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Abstract

Many combinatorial optimization problems have re-
laxations that are semidefinite programming problems.
In principle, the combinatorial optimization problem can
then be solved by using a branch-and-cut procedure, where
the problems to be solved at the nodes of the tree are
semidefinite programs. It is desirable that the solution
to one node of the tree should be exploited at the child
node in order to speed up the solution of the child. We
discuss the incorporation of branch-and-cut into solution
techniques for semidefinite programming problems. In
particular, we show how the solution to the parent relax-
ation can be used as a warm start to construct an ap-
propriate initial dual solution to the child problem. This
restart method for SDP branch-and-cut can be regarded
as analogous to the use of the dual simplex method in
the branch-and-cut method for mixed integer linear pro-

gramming problems.
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1 Introduction

Many combinatorial and quadratic optimization prob-

lems can be written as:

min vI'Cu

subject to vT Ajv 1 by, i=1,...,m (COP)
v, = =1, 17=1,...,n,

where v is an n-vector, C' and A;,2 =1, ..., m are sym-
metric n X n matrices, b is an m-vector, and § denotes
either = or > or <, depending on the particular ¢th con-
straint.

Often, C' is a sparse matrix and each A; is a rank one

matrix that may also be sparse.
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2 Examples

e The maximum cut problem in a graph with weighted
edges requires dividing the vertices of a graph into
two sets so that the total weight of the edges having
one endpoint in each set is as large as possible. This
can be expressed in the form (COP) by letting Cj;
be the negative of the edge weight between vertices
i and 7, with no constraints of the form v’ A;v 8b;

necessary.

e The equipartition problem requires that the vertices
of a graph be divided into two sets of equal cardi-
nality with as few edges as possible having one end-
point in each set. This can be formulated by tak-
ing C' to be the matrix of edge weights and taking
A, = ee’’, where e denotes a vector of ones of appro-
priate dimension, and by = 0. No other constraints

are needed.

e For other examples, see [1, 2, 6, 7, 10].
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3 Formulation as an SDP

A semidefinite programming relaxation of (COP) is

min CeV
subject to Vii = 1, j=1,...,n, (SDP)
Ai (] V ﬁ bz, ’L = 1, ,
V=20
Notation:

1. e denotes the Frobenius inner product, so C' e V :=

Sy i1 CiVij.

2.V > 0 denotes that the matrix V' must be positive

semidefinite.

Derivation:

(SDP) is obtained from (COP) by noticing that the
quadratic form v” C'v can be written as C' eV if we equate
vol and V. It follows that the diagonal elements of V

must equal one, and that V' must be positive semidefinite.

The condition that V' is a rank one matrix is omitted, so

(SDP) is a relaxation of (COP).
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3.1 Add slack variables

With the addition of slack variables, if necessary, (SDP)

can be written equivalently as

min CeV + clz (SDPE)

subject to Vi
AoV + alz = b, 1=1,...,m
V=0 0<z<u,

|
—

: 7=1,....n

where ¢, x, uw and a;,7 = 1,...,m are [-vectors. Since
V' > 0 and the diagonal elements of V" are all equal to one,
we have that —1 < Vj; < 1 for any element. Therefore,
it is easy to calculate an upper bound wu; for any slack

variable x;.
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3.2 Dual problem

The dual problem to (SDPE) is

(SDPD)
max trace(W) + bly — ulw
subject to W + = yA + S = C
Aty + 2z — w = ¢

S>=0, z>0, w>0,

where A is an m x [ matrix whose ith row is a;, W is a
diagonal matrix, y is an m-vector, S is an n X n matrix,

and z and w are [-vectors.
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4 Branch and bound

e Helmberg and Rendl [7] proposed branching on whether

v; and v; should be the same or different.

e For the MAX-CUT problem, this corresponds to de-
ciding whether two vertices ¢ and 7 should be on the

same side of the cut or on opposite sides.

e With this branching rule, V; and Vj; are then also
constrained to be either the same or different (de-

pending on the branch) for each index k.

e This means that the problem can be replaced by
an equivalent semidefinite program of dimension one

less.

e Without loss of generality, in what follows we assume

that the indices ¢ and 7 are the last two indices.

e Thus, we are branching on whether v,_1 = v, or

Un_1 7 Up.

e For simplicity, we now restrict attention to the branch

where v, _1 = v,,. (The other branch is very similar.)
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4.1 The child formulation: objective function
Write the objective function matrix C' as
C pP1 P2
C=lp o 0], (1)
T
D2 6y |

where C'is an (n — 2) x (n — 2) matrix, p; and p, are
(n — 2)-vectors, and «, 3, and v are scalars, then we

obtain two different matrices depending on the branch.

