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Abstract

Complex design optimization problems, which involve many nonlinearly coupled

design objectives and constraints, pose serious practical difficulties in the formulation of the

Aggregate Objective Function. A representative example of such a complex optimization

problem is the design of aircraft structures based on strength, stiffness, manufacturability,

and cost requirements. An effective methodology for such a design has recently been

developed. This methodology has been used to develop a computational tool for analysis and
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optimization of primary structural aircraft components. A wing spar design problem was

used to demonstrate the effects of manufacturability and cost requirements on the optimal

design configuration. Using the computational analysis tool that has been developed, this

paper applies physical programming to the optimization phase of the design. We demonstrate

the effectiveness of the physical programming method in the context of such a complex

problem. In the previous approach, the problem complexity necessitated the minimization of

one objective at a time in conjunction with behavioral constraints. The associated Pareto

hypersurface is not convex and the employed approach did not allow the designer to

efficiently explore the design space. This paper explores the use of physical programming for

this class of complex problems and concludes that physical programming offers the

formulation flexibility needed to efficiently obtain the desired points on the Pareto frontier. A

comparison with the weighted sum method, as well as the previous results, is made.

1. Introduction

The design of a complex system usually involves many constraints and objectives

(design metrics), and is governed by a number of design parameters that affect these design

metrics — typically in a nonlinear fashion. An example of such a multicriteria problem is the

design of an aircraft structure that is optimized for performance, as well as manufacturability

and cost. This problem could be best defined under the general framework of integrated

product and process development (IPPD) and would benefit from more efficient

multidisciplinary design optimization (MDO) solution methods. In this case,

manufacturability analysis and cost assessment are integral parts of the design process, which

can help to ensure product producibility and affordability at the stage where design choices

have the greatest impact on product development.

There are significant challenges associated with Design for Performance and

Manufacturability (DPM) of aircraft structures. A formidable task is the development and

implementation of methodologies that can accurately and efficiently address

manufacturability and cost requirements (in a quantifiable way) in the design process1. In
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addition, there is a need for efficient optimization techniques that can provide effective

design solutions to multicriteria problems having a diverse sets of constraints and objectives.

A framework for the design of primary aircraft structures based on strength, stiffness,

manufacturability and cost requirements was developed by Rais-Rohani2. In that approach,

the manufacturing processes to be used for each structural part are identified at the beginning

of the design process. Cost relationships are established based on the structural definition,

material, and process information. The manufacturability factors are used to establish

relationships between structural design variables and process parameters in a way that allows

for the optimization of the structural system based on performance as well as

manufacturability and cost requirements. This framework was used in the development of a

computational Tool for preliminary design of Aircraft Structures based on Process

Information (TASPI). The TASPI framework was subsequently applied to a wing spar design

problem3 to demonstrate the effects of manufacturability and cost requirements in

minimizing the weight of the built-up structure.

Multicriteria optimization offers an effective approach for solving such complex

engineering problems by providing the designer with the tools to achieve efficient designs

while saving time in the decision making process. The main challenge in multicriteria

optimization is the reconciliation among a set of disparate and often conflicting objectives. In

such situations, there exists the possibility of attaining numerous Pareto optimal (noninferior,

nondominated) solutions. Such solutions arise when there is no other feasible design that will

yield an improvement in one objective without causing degradation in another4. The

collection of these Pareto optimal points forms the Pareto-frontier. In practice, the concept of

Pareto optimality yields the following question: Once a complex problem is completely

defined, how can the desired solutions in the Pareto-frontier be obtained?  Because of the

shortcomings in the formulation of most Aggregate Objective Functions (AOFs), it is very

likely that the Pareto solutions cannot all be found.

We briefly comment on the critical common failure to obtain the desired Pareto

solution4-12. The reasons are twofold. First, formulations of the aggregate objective function
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commonly involve the use of the Weighted Sum (WS) approach, which uses a linear

combination of the design metrics. Unfortunately, this approach only works in the case of

convex Pareto frontiers; and structural problems often result in non-convex Pareto frontiers7.

Second, even when the Pareto points can be captured in theory, we do not generally know

how to set the numerical values of the free parameters (e.g., weights in the WS objective

function). In addition, as the number of design metrics increases, this task becomes

increasingly more difficult, and the proper weights usually cannot be found in reasonable

time. The search for the proper weights often is terminated because the designer is

sufficiently satisfied with the current solution.

