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1. Warm starting in conic programs
2. Approximating SDP problems by smaller problems.

3. A long step version of Renegar’s algorithm.
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1: Warm starting in conic programs
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Convex optimization

max < by>
subjectto ye€Y (OPT)

Assumptions:

e Y is a convex, bounded set contained in IR™, with a nonempty interior.
o If y €Y, a separation oracle returns a conic inequality G*y + s = h,
s € Ky satisfied by all y € Y and violated by y. Ky is a full-dimensional

self-scaled cone in IRP.

e Assume the cone Ky has a self-concordant barrier function fo(Kp).
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Conic relaxation

The problem (OPT) is approximated by a conic program:

max < by>

subject to A*y 4+ s (CD)

= c
c K
where K is a full-dimensional self-scaled cone.

Note that K may be a product of smaller cones. Eg, K = IR"!, K = SDP
cone, K = product of SOCP cones, . ..
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Duality

Call (CD) the dual problem. The corresponding primal problem is:

min <c,xr>
subjectto Ax = b (CP)
r € K

Note that we assume that K is self-dual.
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Cutting planes

e We find an approximate analytic center (z, 3, 5) for (CP) and (CD).
e If y €Y, can continue as with a standard interior point method.

e Otherwise, the oracle returns a cut violated by ¢ and satisfied by all

yeyY:
Gy + s = h

e We assume the cut is shifted to be central, that is, h = G*y.

e Note that the modified primal problem can still be restarted effectively,
even if the cut is deep.
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Modifying (CP) and (CD)

max <by> -
subject to A*y  + s = ¢ (CD)
Gy + s = ¢

s e K, sg € Ky
min <c,x> + <h,xg>

subject to Az + Gzog = b (CP)
r e K, ro € Ky

With zo = 0 and so = 0, the current point (Z, ¥, 5) is on the boundary
of the feasible regions of (C'D) and (CP).
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Dikin Ellipsoids

e Want to find sg and xg in the interior of K. Assume the cone K has a
self-concordant barrier function fo(Ky), with conjugate function fj(Ky).

e Try to minimize this barrier function over sy, (or zy) subject to
keeping y,s (or z) in an appropriately defined Dikin ellipsoid:

min 15 (s0)
subjectto Ay + s = ¢
G*y + So = (
Is—sl[s < 1
so € Ky

e Note that ||v||, := ||H (u)"/?v]||, where H(u) is the Hessian of f.
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Dikin Ellipsoid lllustration

{ylls —slls <1,
s=c— A*y}

Due to Goffin and Vial for LP, generalized to SDP and SOCP by
Oskoorouchi and Goffin, and to more general problems by Basescu and
Mitchell. Generalizes the single cut approach of Mitchell and Todd.
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Finding a new approximate analytic center

e Look at feasibility problem (so b = 0).

o Let ¥ denote the complexity value of f, in the terminology of Renegar’s
text. For an LP with n variables, the complexity value of — > | log(z;)
is 9 = n. For SDP with n X n matrix X, the complexity value of
— det(X) is also n. For a single SOCP constraint, the complexity value
of the barrier function is ¥ = 2.

e The primal-dual potential function is

Opp = <z, s> +f(x)+ f7(s).

It is minimized with value 0 at the analytic center.
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Updating the potential function

e The contribution to the potential function of the new point from the
additional variables xy and sg is equal to

—19]02 — 219f2 Ino + 19f2 lnﬁh
since gradient gs(sg) = —V¢,x0. (Here, a is the steplength.
f2

e The change in the potential function due to the old variables x and s is
O(1) for appropriate « since the new point sits within Dikin ellipsoids.

e Get convergence to new approximate analytic center in O(¥y,Indy,)
steps.
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More on the change in the potential function

e Assume G is injective and G* is surjective.

e Find x( (and hence sy = Vzq) by solving

, 9
min % < xg, Vg > +falxg)
subject to xo € Ko

where V = G*(AH (5)A*)~'G. Here H(s) is the Hessian of f*(s).
e Easy to initialize. Can then solve using Newton or quasi-Newton method.