If v,_1 = v, we obtain:

C P11+ P2
Cs=1| . . . (2)
P Py a+206+y
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4.2 The child formulation: constraints
Similarly, write the constraint matrices A; as

A; qdi1 {4i2
G2 B v

where A; is an (n — 2) X (n — 2) matrix, ¢;; and g are

(n — 2)-vectors, and «;, §;, and ~; are scalars.

If v,_1 = v,, we obtain:

A; qi1 + Gi2
AZS - T ' T ' 2 ° (4)
g1 + Qn o + 206 +
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4.3 Low rank matrices

With the dual scaling algorithm of Benson et al. [2], it is
useful to work with low rank matrices, if possible. The
transformation defined above leaves a rank one matrix as

a rank one matrix, as the following lemma shows.

Lemma 1 If A; is a rank one matrixz then A;s 1s a

rank one matrix.
Proof: If A; is a rank one matrix, we can write

_UA
_®_

where v4 is an (n — 2)-vector, and ' and ® are scalars.

It is can then be verified that A;g is given by

vA

A=
T lr+o

Wi T4,

as required. —
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Example

For the equipartition problem, on the v,_; = v,, branch,

the constraint matrix A; = ee! becomes

1 ...12] |1

A= 7l =1"1[1...12],
1 ...12 1
2 ...24] |2

a rank one matrix.
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4.4 The new relaxation

After branching, the relaxation takes the following form,

where V' is now an (n — 1) x (n — 1) symmetric matrix:

min CseV + clx (SDPES)

subject to Vi = 1, 7=1,...,n—1,
AigoV + alx = b, 1=1,...,m
V=0 0<zx<u.

Theorem 1 (Helmberg and Rendl [7].) Let v be a
feasible solution to (COP). Define v ' = [vy, ..., v,_1]"
and V' = o oD Ifu, 1 = v, then V"1 is

feasible in (SDPES) for some choice of x > 0.
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5 Finding a new strictly feasible dual solution

Branch-and-cut for mixed integer linear programming prob-

lems:

e fixing a primal variable at zero or one corresponds to

dropping a dual constraint
e 50 the old dual solution is still feasible

e so the subproblems obtained after branching are solved

using the dual simplex method.

We show that in the SDP case that it is still possible
to construct a dual strictly feasible solution to the new
subproblems using the old solution in a straightforward
manner. A dual-scaling algorithm (Benson et al. [2, 3])

could then be used to solve the resulting subproblems.
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5.1 Branch and bound outcomes

At each iteration of an interior point method for solving
(SDPFE), the matrix of dual slacks S is positive definite.
At optimality, this matrix will be positive semidefinite.
There are four possible outcomes at a node of the branch-

and-cut tree:

e The optimal solution to the relaxation corresponds
to a feasible solution to (COP). In this case, we can

fathom the node through feasibility.

e The problem (SDPFE) is infeasible, so again we can
fathom the node.

e The optimal solution to (SDPFE) has value worse
than a known feasible solution to (COP), so we can

fathom by bounds.

e The optimal solution to (SDPFE) has value better
than the best known feasible solution to (COP) and
it does not correspond to a feasible solution to (COP).

In this case, it is necessary to branch.
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5.2 Approximate solutions

Notice that in every case except the first, an approximate
optimal solution to (SDPFE) will suffice, enabling us to
determine the status of the node. In the first case, there
is no need to branch. Thus, we may assume that when
we branch we know a feasible dual solution where the

matrix of dual slacks is positive definite.