Numerous researchers4-12 address the related limitations of the WS objective function

approach, and physical programming has emerged as an effective alternative to traditional

multicriteria design optimization methods. In physical programming (PP), the designer’s

understanding of the physical problem and desired outcome is exploited in forming the

aggregate objective function. Physical programming exploits the qualitative perspective of

the design optimization process, and places this process into a flexible and natural framework

that completely eliminates the need for iterative weight settings.

This paper focuses on the application of physical programming to the multicriteria

wing spar design optimization problem, which was investigated previously by Rais-Rohani

and Huo3 using a conventional design optimization scheme. The main objectives are (i) to

compare the effectiveness of the physical programming approach for this class of large

structural designs and (ii) to examine the Pareto optimal solutions that could not easily (or at

all) be obtained using the WS approach. The remainder of this paper is organized as follows.

Section 2 presents a wing spar design problem that forms the application basis for this paper.

In Section 3, a synopsis of the physical programming methodology is provided. Section 4

presents a physical programming based optimization of several wing spar design concepts.

These optimization results are compared with those of a previous study of the same concepts.

Section 4 also includes an instructive comparative study based on the weighted sum

optimization approach. Concluding remarks are the subject of Section 5.
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2. Wing Spar Design Problem

This section develops the analytical basis for the wing spar design. In the following,

we describe three design concepts that are used for comparative analyses. This description is

followed by a brief discussion of the structural and failure analyses, the manufacturability

analysis, and the manufacturing cost analysis. The primary objective of our design work is to

minimize cost, weight and tip deflection under prescribed loading. To develop cost

relationships, we also address such issues as manufacturability and assembly. We also

address strength issues by either imposing constraints or by minimizing appropriate design

metrics (on the order of 100 for each concept.) In addition, geometrical constraints are

imposed on the cap, and appropriate side constraints are enforced.

Description of Three Concepts

The built-up wing spar and loading shown in Fig. 1a forms the basis of our design

problem. This structural system consists of a flat web supported by the upper and lower caps,

and 21 equally spaced vertical stiffeners. The 20-ft (6.10 m) long spar has a height of 12 in

(30.48 cm) at the root that tapers linearly to 4 in (10.16 cm) at the tip.

Three different design concepts are considered, as shown in Fig. 1b. In Concept 1,

each spar cap consists of two identical angle sections with the web sandwiched in between

by two rows of fasteners. The flange’s length and thickness of each angle section are tapered

linearly from root to tip. The web consists of a single solid flat section. Vertical stiffeners are

attached on one side of the web at 12-in (30.48 cm) intervals. These angle stiffeners have

joggles at both ends in order to wrap around the cap flanges. The angle stiffeners are fastened

to the web as well as the caps by a single row of rivets.

Concept 2 is similar to Concept 1 in terms of web geometry. Each cap consists of a

single Tee section, and is attached to the web with two rows of fasteners. The web stiffeners

are attached to the backside of the web and require no joggles. They are attached to the web

and caps with a single row of rivets. Concept 3 is identical to Concept 2 with one difference.

The web in this case consists of three separate pieces spliced together with doubler plates.
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comprises two cases, hard and soft, referring to the sharpness of the preference. Figure 2

depicts the qualitative meaning of each soft class. The value of the design metric under

consideration, gi , is on the horizontal axis, and the function that will be minimized for that

metric, gi , hereby called the class-function, is on the vertical axis. All soft class functions

will become constituent components of the aggregate objective function. The desired

behavior of a generic design metric is therefore described by one of eight sub-classes, four

soft and four hard.

The class functions, shown in Fig. 2, provide the means for a designer to express

preferences for each given design metric. Next, we explain how quantitative specifications

are associated with each design metric.

