 0: Define vy := ||quil||Q° Set k = 2.

Step k: Define J(k) = {1 < k| < ug,v; > < 0}.

Set g := up — ZieJ(k) < Uk, Vy > V5.
Jk
9kl

Step Check: If £ = p, STOP. Else set
k =k + 1, goto step k.

Set v 1=

. /
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Case 1:

No rotation
necessary

Case 2:

Rotate so
cuts orthogonal

17



ISMP, Lausanne Aug 27, 1997

4 N

Main Result

1. The v;’s define valid cuts. They are

weakenings of the original cuts.

2. The choice d = Q71 (3°F_, v;) generates a

feasible direction for the affine step.

3. If the p cuts defined by the v;’s are added,
and a multiple of d is taken, then we need
only O(y/nplogp) Newton steps to update

the volumetric center.

4. The resulting algorithm has a complexity of
O(n'*°Lplog p) Newton steps.

. /
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Long step analytic center

cutting plane algorithms

We have developed a similar algorithm using the
analytic center. In the analytic case, we have
analyzed the situation where multiple cuts are

added without selective orthonormalization:

1. Find a direction to move to an interior point.

2. Choose weights so the new point is a

wetghted analytic center.

3. Successively adjust the weights and take a
Newton step, until an analytic center is

obtained.

19
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L.

. We prove that Ye’s algorithm with up to p

. For Atkinson and Vaidya’s algorithm with

N

Our procedure to update the analytic center
allows us to analyze multiple cut versions of

well known algorithms.

cuts being added at each stage (p < n) yields

n2p2

a complexity of O(~=-logp) Newton steps,

if selective orthonormalization is used, and

O(”Z%’ - t) Newton steps otherwise.

multiple cuts, we show a complexity of
O(nL?,/plog p) Newton steps if selective
orthonormalization is used, and O(nL?,/pt)

Newton steps otherwise.

/

20



ISMP, Lausanne Aug 27, 1997

4 N

Conclusions

We have developed a

e [ong-step cutting plane algorithm using the

volumetric center,
e with a complexity of O(n'-°L) iterations,
e independent of the number of constraints,

e which adds cuts right through the current

1terate.
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