Branch-and-Price-and-Cut on CPPMIN

‘ Branch-and-Price-and-Cut on Cliqu€ Partition Problem.
with Minimum Size Requirement I

Xiaoyun Ji, John E. Mitchell

Department of Mathematical Sciences
Rensselaer Polytechnic Institute

Troy, NY, USA
1x@rpi.edu, mitchj@rpi.edu

IMA Special Workshop: Mixed-Integer Programming
University of Minnesota, MN
July 25, 2005

IMA Special Workshop: Mixed-Integer Programming, July, 2005 1



Branch-and-Price-and-Cut on CPPMIN

Problem Definition
Cliqi€ Partition Problem with MINimum Cliqu€ Size CPPMIN

e Given an integer S > 0 and a complete graph G = (V, F)
with weights c. on each edge e.

e Partition the vertices into subsets with at least S vertices, so
as to minimize the total weight of edges having both endpoints

in the same set.
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Figure 1: One solution for a problem of size n =22, § =4
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IP Formulation
For any C C V,|C| > S, define a binary variable z¢,

1 if cluster C is used in the solution of CPPMIN
Lo —
0 otherwise

Master Problem Restricted Master Problem
(iteration k): Q* C 2IV

S weze min > wexe
C CeQk

st. Y xzc=1 YveV st. Y xzc=1 YweV
C.velC C:vel

rc > 0 zo > 0
ce2V|Cc|> s Ceqt|C|>S

Where we = Y. w,, 2IVI:={C:C CV}
ecE(C)
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Pricing problem: Q* — Q**! — An Example
Divide a graph of 3 nodes into clusters bigger than size 2.

min Wi1T1 FW2T2 FW3T3 FWaT4
S.t. T1 +x2 +4
+x2 +x3 +x4
1 +x3 +x4

Ti

+mo 473
+m3 +o1
+2 + 2
T2 +73 +a3
+me +7s3
87

Only When the reduced cost of z4, w

‘|—7_TQ+7_T;),) < 0, do we
need to add in cluster Cy = {v1,v2,v3}.
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Pricing Problem
MINimum Node-Edge-Weighted Cluster Problem MINNEWCP

with minimize size constraints

e Given an integer S > 0 and a complete graph G = (V, E)
with weight c. on each edge e, m, on each node v.

e Find a subset of the vertices P €V of gt least 9 vertices, so

as to minimize ) ce— ) Ty.
ecE(P) veP

Initial Pricing Problem Final Pricing Problem

min %yTCy —rly min %yTCy —rly

s.t. Y Yy =S s.t. > Wyyy > S

v=1 v=1

Yv € {07 1}

Linearize by introducing variables z;; = y;y,, then solve it as an IP.
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Problem? LP relaxation of Master problem is not tight

n=14, obj=628 n=14, obj=462
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Figure 2: Optimal Solution for =~ Figure 3: (MLP) Solution for
a problem of 14 vertices with  the same problem. obj = 462,

S =4. obj =628 >, r; =15>1
i:C;C{7,8,9,10,11,14}
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Solution? Adding Cutting Planes
For any T' C V where |T| < kS.

Z r; < k-1 (3)

Combining row generation and column generation is usualy VeTY
hard, but possible in this example.

e Check all subsets of T" between size S and 25 — 1.
e Solve the Pricing Problem as an IP with addition constraints.

Other heuristics can be used before calling IP solver to solve the

pricing problem.
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New Restricted Master Problem and its dual

min Y wczc
CeQk

s.t. > xc VveV
C:vel

Y. Tc
CeQk
Y. xc
CCT;
Tc
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Computational Results

number of vertic€s
max num of partitions

101-103
25

Heuristic Alg.
Gap
Time

Root Node
Total Instances
Solved exactly
Better Solution
Gap

Time

LPs solved
Total Cuts
Total Columns
Initial Columns
Columns by IP
Total IP Time
Avg IP Time

4

0

4

1.22%
1791.87
72

42

528

334

18
1718.75
92.91

B&B run
total instances
Solved exactly

Better Solution
Gap

Time

Nodes

Final columns

1

1

0

0%
17.15
1

200

5

4

3
0.18%
273.50
3

327

9

3

7

0.36%
1529.98
6

462

4

0

1

0.58%
4012.68
10

560

Table 1: Results on Random Geometric Problems for S = 4
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