Physical Programming Lexicon

Physical programming allows the designer to express preferences with regard to each

metric with more specificity and flexibility than by simply saying minimize, maximize,

greater than, less than, or equal to. The PP lexicon comprises terms that characterize the

degrees of desirability: six ranges for each generic design metric of classes 1S and 2S, ten

ranges for classes 3S, and eleven for class 4S. Consider for example the case of class 1S,

shown in Fig. 2. The ranges are defined as follows, in order of decreasing preference:

Highly Desirable range (gi ≤ gi1 )

Desirable range (gi1 ≤  gi ≤ gi2 )

Tolerable range (gi2 ≤  gi ≤ gi3 )

Undesirable range (gi3 ≤  gi ≤ gi4 )

Highly Undesirable range (gi4 ≤  gi ≤ gi5 )

Unacceptable range (gi ≥ gi5 )   (This range is treated as infeasible.)

The parameters gi1  through gi5  are physically meaningful constants that are provided

by the designer to quantify the preferences associated with the ith design metric. These

parameters delineate the desirability-ranges for each design metric. Further insight into these
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ranges can be gained by examining the generic shapes of the class functions (Fig. 2). Since

the curve in the Highly Desirable (HD) range is nearly flat, the points in the HD range are of

a nearly equivalent desirability level. In other words, in this range further minimization is not

a high priority.

The class functions map design metrics into non-dimensional, strictly positive real

numbers. This mapping, in effect, transforms design metrics with disparate units and physical

meaning onto a dimensionless scale through a unimodal function. Figure 2 illustrates the

mathematical nature of the class functions and shows how they allow a designer to express

the preference ranges. Consider the first curve of Fig. 2: the class function for class 1S

objectives. Six ranges are defined. The parameters gi1 through gi5 are specified by the

designer. When the value of the design metric, gi, is less than gi1 (highly-desirable range),

the value of the class function is small, which requires little further minimization of the class

function. When, on the other hand, the value of the metric, gi, is between gi4 and gi5 (highly-

undesirable range), the value of the class function is large, necessitating significant

minimization of the class-function. The behavior of the other class functions is indicated in

Fig. 2. Stated simply, the value of the class-function for each design metric governs the

optimization path in objective space for that design metric.

Physical Programming Problem Model

With the understanding of the previous description, the physical programming

problem model takes the following form.

(For soft classes, perform minimization.)

( )
1

min ( ) ( )
scn

i i
x

i

J x g g x
=

= ∑  (4)

Subject to

gi(x) ≤ gi 5 (for class 1S objectives)
gi(x) ≥ gi 5 (for class 2S objectives)
gi 5L ≤ gi(x) ≤ gi 5R (for class 3S objectives)
gi 5L ≤ gi(x) ≤ gi 5R (for class 4S objectives)
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(and, for hard classes, invoke constraint)

gi(x) ≤ giM (for class 1H objectives)
gi(x) ≥ gim (for class 2H objectives)
gi(x) = giv (for class 3H objectives)
gim ≤ gi (x) ≤ giM (for class 4H objectives)
xjm ≤ x j ≤ x jM (for design var. constraints)

where and, , ,im iM jm jMg g x x  represent minimum and maximum values, the ivg s  help define the

equality constraints; the range limits are provided by the designer (see Fig. 2), and nsc  is the

number of soft objectives that the problem comprises.

The above problem model conforms to the framework of most nonlinear

programming codes, with possible minor rearrangements. In this study we used the software

code PhysPro21, an advanced implementation of the physical programming method. Next we

turn our attention to the optimization of the design presented in Section 2.

4. Design Optimization Problem Definition and Results

This section begins by defining the optimization problem for the design concepts

presented in Section 2. This definition is followed by a presentation and discussion of the

physical programming based results, which is compared with results from a previous study of

the same concepts. The last part of this section discusses the results obtained using the

weighted sum approach, and does so within the context of the examination of the Pareto

frontier for Concept 3.

Optimization Problem Definition for the Three Concepts

The design concepts defined in Section 2 are optimized under the following

framework. The three spar design concepts described earlier (see Fig. 1b) are optimized for

minimum weight, manufacturing cost, and tip deflection subject to a set of constraints. In one

case, strength constraints are transformed into soft minimized design metrics (Class 1S).
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Design Variables

In Concept 1, the cap is made of two symmetrical angle sections. Both of these angle

sections have a vertical and horizontal flange length and thickness at the root and the tip,

which are used as design variables for a total of 8. The cap dimensions vary linearly from

root to tip. The web consists of three sections; each defined by a separate thickness variable

(three additional design variables). The web stiffeners are angle sections with two flange

length and two thickness design variables (four additional design variables). Thus, Concept 1

is governed by a total of 15 design variables.

