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Abstract
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1 Introduction

In this paper, we consider the problem of updating the analytic center when multiple

cutting planes have been added. This is an issue that arises in recent attempts to

solve the convex feasibility problem (see, e.g., Ref. 1). This is the problem of finding

a point in a given convex set C ⊆ IRn, or establishing that the set must be empty.

A related problem is the separation problem (Ref. 1) — given x ∈ IRn, verify that

x ∈ C or find a ∈ IRn such that aTy ≥ aTx for every x ∈ C . If the convex set is

such that the separation problem is solvable, then an oracle is said to exist for the

feasibility problem. Many oracle based cutting plane methods have been designed for

the feasibility problem, including the ellipsoid algorithm (Refs. 1 and 2).

We are interested in interior point oracle based cutting plane methods, a subject

of much recent research interest. Roughly speaking, the philosophy of these methods

is as follows: we begin with a polytope that is large enough to contain the set C . At

each iteration, a certain well-defined point in the interior of the polytope is chosen

as a test point. If this point is not in C , then the oracle returns a cut that is then

added to the definition of the polytope. This is continued until a feasible point is

found, or until it can be established that the set C is empty. Algorithms of this type

include those in Refs. 3, 4, and 5. The test point commonly used in interior point

approaches is the analytic center (Refs. 3, 4), initially proposed in Ref. 6, although

the volumetric center is also an important point from a polynomial complexity point

of view. It is interesting to note that the only polynomial algorithm based on analytic

centers originates in Ref. 4, which adds as well as deletes cuts. The algorithm studied

by Goffin et al., which has been the subject of much study lately (Refs. 7, 8, 9,

10), is only fully polynomial, with the proofs of complexity using an inequality from

Ref. 11. In Ref. 12, the authors have developed a long-step polynomial interior point

method for solving convex optimization problems by extending Ref. 4. The analysis of

interior point cutting plane methods has been extended to homogenized self-dual and

homogeneous cutting plane methods in Refs. 13, 14, 15, and 16. For recent surveys

of theoretical results in interior point cutting plane methods, see Refs. 17 and 18.

To further emphasize the importance of cutting plane methods, we mention appli-

cations to linear programming, convex programming and combinatorial optimization.

Interior point cutting plane algorithms have been used to solve stochastic program-

ming problems (Ref. 19), multicommodity network flow problems (Ref. 20), and in-

teger programming problems (Ref. 21), as well as other forms of convex optimization

problems (Refs. 22, 23, 24, 25, 26, 27, 28, 29, 30, and 31). For some classes of linear

ordering problems, a cutting plane scheme that combines an interior point method
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and a simplex method has been shown to be up to ten times faster than one that

just uses either of the methods individually (Ref. 32). For some max cut problems,

an interior point cutting plane method has been shown to considerably outperform a

simplex cutting plane method (Ref. 33).

From the viewpoint of practical efficiency, it is necessary to do two things — (i)

add the cut as deeply as possible (i.e., through the current point, if not deeper),

and (ii) add multiple cuts simultaneously (it is assumed that the oracle is capable of

returning multiple cuts). In Ref. 3, it was shown that it is possible to add a cut right

through the current point, and regain the analytic center in O(1) iterations. Ref. 7

analyzed the column generation algorithm of Ref. 3 with multiple cuts, and showed

that the total number of Newton steps required was of roughly the same order as

the number of cuts needed. Goffin and Vial (Ref. 10) have proposed a method for

finding a new analytic center after the addition of multiple cuts that requires the

solution of a nonlinear programming problem, of the size of the number of added

cuts. This approach is able to recover the new center in O(q log(q)) Newton steps,

where q denotes the number of added cuts. For homogeneous problems, the situation

where all the normals of the added constraints make pairwise acute angles in a certain

metric was considered in Ref. 16. This condition is similar to the one we analyze in §4.
In this paper, we propose a procedure that also finds a new approximate analytic

center in O(q log(q)) Newton steps, but it does not require the solution of a nonlinear

programming problem as a subproblem. It does have the drawback of perhaps weak-

ening the cutting planes. The modification of the cuts is to make them orthogonal in

some metric, if necessary. In interior point cutting plane algorithms for combinato-

rial optimization problems, it appears useful to add orthogonal constraints in many

situations (Ref. 21). Typically, these constraints are sparse, and distinct constraints

correspond to different subsets of the variables. This has one immediate advantage

for formulations where the projection matrix requires the calculation of AAT : it helps

numerically since the density of the product AAT is likely to be less than it would be

if the added constraints shared variables.