e This is an extension of Goffin/Vial/Oskoorouchi approach.
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More on the change in the potential function (continued)

e The primal Dikin ellipsoid problem is

min fo(xo)
subject to A(x — %) -+ Gxg

|x — Z|[ g (5)-1

IA I
—_

e The solutions to the primal and dual Dikin ellipsoid problems are closely
related. Get ga2(so) = —Uy,x0. For SDP, this gives XSy = %I if Xy and
So are p X p matrices.
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2: Approximating SDP problems by smaller problems
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Cutting plane model

(SDP) (SDD)

min CeX max bly

subjectto A(X) = b subject to AT(y) + S = C
X = 0 S = 0

e Approximate S = 0 by P/ SP; = 0 for some matrices P;.

e The primal matrix X must then satisfy X = ) P, V; P! for some positive
semidefinite matrices V.
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Choices for P;

e Only choose one matrix P;, update this matrix, and limit the number of
columns in this matrix: basis for spectral bundle method of Helmberg
and Rendl, and simplex method of Krishnan, Pataki, and Terlaky.

e Each matrix P; has only one column: basis of LP relaxation method of
Krishnan and Mitchell.

e Each matrix P; has a small number of columns: basis of method of
Oskoorouchi and Goffin.

e Each matrix P; has one or two columns: ongoing research (Oskoorouchi,
Krishnan, Mitchell).
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SDP constraints with one or two columns

e Columns of P; typically chosen to be eigenvectors of C — A’ () with

negative eigenvalue.

e The single column constraints give linear cuts.

e The SDP constraints where P, has two columns can be expressed

equivalently as rotated SOCP constraints:

a b a—+ c
[ C]iO@ac—lFZO,aZO,CZO@ 2b =5 0
a—=cC

e Computational results: see talks by Oskoorouchi and by Krishnan.
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Restarting after adding SOCP constraints in practice

e The added cuts are deep, that is, strictly violated by the current point.
e Can work just in (CP), since 7 is still feasible (Oskoorouchi and Mitchell).

e With SDP relaxations of combinatorial optimization problems, it is
usually straightforward to find a strictly feasible dual iterate in the
modified relaxation, so primal-dual methods can be used.
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3: A long step version of Renegar’s algorithm

e The results on warm starts can be used to show that a long step version
of Renegar's algorithm converges in O(nL) iterations.

e Assume solving standard dual form linear program, and the problem has
an optimal value and a strictly feasible solution:

max bly
subject to Aly < ¢ (LD)

Aismxn.
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Renegar’s algorithm

1. Get initial lower bound [ on optimal value of (LD).

2. Find approximate analytic center ¢ of the polyhedron

Aty <e

bly > 1
. m coples
bly > 1

3. If i not good enough, update [ to (1 — 6)I + 6bT gy, with § = O(%)

4. Return to Step 2 and get a new approximate analytic center in one step.
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A long step version of Renegar’s algorithm

1. Get initial lower bound [ on optimal value of (LD).

2. Find approximate analytic center 4 of the polyhedron
Aty <e
bly > 1
. m coples
bly > 1
3. If 4 not good enough, update 1 to b'y.

4. Return to Step 2 and get a new approximate analytic center.

— Typeset by Foil TEX — 21



John Mitchell SIAM 2005 Optimization Conference

Picture of the long step method
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Properties of the long step method

o Let 2°P! be the optimal value of (LP). Results of Renegar can be used
to show that the value of 2°P* — b'§j is at least halved at each iteration.

e Results of Goffin and Vial can be used to show that the new approximate
analytic center can be found in O(mlog(m)) Newton steps.

e The restart direction is exactly the direction for adding the single cut
bly > b1y, namely:
Ay = (AD?*A")~1b.

e This restart direction is the “predictor’ direction. Can then recover an
approximate analytic center by taking steps that could be considered
“corrector”’ steps.
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Conclusions

e Can efficiently restart conic programs.
e Can solve SDP problems as SOCP problems.

e Can devise a long step version of Renegar's algorithm using the theory
of warm starts.
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