In Concept 2, the cap consists of a single Tee section. At the root, the flange

comprises a vertical length design variable and two horizontal length design variables (three

design variables). To each of these lengths is associated a different thickness design variable

(three additional design variables). Linear tapering between root and tip yields an additional

six design variables at the tip, for a total of 12 design variables. The web and web stiffeners

are defined by the same number of design variables as in Concept 1. Hence, Concept 2 is

governed by 19 design variables.

Concept 3 has three additional design variables beyond those in Concept 2. These

design variables define the size/diameter of lightening holes in each of the three web

sections. There are 10 holes in section one (attached to the root), 4 holes in section two, and 6

holes in section three. All holes in a given section have the same diameter. Hence, Concept 3

is governed by 22 design variables.

Design Constraints

The strength of various components of the structure is either treated as a design

metric to be minimized, or as a constraint in non-dimensional form, expressed as

1
max

−=
f

f
g actual

s (5a)

for individual structural members. For computational convenience, in the case of

minimization, we minimize the worst case
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{ }max 1 2max ...s s s
i

g g g= (5b)

The variable f represents the internal load of interest such as normal stress, shear

stress, or shear flow. There are 81 strength design metrics for Concept 1, 81 for Concept 2,

and 101 for Concept 3. These strength design metrics address the stress levels in the web, the

stiffeners, and the upper and lower caps. As indicated by Eq. (5), the range of gs is from –1 to

0.

In addition to the strength constraints, we also impose geometrical constraints on the

upper and lower caps that generally seek to maintain reasonable aspect ratios and shapes. We

have four such constraints for Concept 1, and two for Concepts 2 and 3. Side constraints are

also imposed on the design variables for all three concepts. Geometrical and side constraints

are applied in all optimization cases.

Optimization Cases

We describe here the various optimization cases that were considered. Specifically,

we describe three cases. Case 1 concerns results from a previous study of the above system

(Ref. 3). Case 2 presents the physical programming based results. In Case 3, we present a

comparative analysis of the results of Cases 1 and 2 and of the weighted sum approach.

Case 1: Results from previous study (Ref. 3)

Case 1A: Minimize Weight
Tip Deflection ≤ 8 in (20.32cm)
Cost is unconstrained
Strength constraints are applied

Case 1B: Minimize Weight
Tip Deflection ≤  8 in (20.32cm)
Cost ≤  95 (labor-hrs)
Strength constraints are applied

Case 2: Physical Programming results

Case 2A: Minimize Weight, Cost and Tip Deflection
Strength constraints are applied: max 0.001sg ≤ −
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Case 2B: Minimize Weight, Cost, Tip Deflection
Strength design metrics are also optimized

Case 3: Pareto frontier generation
Weighted sum optimization
Physical Programming (PP) optimization
Comparison of WS and PP results
Concept 3 only is optimized
Strength constraints are applied: max 0.001sg ≤ −

Optimization Problem Results for WS and PP

We present here the results for all the optimization cases defined above. We begin

with Case 1, and follow with Cases 2 and 3. The results are summarized in Table 2.

Case 1:

The results for Case 1 were obtained using the software created in a previous study

(Ref. 3). The units for weight, cost, and tip deflection are lb, labor-hr, and in, respectively.

The units that follow in parenthesis are kg for weight, and cm for tip deflection.

Case 1A

In the previous study, the structure’s weight was minimized as the sole objective. No

attempt was made to seek a tradeoff based on a multiobjective aggregate objective function.

By examining the nature of the Pareto frontier (Figs. 3 & 4), we will discover why the

multiobjective case indeed poses serious difficulties. In this optimization case, the cost is left

entirely free. It is not minimized, nor is it constrained. For Concept 1 (see Table 2), the

minimum possible weight is 47.1 (21.36). The tip deflection reaches its upper bound of 8.0

(20.32), and the cost reaches a value of 104.7. The maximum value of the Strength Design

metric (Eq. 5) is -0.00014. The latter was treated, in this case, as an inequality constraint. As

we proceed to Concepts 2 and 3, the weight decreases to 45.9 and 42.3 (20.82 and 19.19),

respectively. The cost does not appreciably change from Concepts 2 to 3.