The organization of this paper is as follows. In §2 we introduce preliminaries. If

the cuts to be added are linearly independent, then there exists a feasible direction

that is a positive combination of the normals (after scaling by the inverse of the

Hessian). Since, however, the weights for each normal may be hard to find, in §3
we provide a ‘Selective Gram-Schmidt Orthonormalization’ procedure — we take the

cuts returned by the oracle and generate an equal number of new valid cuts with cer-

tain nice properties, particularly that any positive combination is a feasible direction.
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In §4 we provide a technique for updating the analytic center of the new polytope,

and discuss its complexity. The implications of our results for the algorithms of Refs.

7 and 4 are discussed in §5. In particular, we show that a multiple cut variant of the

algorithm of Ref. 4 has the same complexity as the original algorithm, provided se-

lective orthonormalization is used. The extension of the selective orthonormalization

procedure to more general cone programming problems is briefly discussed in §6. We

offer our conclusions in §7.

2 Preliminaries

First we introduce some notation. Let the current polytope be defined by

Ax ≥ b (P )

where x ∈ IRn, A ∈ IRm×n, and m ≥ n. Define s := Ax − b. Clearly we want

s ≥ 0. We use P to refer to the polytope defined by the system of inequalities (P ).

The dual problem associated with (P ) is

min bTy

subject to ATy = 0 (D)

y ≥ 0.

Our analysis will use the primal-dual potential function:

Φ(y, s) := yT s −m −
m∑

i=1

ln(siyi). (1)

We can regard this as a function of x, since s = Ax − b. At the analytic center,

Φ(y, s) = 0, and this is the minimum value for the potential function. For a fixed y,

the gradient and Hessian (denoted by H) of Φ with respect to x are given by

∇Φx(y, s) = ATy −
m∑

i=1

ai

si
= ATy − ATS−1e (2)

and

H(x) = ∇2
xxΦ(y, s) =

m∑
i=1

aia
T
i

s2
i

= ATS−2A (3)

respectively. (Throughout this paper, e will denote the vector of all ones of appropri-

ate dimension. Also, if a symbol in lower case denotes a vector, then the upper case

symbol will denote the diagonal matrix with the vector along the diagonal.)
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We define a primal-dual measure of centrality:

δ(y, s) := ‖e − Sy‖. (4)

An iterate is approximately centered if δ(y, s) < θ, where we will specify θ later.

It will satisfy 0 < θ < 1. If an iterate is approximately centered, then the terms yisi

can immediately be bounded:

1 − θ ≤ yisi ≤ 1 + θ (5)

for each component i.

A primal-dual interior point method can be used to find an approximate analytic

center for any θ > 0. Each iteration requires the calculation of a primal-dual Newton

step. The performance of a primal-dual method with an appropriate step length can

be described using the following three theorems. These are standard results and their

proofs can be found in, for example, Ref. 34.

Theorem 2.1 Let (x, s, y) be a strictly feasible primal-dual pair. Assume δ(y, s) ≥
θ > 0. Let (dx, ds, dy) be the primal-dual Newton direction. Let x(α) := x + αdx,

s(α) := s + αds, and y(α) := y + αdy . Then there exists a step length α such that

Φ(y(α), s(α)) ≤ Φ(y, s)− ζ,

where ζ = θ
2(1+θ)

− log(1 + θ
2(1+θ)

).

Theorem 2.2 Let (x, s, y) be a strictly feasible primal-dual pair with δ(y, s) ≤ θ < 1.

Then Φ(y, s) ≤ 2θ2

1−θ2 .

Theorem 2.3 Let (x0, s0, y0) be a strictly feasible primal-dual pair. A potential de-

crease algorithm using damped Newton steps can be designed to give an iterate (x, y, s)

satisfying δ(y, s) ≤ θ < 1 in at most

O(
Φ(y0, s0)

ζ
)

iterations.

We state one other technical lemma that will prove useful in the analysis.