If, for numerical reasons, it is desired to use an earlier dual
iterate, that is also possible with the restart procedure we
describe below, again provided that the matrix of dual

slacks is positive definite.
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5.3 Dual restart

The dual problem to (SDPES) is

(SDPDS)
max trace(W) + bly — ulw
subject to W + s yAis + S = (g
Aty + 2z — w = c¢

S=0, z>0, w=>0
where now Wis a (n—1) x (n — 1) diagonal matrix, and

Sisa(n—1)x (n—1)symmetric matrix.

Let (W', 4/, S’ 2/, w’) be the known feasible solution at
the parent node, where S’ is a positive definite matrix.
We will restart with:

WIZ'Z' ’i:1,...,n—2

Wi = . (5)
Wty m-1) + Wy, i=n—1

y =y (6)

z = 2 (7)

w = w, (8)

and Sg defined to be the resulting dual slacks.

[s Sg positive definite?
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5.4 Factorization of 5’

We write S’ as:

S/

M T T2
7“? T UV
ry v €

18

: (9)

where M is an (n — 2) X (n — 2) matrix, r; and 7y are

(n — 2)-vectors, and 7, v, and £ are scalars. Since this is

a positive definite matrix, it has a Cholesky factorization:

S =L =

_LOO__LT'U1'U2_
vi ¢ 01| 0 ¢ (|, (10)
v3 ¢ x|l 0 0 x

where L is a lower triangular matrix, v; and vy are (n—2)-

vectors, and ¢, ¢, and y are real numbers.
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5.5 Feasibility of new dual solution

Theorem 2 If S’ is positive definite then Sg is posi-
tive definite.

Proof: The matrix Sg can be factored as

L 0

(”01 + UQ)T og

LT v + vy

Ss = (11)

0 09

where

o > 0.

It follows that Sg is positive definite. o
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6 A lower bound for the new dual

The value of any feasible solution for the new dual sub-
problem (SDPD.S) provides a lower bound on the op-
timal value of the corresponding subproblem. This can
be used to prune the subproblem if the bound is large
enough. Define = to be the value of the known feasible

solution to dual of the parent subproblem.

Theorem 3 A walid lower bound for (SDPDS) is
Z4 (@40 + x>

This theorem can be used to help determine an appro-
priate branching variable: choose a pair of vertices where
the increase in the lower bound is as large as possible.

Drawback: the examination of any pair of vertices re-
quires a Cholesky factorization of the matrix, after re-

ordering the columns.

The bounds given in Theorem 3 are exactly those ob-
tained after fixing the last two variables in the tree defined
in Goemans [4]. In general, if we modified our algorithm
to take no iterations at subsequent nodes of the tree and
if at level k we fix the relationship of vertices n — k and
n — k + 1, then we would again obtain the same bounds

as in [4].
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7 Properties of well centered iterates

For this section, we assume that the primal and dual
solutions for the parent problem are perfectly centered,

namely,

V'S" = pul (12)

for some positive scalar p, where V' is the primal iterate

for the parent problem. This is equivalent to
L'vV'L = ul, (13)

where L’ is defined in equation (10). Examining the

(n,n) position of this equality shows that

X* =, (14)

since V';; = 1 for each 3.

To fix notation, we have

V' = 1 € (15)

and

(16)

<
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7.1 Branching rules

At the optimal solution to the underlying integer pro-
gramming problem, V" should be a rank one matrix. This
suggests that it may be good to branch on columns of V'
that are close to orthogonal to one another. One situation
in which the final two columns of V' will not be parallel

i1s if € = 0. This can be identified from the dual solution:

Lemma 2 . If V), ), =0 then ¢* = p and { = 0,

provided the iterates are perfectly centered.

The next lemma relates to large values of €.

Lemma 3 If the iterates are perfectly centered then
-1l <e<l.

We can describe the relationship of € and (:

Lemma 4 If the iterates are perfectly centered then

oe+ (=0, so e and ( have opposite signs.



Branching in SDP 23
7.2 Fixing variables

Let T be the value of the best known feasible solution for
(COP). If the bound given in Theorem 3 is larger than

T then we must have v,,_1 # v, in any optimal solution.

If the iterates are perfectly centered then ¢? = 13, 80
if € is close enough to —1 then the bound will be larger

than T, since ( is then negative.