We note that there is little margin for error/uncertainty, as the strength constraint is

active. The locations of active strength constraints are (i) the stiffener closest to the root, (ii)

the upper cap at both locations of the application of the concentrated loads, and (iii) the web
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at the location of the concentrated load furthest away from the root. Therefore, an improved

design would allow for these locations to be strengthened. However, the parameterization

used in this study does not allow for such a targeted improvement, since this is a preliminary

study. The strength constraints were active at similar locations in the other cases and

concepts. For Concept 3, the edges of the lightening holes also resulted in active strength

constraints. In conclusion, if the structure’s weight is indeed of primordial importance,

Concept 3 is deemed the best.

Case 1B

In Case 1A, the cost was left unconstrained. Case 1B is different in that the cost is

constrained to be less than 95. This was done to explore the options available when weight is

not the overriding consideration. Table 2 shows the associated results. As expected, for all

concepts, cost and tip deflection become active constraints. Weight takes on decreasing

values of 65.2, 55.1 and 48.0 (29.57, 24.99, and 21.77) as we proceed from Concept 1 to

Concept 3. Therefore, if we are only willing to have a cost of 95, then Concept 3 is the most

appealing. The comments above regarding margin for error/uncertainty again apply, if we

observe the values of the strength constraints.

From the above results, we observe that this design is truly of a multiobjective nature

in that the objectives of interest are strongly in conflict. Therefore, the optimization approach

used should adequately model the designer’s preferences regarding these objectives (design

metrics). It is indeed for these and similar reasons that we have opted to perform this

preliminary design optimization using the physical programming approach, which readily

lends itself to identifying the desired tradeoffs among the various design metrics. Case 2 is

the subject of this study.

Case 2:

The results for Case 2 were obtained using physical programming. We minimized

weight, cost and tip deflection. The preferences used for these design metrics are expressed

in the first three rows of numbers in Table 3.
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Case 2A

In this case, the strength design metrics are treated as constraints – Class 1H. They

are not minimized. The results in Table 2 show the tradeoff design that is based on the

designer stated preferences in Table 3. The main observation here is that the tradeoff between

the tip deflection, the cost, and the weight design metrics is exercised. The tip deflection is

now 7.65 (19.43) for Concept 1, and 7.50 and 7.34 (19.05 and 18.64) for Concepts 2 and 3,

respectively. Both the weight and the cost moderately decrease from Concept 1 to 3.

Comparing with Case 1B, we observe that the decrease in tip deflection is obtained at the

expense of increased cost. However, we are not able to predict the trend regarding the

weight. The weights of Concepts 1 and 2 are lower, while that of Concept 3 is higher. In

conclusion, if we are concerned with the tip deflection level in the manner expressed in the

preference table (Table 3), we may conclude that Concept 3 is again most desirable.

However, in comparison with the results in Case 1B, we note that the design of Case 2A does

not dominate that of 1B, in the parlance of optimization theory.

This discussion points to the inherent difficulty of predicting the shape of the Pareto

surface, and by implication, of correctly guessing proper scalar weights in forming an AOF.

Finally we note that, here again, there is little margin for error/uncertainty since the strength

constraints are active. Table 4 shows a graphical representation of the strength constraint

design metric on the wing spar for Case 2A, where we show the highest levels of stress in the

structure. In particular, we depict the Moderately Stressed regions (-0.01< gs <-0.0025), and

the Highly Stressed regions (-0.0025<gs <-0.001). This topic will be further discussed after

Case 2B’s results have been presented.

At this point, it is important for us to realize that the strength constraint might not be

entirely appropriate. In fact, the area of robust design (Ref. 16) explores the consequences of

such drastic thinking, as well as the area of reliability analysis (e.g., Ref. 23). Although, in

theory, it is best that we design as closely as possible to maximum stress in order to

maximize performance, doing so presents significant pitfalls. First, constraining gsmax (Eq.