Lemma 2.1 (Ref. 34, Lemma C.1.) Let z ∈ <n be such that ‖z‖ < 1. Then

‖z‖ − log(1 + ‖z‖) ≤ eTz −
n∑

j=1

log(1 + zj) ≤ −‖z‖ − log(1 − ‖z‖).
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The cutting plane algorithm finds an approximate analytic center (x0, s0, y0) for

the current primal-dual system. An oracle is called to determine whether x0 is feasible

in the original convex set. If it is not, the oracle returns a number of separating

hyperplanes. Let q denote the number of cuts to be added, and let these cuts be

given by

wT
i x ≥ wT

i x0, i = 1 to q. (6)

The new system then is

Ax ≥ b, wT
i x ≥ wT

i x0 =: bm+i, i = 1 to q. (P̂ )

Notice that the cuts are shifted to pass through the current center x0. The algorithm

needs to now find a new approximate analytic center; finding such a point efficiently

is the subject of this paper. We define W := [w1, w2, ..., wq]. We assume, without loss

of generality, that ‖wi‖ = 1 for each cut. (Throughout, ‖.‖ denotes the l2 norm.)

Our aim is to extend the approach of Ref. 35 as it was used in Ref. 3. Thus, we

will need to take an affine step to increase the slacks of the newly added constraints.

If just one constraint wT
1 x ≥ bm+1 is added, then updating x to x + αw1 will ensure

that the new constraint is satisfied strictly, for an appropriate positive step length α.

In order to use a large step length, it is useful to multiply this direction by a positive

definite matrix. We will use a primal-dual algorithm to retrieve a new analytic center

after the addition of cutting planes, so we will scale using a diagonal matrix

D := Y 0.5S−0.5 (7)

instead of S−1. If the iterate is an exact analytic center, then these two scaling

matrices are identical, of course. With this scaling matrix, the Dikin ellipsoid in the

primal space can be defined as

ED := {x : (x − x0)
T H0(x − x0) ≤ 1}, (8)

where

H0 := ATD2
0A and D0 := Y 0.5

0 S−0.5
0 . (9)

It is then reasonable to choose a direction dx that will find the largest value for the

slack of the new constraint, subject to x ∈ ED. This gives dx = H−1
0 w1.

We assume that the cuts returned by the oracle are linearly independent. Con-

sequently, we assume that q ≤ n. The simplest feasible direction would be one that

is a weighted (positive) combination of the normals. However, finding appropriate

weights is a non-trivial task. What we seek is an interior feasible solution to

W T (H0)
−1Wγ ≥ 0 ; γ ≥ 0. (10)
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Such a solution exists as long as C has a nonempty interior. If we add in a homog-

enizing constraint of the form ‖γ‖1 = 1, for example, it is clear that this may be

accomplished in O(
√

qt) iterations if we use a short step or a potential reduction al-

gorithm. (All arithmetic operations here and in the ‘parent’ cutting plane algorithm

are assumed to be on t bit numbers.) If the interior of the feasible set for the above

problem is non-empty, we know that an interior point algorithm will converge to a

point in the interior (see e.g., Ref. 36). Once a point in the interior has been found,

it is then necessary to find a new approximate analytic center.

Ref. 10 proposed solving a nonlinear programming problem to find appropriate

weights γ, and showed that the resulting weights enable a new analytic center to be

recovered in O(q log(q)) Newton steps.

3 Selective Gram-Schmidt Orthonormalization

Intuitively, it would be pleasing to set all the weights γ to 1 in (10), after normalizing

the cuts in some way. Each of the new cuts would then have the same weight in

determining the new iterate. However, this need not give us a feasible direction.

Nevertheless, let us consider this: suppose the wi’s were to satisfy wT
i H−1

0 wj ≥ 0 for

every i and j. Then it is clear that c = We is a strictly feasible direction. In fact, any

positive combination of the normals is now a strictly feasible direction. However, it is

unreasonable to expect the oracle to return cuts with this property. So the question

becomes, can we generate q cuts based on the cuts returned by the oracle, such that

these cuts are valid and satisfy this property. It turns out that we can do this, by a

scheme we call Selective Gram-Schmidt Orthonormalization.

Throughout this section, we will frequently use the inner product defined by H0,

namely wT H−1
0 v for two vectors w and v, so we write 〈w, v〉H0 := wTH−1

0 v. We will

also write ‖v‖H0 :=
√

vTH−1
0 v. Note that we will still use ‖v‖ to denote the usual

2-norm, so ‖v‖2 = vTv.

Selective Orthonormalization Procedure

Step 0: Define v1 := w1
‖w1‖H0

. Set k = 2.

Step k: Define J(k) = {i ∈ {1, 2, ..., k − 1}|〈wk, vi〉H0 < 0}.
Set gk := wk − ∑

i∈J(k)〈wk, vi〉H0vi.

Set vk := gk

‖gk‖H0
.