Of course, in practice the iterates will only be approxi-
mately centered. Nonetheless, for any entry V;; that is
close enough to —1, it may be worthwhile performing a
Cholesky factorization of S’, with the columns ordered so
that these two columns are last, in order to confirm that

one of the bounds is large enough to fix the variables.

A different method for fixing variables is proposed in

Helmberg [5], which also uses the matrix S” of dual slacks.
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7.3 The Determinant of Sg

Theorem 4 Assume the iterates are perfectly cen-
tered. Let e = V{j,_y,,.

1. If e =0 then det(Sg) = det(Sp) = %det(S’).

2. For general ¢,

(1—€?+1—¢

det(Ss) = det(S")
L4
1 2 1 — 2
det(Sy) = LS HLZ sy
L4

Thus, if € &~ 41 then one of the child problems should

have a far smaller determinant than 9.
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7.4 Breadth first vs. depth first search

The bound on one of the child subproblems can be in-

creased dramatically if € =~ +1.

Branching in this manner resembles a depth first search,
with it likely that one of the branches will lead to a feasi-
ble solution quickly, and it may be possible to prune the
other branch effectively.

Branching on values of € close to zero resembles a breadth
first search approach, where both child subproblems are

improved approximately equally.
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8 The child primal problem

Slater constraint qualification:

If there exists a strictly feasible solution to (SDPFE)
and if the optimal value of (SDPD) is bounded
then there exists an optimal solution to (SDPFE)
and the optimal values of (SDPD) and (SDPFE)

agree.

Note that the constraint qualification does not state whether
the optimal value to (SDPD) is attained.

We discuss methods for trying to fix up the relaxations if

they don’t contain primal strictly feasible solutions.

As an aside, note that the dual scaling method does not
require a new strictly feasible primal iterate in order to
be restarted. All that is required is an upper bound 2
on the value of the current relaxation. Such an upper
bound can be obtained from any point v that is feasible
in (COP) and which satisfies the branching restrictions.
Thus, heuristics can be used to construct an upper bound,

if an appropriate point is not known already.
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8.1 Ensuring the primal relaxation has an interior

[t is possible that the child problem has no feasible inte-
rior solutions even if the parent problem has such solu-
tions.

Example:
e An equipartition problem with n vertices.

e T'wo subsets of the vertices that have already been
fixed, with the vertices in each subset required to ap-

pear on the same side of the partition as each other.

e We now branch to require that the two subsets ap-

pear on the same side of the partition.

e Assume each subset contains less than half the ver-

tices.

e [f more than half of the vertices are in the union of the

two subsets then the subproblem will be infeasible.

e If exactly half of the vertices appear in the two sub-
sets then the subproblem will have exactly one feasi-
ble solution, namely, that every other vertex should

appear on the opposite side from the two subsets.
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Us: q < n/2 vertices

Uy: p < n/2 vertices

e All vertices in U; must be on same side of cut.
e All vertices in Us must be on same side of cut.

e Branch to force all vertices in Uy U Us to be on same

side of cut.
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Full dimensional feasible regions

Lemma 5 If the set of feasible solutions to (COP) is
full-dimenstonal then the set of feasible solutions to

(SDP) contains a positive definite matriz.

Proof: Let {v!,...,v"} be a set of linearly indepen-
dent feasible solutions to (COP). Take V = [v!, ..., v"].
Let V = %V\A/T It follows that Vj; =1forj =1,...,n.
Consider the constraint A; e Viib;,. We have

A; oV = trace(A;V)

1 N
— —trace(4;VVT)

n

1 N N
— —trace(VTA;V)

n

Thus, if each v* satisfies the constraint (v*)! A;v*4b; then
V satisfies VT A;V#b;. By construction, V is positive

semidefinite and, further, rank(V )=rank(V') = n. The

result follows. =

(Note that, independently, Tungel [9] recently proved a

similar result.)
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The following corollary is an immediate consequence of

this lemma.