Step Check: If k = q, STOP. Else set k = k + 1, goto step k.
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We are now in a position to state a theorem about the new cuts generated by the

above procedure.

Theorem 3.1 The cuts vT
i x ≥ vT

i x0 for i = 1 to q satisfy the following properties.

(i) For any i, j ∈ {1, 2, ..., q}, 〈vi, vj〉H0 ≥ 0.

(ii) If x ∈ IRn is any point such that W T x ≥ W Tx0, then vT
j x ≥ vT

j x0 for any j from

1 to q, so each vj defines a valid inequality.

Proof: Induction is used in the proof of each part.

(i) First, we observe that 〈v1, v2〉H0 ≥ 0. This is evident if 〈w2, v1〉H0 ≥ 0, since

v2 = w2

‖w2‖H0
. However, if 〈w2, v1〉H0 < 0, then we have

g2 = w2 − 〈w2, v1〉H0v1.

Therefore,

〈g2, v1〉H0 = 〈w2, v1〉H0 − 〈w2, v1〉H0〈v1, v1〉H0 = 0

since 〈v1, v1〉H0 = 1. Since g2 is just a positive multiple of v2, it follows that we have

〈v2, v1〉H0 ≥ 0.

Now we do the inductive step. Suppose that it is true for k − 1 ≤ q − 1 that

〈vk−1, vj〉H0 ≥ 0 for j < k−1. We will show that 〈vk, vj〉H0 ≥ 0 for j < k. Recall that

gk = wk −
∑

j∈J(k)

〈wk, vj〉H0vj.

Also recall that for all j ∈ J(k), we have 〈wk, vj〉H0 < 0. Now, for some index i < k,

we look at 〈gk, vi〉H0. We do this in cases.

Case 1: i ∈ J(k).

Now, we have

〈gk, vi〉H0 = 〈wk, vi〉H0 −
∑

j∈J(k)

〈wk, vj〉H0〈vj , vi〉H0

= 〈wk, vi〉H0 −
∑

j∈J(k),j 6=i

〈wk, vj〉H0〈vj, vi〉H0 − 〈wk, vi〉H0〈vi, vi〉H0

= 〈wk, vi〉H0 −
∑

j∈J(k),j 6=i

〈wk, vj〉H0〈vj, vi〉H0 − 〈wk, vi〉H0

= − ∑
j∈J(k),j 6=i

〈wk, vj〉H0〈vj, vi〉H0

≥ 0

where that last part follows because 〈wk, vj〉H0 < 0 for j ∈ J(k), and because

〈vj, vi〉H0 ≥ 0 by the inductive hypothesis.
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Case 2: i is not in J(k).

Here, we know that 〈wk, vi〉H0 ≥ 0. Thus,

〈gk , vi〉H0 = 〈wk, vi〉H0 −
∑

j∈J(k)

〈wk, vj〉H0〈vj, vi〉H0

≥ − ∑
j∈J(k)

〈wk, vj〉H0〈vj , vi〉H0

≥ 0

since, as before, 〈wk, vj〉H0 < 0 for j ∈ J(k), and because 〈vj, vi〉H0 ≥ 0 by the

inductive hypothesis.

Finally, since gk is just a positive multiple of vk these results hold for vk as well. Thus,

we have established that 〈vi, vj〉H0 ≥ 0 for any i, j from 1 to q.

(ii) Let x be any point in IRn∩P that satisfies wT
i x ≥ wT

i x0 for all i = 1 to q. We will

show that x also satisfies vT
i x ≥ vT

i x0 for all i = 1 to q — i.e., we will show that the

vis are valid cuts. Clearly, v1 defines a valid cut. We will first show that v2 defines a

cut too.

Case 1: 〈w2, v1〉H0 ≥ 0.

Now we have

gT
2 x = wT

2 x ≥ wT
2 x0 = gT

2 x0.

It follows that v2 defines a valid inequality.

Case 2: 〈w2, v1〉H0 < 0.

Here, we have

gT
2 x = wT

2 x − 〈w2, v1〉H0v
T
1 x

≥ wT
2 x0 − 〈w2, v1〉H0v

T
1 x0

= gT
2 x0

where the inequality follows because wT
2 x ≥ wT

2 x0, vT
1 x ≥ vT

1 x0 and 〈w2, v1〉H0 < 0.

Now, again, we use induction. Suppose it to be true that x satisfies vT
i x ≥ vT

i x0

for i = 1 to k− 1, where k− 1 ≤ q − 1. We will show that vk then must define a valid

inequality. We have

gT
k x = wT

k x − ∑
j∈J(k)

〈wk, vj〉H0v
T
j x

≥ wT
k x0 −

∑
j∈J(k)

〈wk, vj〉H0v
T
j x0

= gT
k x0
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where the inequality in the second step follows because wT
k x ≥ wT

k x0, vT
j x ≥ vT

j x0 for

all j < k, and because 〈wk, vj〉H0 < 0 for all j ∈ J(k). Thus, it is established that

each vi defines a valid cut, if we assume that the oracle returned valid cuts.

Finally, we conclude this section by stating some properties of these cuts. Let

V := [v1, . . . , vq] (11)

c̄ := V e =
q∑

i=1

vi. (12)

Lemma 3.1 For any index i from 1 to q, we have the following:

(i) ‖vi‖H0 = 1.

(ii) 〈vi, c̄〉H0 ≥ 1. As a consequence, c̄ is a strictly feasible direction.

(iii) 〈c̄, c̄〉H0 ≤ q2.

Proof:

(i) This is obvious since vi := gi

‖gi‖H0
.

(ii) We have for every i

〈vi, c̄〉H0 = 〈vi,
q∑

j=1

vj〉H0

=
q∑

j=1

〈vi, vj〉H0

= 〈vi, vi〉H0 +
∑
j 6=i

〈vi, vj〉H0

= 1 +
∑
j 6=i

〈vi, vj〉H0

≥ 1

since for any i and j we have 〈vi, vj〉H0 ≥ 0.

(iii) We have

〈c̄, c̄〉H0 = ‖c̄‖2
H0

= ‖
q∑

j=1

vj‖2
H0

≤ (
q∑

j=1

‖vj‖H0)
2

= q2.
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We note that what this procedure does is to weaken the cuts produced by the

oracle. In the scaled space, if two cuts enclose an acute angle (i.e., their normals

form an obtuse angle), one of the cuts is weakened so that the cuts enclose a right

angle. Theoretically, this weakening is okay, from a complexity point of view, since in

any case we cannot assume very much about the cuts returned by the oracle. From a

practical viewpoint, however, this is a drawback. It is the price we pay in order to up-

date the analytic center in O(
√

q log q) iterations, as will be seen shortly. However,

as noted in the Introduction, in some situations it is computationally advantageous

to design an oracle that returns orthogonal cuts. The selective orthonormalization

approach makes it easy to find a strictly feasible iterate, since central cuts are added.

If deeper cuts are added (as in practical algorithms) then it is still not straightfor-

ward to obtain a new strictly feasible iterate, even after the application of selective

orthonormalization.

4 Updating the Analytic Center

In this section, we discuss the procedure to update the analytic center. The new

system is the following: (P̂ ):

(P̄ ) Ax ≥ b, vT
i x ≥ vT

i x0 = bm+i, i = 1 to q.

where the vectors vi satisfy the conclusion of Lemma 3.1, namely:

‖vi‖H0 = 1, 〈vi, c̄〉H0 ≥ 1, and 〈c̄, c̄〉H0 ≤ q2, where c̄ = V γ and γ = e. (13)

Such vectors can be found using selective orthonormalization, if necessary, in which

case (P̄ ) is a weakening of the previously encountered (P̂ ).

We assume that we have an approximate analytic center (x0, s0, y0) for (P ). In

order to obtain an approximate analytic center for (P̄ ), we first take an affine step to a

specific point in the interior of the modified polytope. An analysis of the primal-dual

potential function at this point shows that it is possible to obtain a new approximate

analytic center in O(q log(q)) Newton steps. First, we define the updated iterate, and

derive some properties of this update.

We define

dx := H−1
0 c̄ (14)

ds := Adx (15)

dy := −D2
0Adx (16)
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Note that the directions ds and dy refer to only the first m components — we deal

with the others explicitly. Thus, after this affine step, we have

x+ := x0 + αP dx = x0 + αPH−1
0 c̄ (17)

s+ := s0 + αPds = s0 + αPAH−1
0 c̄ (18)

y+ := y0 + αDdy = y0 − αDD2
0AH−1

0 c̄ (19)

for some primal and dual step lengths αP and αD. Again, s+ and y+ refer to only the

first m components. The augmented slack and dual vectors in IRm+q will be denoted

by s̄+ and ȳ+ respectively.