Corollary 1 If the set of solutions to (COP) with
the additional restriction (v, £ v, = 0) still has di-
mension n— 1 then there 1s a positive definite feasible

primal matriz for the child problem.
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If feasible region to (COP) not full dimensional:

There must be valid equality constraints for (COP).

e One technique used in Benson et al. [2] for handling
equality constraints is to include an artificial variable
with a corresponding large objective function coeffi-

cient.

e When branching, an artificial variable could be added
to all constraints that involved V; ,_1) and/or V}, for
some j € {1,...,n}, and this would ensure that the
resulting child primal problem was full-dimensional

if the parent problem was full-dimensional.

e Even if the child problem is infeasible, the problem
with the artificial variable will still be feasible. albeit
with a large optimal value and the artificial variable
nonzero at optimality. It should not be necessary
to solve such a subproblem to optimality within a
branch-and-cut approach, as it is likely to be pruned

before optimality is reached.

e By placing upper and lower bounds on the artificial
variable, a strictly feasible interior point for the dual

problem can be found easily.
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8.2 Rank one inequalities

The particular representation that we have for the prob-
lem may not allow strictly feasible solutions because some
additional variables have now become fixed or some con-

straints have become redundant.
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Consider the triangle inequality
Vio-1 = Vin = Vin-yn = —1.
This constraint can be written
dd" eV > 1 (17)
where d is an n-vector given by

di=1 d,—1=1, d,=—1, d; =0 otherwise.

On the branch where we fix v,_1 = wv,, this constraint
becomes V;; > 1, which forces the corresponding primal

slack variable to equal zero.

Thus, the primal problem no longer has a strictly feasible
point.
Remedy: drop this constraint, which requires dropping

the corresponding dual variable ;.

Consequences:

e The matrix of dual slacks can be left unchanged if
W;; is increased by ;.

e This leaves the dual objective value unchanged.

e The other constraint involving y; is of the form —y; +
z; —w; = ¢;, and this can also be dropped without af-

fecting the dual problem, since z; and w; only appear

in this constraint.
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The other branch:
The triangle inequality becomes

Vii +4Vj -1y + 4Vin-1),n-1) 2 1

Equivalently, Vj ,—1) > —1, a redundant constraint.

If 1; > 0 then this constraint can be dropped and the re-

sulting matrix of dual slacks will still be positive definite.

(Recall: W+, y,A;+S=0C.)

If y; is negative, it may be necessary to decrease W;; and
Win-1),(n—1) In order to regain a positive definite matrix

of dual slacks, when dropping the constraint.

The smallest total decrease in the components of W is
to decrease W;; by 3y; and decrease W, _1) (,—1) by 6y;.
Resulting change in the 7 and n — 1 rows and columns of

So is proportional to

—1+43 =2
—2  —4+46
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Note that the constraint —y; + z; — w; < 0 can also be
dropped; the upper bound u; is 8 (=9-1), and w; > —v;.
Thus, the dual objective function value is not decreased

by these modifications.
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General rank one constraints:

A; = tth and t7 = [t1, py, ¢|', where £ is an (n — 2)-

vector and p; and ¢; are scalars.

Break into cases:

o If at least two components of ¢ are nonzero or at
most one of p; and ¢; is nonzero, then the modified

constraint is unlikely to be redundant.

e If both p; and ¢ are nonzero and ¢ is zero then the
constraint can be deleted, with a possible adjustment
in W,_1), (n—1) and with the dropping of a constraint

of the form y; + 2z, — w; = ¢;.

e If p; and ¢; are both nonzero and exactly one com-
ponent of ¢ is nonzero, then the constraint can be
handled as indicated above for the triangle inequali-
ties. It may be that the resulting constraint requires
that Vj (,—1) take a particular value, either 1 or -1. In
this case, we can fix this element of V' by combining

columns 7 and n — 1.
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9 Conclusions

Theorem 2 shows that an analogue of the dual simplex
method can be used to solve semidefinite programming
problems when using a branch-and-cut approach, because

a strictly feasible dual solution can be found easily.

Investigation of the properties of this dual solution sug-
gest that it may be useful to branch on elements of V'’
that are close to zero, since the determinants of the new
dual slack matrices are well behaved and the bound on

both branches of the tree can be increased.

It may be that there is no strictly feasible primal point
after branching. We discussed how to handle some forms
of redundant constraints and how to modify the primal
problem in order to ensure the existence of a strictly fea-

sible primal solution.

The results in this paper should make it possible to ex-
ploit a warm start in an SDP branch-and-cut algorithm,

especially one that uses a dual-scaling algorithm.
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