Define

∆PD :=
√

c̄T (ATD2
0A)−1c̄ =

√
c̄TH−1

0 c̄ = ‖c̄‖H0. (20)

The following lemma can be verified by explicit calculation.

Lemma 4.1 We have dT
y ds = −∆2

PD.

The (m + i)th components are given by

s+
m+i = vT

i dx = αPvT
i H−1

0 c̄ (21)

y+
m+i := αDγi = αD (22)

for i = 1 to q. If αP > 0 then s+
m+i > 0 from (13). To ensure that the other

components of s remain positive, it is necessary to keep s + αP ds > 0.

Lemma 4.2 The following step length choices ensure positive iterates.

1. If 0 < αP <
√

1 − θ/∆PD then s + αPds > 0.

2. If 0 < αD <
√

1 − θ/∆PD then y + αDdy > 0.

Proof: To prove part 1, we have

s + αPds = Se + αP AH−1
0 c̄ from (15)

= D−1
0 (Y 0.5S0.5e + αPD0AH−1

0 c̄)

≥ D−1
0 (

√
1 − θ − αP ∆PD)e

where the last line follows from (5) and (20). Similarly, to show part 2, we have

y + αDdy = Y e − αDD2
0AH−1

0 c̄ from (16)

= D0(Y
0.5S0.5e − αP D0AH−1

0 c̄)

≥ D0(
√

1 − θ − αP ∆PD)e.
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The result follows.

It will prove useful to use the same step length in the primal and dual problems,

particularly in Lemma 4.4. Therefore, we take

αP = αD = α = β/∆PD (23)

for an absolute constant β to be specified later, with 0 < β <
√

1 − θ.

Lemma 4.3 After taking the specified step, the complementary slackness terms y+
m+is

+
m+i

satisfy

β2/q2 ≤ y+
m+is

+
m+i ≤ β2

for i = 1, . . . , q.

Proof: From equations (21), (22), and (23), we have

y+
m+is

+
m+i = α2vT

i H−1
0 c̄

= β2vT
i H−1

0 c̄/∆2
PD.

The result follows from (20) and (13).

Let us define the vector

p̃ := D0AH−1
0 c̄. (24)

Notice that

p̃T p̃ = ∆2
PD (25)

and that

dy = −D0p̃ and ds = D−1
0 p̃. (26)

Lemma 4.4 The ith component of the complementary slackness is reduced to y+
i s+

i =

yisi − α2p̃2
i for i = 1, . . . , m.

Proof: From (15) and (16), Y ds = −Sdy. It follows that

y+
i s+

i = (yi + α(dy)i)(si + α(ds)i) = yisi − α2p̃2
i .

One consequence of Lemma 4.4 is that the objective function does not change

after the step to recover an interior point, as shown in the following theorem.
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Theorem 4.1 The duality gap after taking the given step is the same as before taking

the step.

Proof: After taking the step, the duality gap is

m+q∑
i=1

ȳis̄i =
m∑

i=1

y+
i s+

i +
q∑

i=1

y+
m+is

+
m+i

=
m∑

i=1

(yisi − α2p̃2
i ) +

q∑
i=1

β2vT
i H−1

0 c̄/∆2
PD

from Lemma 4.4 and the proof of Lemma 4.3

= yTs − β2 + β2c̄T H−1
0 c̄/∆2

PD

from (25), (23) and (13)

= yTs − β2 + β2 from (20).

The result follows.

We examine the potential function in order to obtain a complexity bound. Define

h ∈ IRm by

hi := p̃2
i /(yisi). (27)

It is useful to bound the norm of this vector.

Lemma 4.5 The norm of the vector h is bounded:

α2‖h‖ ≤ α2∆2
PD/(1 − θ) = β2/(1 − θ).

Proof: We have

‖h‖2 =
m∑

i=1

p̃4
i /(yisi)

2

≤
[

m∑
i=1

p̃2
i

]2

/(1 − θ)2 from (5).

The result follows from (25) and (23).

Notice that α2‖h‖ < 1 provided β2 < 1 − θ. Lemma 4.5 can be used to obtain a

bound on
∑m

i=1 log(y+
i s+

i ).

Lemma 4.6 The following bound holds for the new iterate, provided β2 < 1 − θ.

m∑
i=1

log(y+
i s+

i ) ≥
m∑

i=1

log(yisi) − β2/(1 − θ) + log(1 − β2/(1 − θ)).

13



Proof: We have

y+
i s+

i = yisi − α2p̃2
i = yisi(1 − α2p̃2

i /(yisi))

from Lemma 4.4. Now, from Lemma 2.1, we have

m∑
i=1

log(1 − α2p̃2
i /(yisi)) ≥ −α2

m∑
i=1

p̃2
i /(yisi) + α2‖h‖ + log(1 − α2‖h‖)

≥ −β2/(1 − θ) + log(1 − β2/(1 − θ))

from (25), (5), and Lemma 4.5,

giving the required bound.

It is now possible to bound the value of the potential function Φ at (x̄+, ȳ+, s̄+).

Lemma 4.7 Let 0 < θ < 1 and 0 < η < 1 be fixed. Let β =
√

η(1 − θ). The potential

function at the new iterate has value O(q log(q)).

Proof: The potential function at the new iterate (x̄+, ȳ+, s̄+) is

Φ(ȳ+, s̄+) =
m+q∑
i=1

ȳ+
i s̄+

i − (m + q)−
m+q∑
i=1

log(ȳ+
i s̄+

i )

≤
m∑

i=1

yisi − (m + q) −
m∑

i=1

log(yisi) + β2/(1 − θ)

− log(1 − β2/(1 − θ)) − q log(β2/q2)

by Theorem 4.1 and Lemmas 4.6 and 4.3

≤ Φ(y, s) + η − log(1 − η) + q(2 log(q) − 1 − log(η) − log(1 − θ))

from the choice of β

≤ 2θ2

1 − θ2
+ η − log(1 − η) + q(2 log(q)− 1 − log(η) − log(1 − θ))

from Theorem 2.2

This gives the stated result.

The following theorem is then an immediate consequence of Theorem 2.3 and

Lemma 4.7.

Theorem 4.2 The number of Newton steps to regain a new approximate analytic

center is bounded by O(q log(q)).
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The idea of bounding the number of Newton steps by bounding the change in the

potential function is also used in Ref. [10]. Note that the direction given in (14) may

result in a point that does not satisfy the constraints (6) returned by the oracle, so

the proof of convergence given in Ref. [10] cannot be used directly. If the selective

orthonormalization procedure is first used to modify the cuts and then the method of

Ref. [10] is used to find a restart point, the resulting directions are identical to those

given in (14), (16), and (22) if all the new cuts are orthogonal in the inner product

defined by H0. This is because the matrix in the quadratic term of equation (13) in

Ref. 10 is the identity matrix, so the vector that solves that problem is a multiple

of e (this vector is vector γ in our (13) and (22)). Lemma 4.7 shows that e is a good

approximate solution to the problem in Ref. 10 if the added constraints satisfy our

equation (13).

5 Implications For Cutting Plane Algorithms

In this section, we discuss implications of this procedure to update the analytic center

for two cutting plane methods that use analytic centers — namely, the algorithms of

Refs. 37 and 4. For the sake of brevity here, we assume familiarity with both these

algorithms.

The convergence proofs of these algorithms assume that the added constraints have

norm one. After the Selective Orthonormalization Procedure, the added columns no

longer have norm 1, they just have norm 1 in the metric defined by the Hessian. How-

ever, it is straightforward to ensure that the assumption is satisfied: after finding a

new approximate analytic center, the new rows of A can then be scaled appropriately.

The primal variables x can be left unchanged but s and y need to be rescaled also.

Note that the scale factors used for y+
m+i and s+

m+i are reciprocals of one another, so

the product y+
m+is

+
m+i is unchanged and therefore the new approximate center is still

an approximate center even after this rescaling.

5.1 Ye’s Algorithm

In Ref. 7, Ye analyzed the complexity of the cutting plane algorithm of Ref. 37 with

multiple cuts, and showed that the total number of cuts needed is no more than

O(n2q2

ε2
), where q ≤ n is an upper bound on the number of cuts added at each stage,

and ε is a small number such that the convex set (defining the convex feasibility

problem) contains a ball of radius at least ε. We observe that this result is true even
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if we add the weaker cuts generated by selective orthonormalization. Thus we have

the following result.

Theorem 5.1 Let the algorithm of Ref. 7 terminate after k stages. At stage j,

1 ≤ j ≤ k, let qj ≤ q ≤ n selectively orthonormalized cuts be added. The total

number of Newton steps required is bounded by O(n2q2

ε2
log(q)).

5.2 Atkinson and Vaidya’s Algorithm

Here we visualize the algorithm of Ref. 4 with the only difference being that we allow

the addition of multiple cuts through the current point in case 2 (see Ref. 4) of their

algorithm. The reader familiar with Ref. 4 will note that almost all their results

continue to hold. The only results that need to be established are:

1. If at some instance of case 2 of their algorithm, we add qi ≤ q selectively

orthonormalized cuts through the current analytic center, we need to show that

their potential function grows by at least a constant.

2. We need to show that their lower bound on the determinant of the Hessian

continues to hold.

It turns out that these results do hold. The proofs are exactly along the lines of the

proofs in Ref. 4, and we don’t include them here. The interested reader can find the

proofs in Ref. 38. Thus it is true that in O(nL2) stages the algorithm terminates. We

now establish a bound on the number of Newton steps needed.

Theorem 5.2 Suppose that qi ≤ q ≤ n selectively orthonormalized cuts are added

through the current iterate at the ith occurrence of case 2 (i.e., the case where cuts

are added) of the algorithm described in Ref. 4, and let this be the only modification

to their algorithm. We then have that the total number of Newton steps is bounded

by O(nL2 log(q)).

Proof: We observe that the number of occurrences of case 1.1 (the case where a

cut is dropped) is bounded by O(nL2). This is because their potential function is

guaranteed to increase by a constant in all cases of the algorithm, and if the function

grows to O(nL2) the algorithm terminates. This observation implies that the total

number of cuts added in case 2 throughout the course of the algorithm is also bounded

by O(nL2), because the algorithm never keeps more than O(nL) cuts at any time.

Since every cut dropped in case 1.1 had to be added previously in an occurrence of
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case 2, the bound of O(nL2) on the number of cuts added cannot be improved further.

Thus, if we let Υ denote the number of occurrences of case 2, we have

Υ∑
i=1

qi = O(nL2).

Since these cuts are selectively orthonormalized, it follows that occurrence i of case

2 requires no more than O(qi log qi) Newton steps. Thus, the total number of Newton

steps needed in case 2 is bounded by
∑Υ

i=1 O(qi log(qi)) = O(nL2 log(q)). Since the

Newton steps required in other cases is also bounded by O(nL2), the result follows.

6 Cone programming problems

The cutting plane approach to the convex feasibility problem can be placed in a more

general framework, which allows cuts based on semidefinite programming or second

order cone programming. In particular, we can consider a relaxation of the form

Aix �Ki bi, i = 1, . . . , m

where Ai is a linear operator on IRn, Ki is a self-dual cone, and the notation Aix �Ki bi

indicates that the vector Aix−bi is in the cone Ki. The linear programming relaxation

(P ) is of this form, where each cone is the positive half-line si ≥ 0.

The selective orthonormalization procedure can be extended to this more general

setting. It is standard to assume that each cone Ki has a strictly interior point ei.

Assume the oracle returns q cuts Aix �Ki Aix0, for i = m + 1, . . . , m + q. The cuts

can then be modified by adding appropriate multiples of eie
T
j Aj to Ai, to ensure that

strictly interior primal and dual iterates can be found. The multipliers are chosen

in such a way that the modified constraint matrices Āi satisfy ĀiH
−1
0 ĀT

i ei �Ki 0

and ĀiH
−1
0 ĀT

j ej �Ki 0 for m + 1 ≤ i ≤ j ≤ m + q, for an appropriate definition of

D0 and H0. We can set c̄ =
∑m+q

i=m+1 ĀT
i ei and γ = (eT

m+1, . . . , e
T
m+q)

T , and then the

directions dx, ds, and dy can be defined as in (14), (15), and (16), in order to obtain

a feasible interior point.

For more information on cone programming, see Refs. 39 and 40. For more infor-

mation on cutting plane methods for semidefinite programming and second order cone

programming, see Refs. 26, 27, 28, 29, 30, and 31. The generalization of the selective

orthonormalization to cone programming problems will be detailed in a forthcoming

paper.
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7 Conclusions

The selective orthonormalization procedure gives an efficient way to restart when

adding multiple cuts in an interior point method. The number of interior point steps

to recover a new approximate analytic center is O(q log(q)) when q cuts are added,

independent of the dimension of the problem or the number of constraints in the

current formulation. If the interior point method was instead restarted from scratch,

the number of iterations to obtain a new approximate analytic center would be a

function of the size of the whole linear program. The approach we have described

is an alternative to that of Ref. 10, which requires solving a nonlinear programming

problem in order to determine an initial direction when restarting.
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