5b) to be simply less than zero leaves no margin for error when there is the slightest

uncertainty. As we know, in practice, uncertainties are always present. Second, we do not
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properly exploit the opportunities that are inherently present in the Pareto surface. For

example, we do not know the nature of the tradeoff between the constraint design parameter

(gsmax) and the other design metrics (weight, cost and tip deflection). Perhaps we are willing

to give up some form of performance in exchange for more safety. However, we are reluctant

to simply push the safety constraint to some lower number for fear of over-designing. The

direct way to actually express the tradeoff intended in the optimization formulation is to

make this constraint design metric (gsmax) become instead a soft objective (Class 1S). The

likely alternative would be to make numerous successive optimization runs with different

values of each of the constraints (representing diverse constraint combinations). This

approach is not practical in most cases. The physical programming approach offers a direct

way of expressing tradeoffs between objectives. In Case 2B, we perform exactly this type of

optimization. Specifically, we use the preference expressed in the last row of numbers in

Table 3, and make gsmax part of the AOF.

Case 2B

In this case, the strength design metric (gsmax) becomes part of the AOF. It is no

longer a constraint, as it was in Case 2A. Let’s compare the results of Case 2A with those of

the present case (2B). For Concept 1, the results have not appreciably changed. This situation

is indicative of the fact that it is very difficult for the high-stress locations to reduce their

stress levels, at least with the design parameter sets used in the optimization. The direct way

of alleviating this situation would be to allow for the required mass transfer from one

location in the structure to another. By having a finer granularity of design parameters in

these critical locations, the optimization process would be better equipped to yield

appropriate design improvements. As Table 2 shows, the strength constraint is again active.

For Concept 2, the situation is more appealing. The strength constraint has

significantly improved; and we have paid a relatively minor price. The cost has increased

from 102.0 to 103.1. The important point here is that the resulting structure is safer, while

reflecting the wishes of the designer. Should these results not be to the satisfaction of the

designer, it is a simple matter to modify the preferences in Table 3; and do so in a physically

meaningful way. We recall that the preference numbers in Table 3 are physically meaningful,
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and that their meanings are clear to the designer. Importantly, we also note that the results are

not unduly sensitive to these input preference numbers. Related issues are addressed in

Messac et al.22.

In the case of Concept 3, we merely observe that we have traded the slight worsening

of the tip deflection for increased safety of the structure. No other aspect of the structure has

appreciably changed. If safety is considered an important factor, in the manner expressed in

Table 3, then here again Concept 3 is deemed the best. As we see, the strength design metric

has improved to –0.009 from –0.001, while the tip deflection has increased from 7.34 to 7.41

(18.64 to 18.82). In terms of the results of the three concepts for Case 2B, we note that the

cost for Concept 3 is lower because there is a trade that took place between other design

metrics. This lower cost was obtained in spite of the fact that Concept 3 entails an inherently

more expensive manufacturing process – a counterintuitive conclusion. This new finding

amplifies the understanding that resulted from the previous study.

Table 4 displays the status of the strength design metric in various discrete locations

of the structure within the context of the Moderately Stressed and Highly Stressed definitions

above. As defined earlier, these locations are as follows. (i) The top line represents the upper

cap. (ii) The bottom line represents the lower cap. (iii) The vertical double lines represent

stiffeners. (iv) The spaces in between the vertical double lines are the web. Finally, (v) the

thinly drawn circular holes in Concept 3 represent the lightening holes.

We recall that in Case 2A the strength design metric is a constraint (<-0.001, Class

1H), while in Case 2B it is minimized (Class 1S). A clear trend can be seen. In Case 2B,

there are fewer regions where the wing spar is Highly Stressed. This is true for all three

concepts; we will examine Concept 3 in particular. In this concept, we observe that from

Case 2A to Case 2B, the structure became at most Moderately Stressed (see Table 4). There

is only one Moderately Stressed region in Case 2B, as compared with four Highly Stressed

regions and one Moderately Stressed region in Case 2A. This improvement in the strength

constraints, of course, came at some expense to the other design metrics. In particular, there

was a degradation of approximately 1 % in tip deflection, while weight and cost remained
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practically unchanged. For Concepts 2 and 3, self explanatory results can also be seen in

Table 4.

We are now ready to discuss the role that the shape of the Pareto frontier plays in

these complex nonlinear multiobjective problems, and the consequences of using the popular

weighted sum approach.

Case 3:

Discussion of Pareto Frontier, WS and PP Solutions for Concept 3

Here, we begin with a discussion on the nature of the Pareto frontier associated with

this complex nonlinear problem, which will allow us to uncover the associated ramifications.

We chose to only perform this analysis for Concept 3 since it was the most promising design;

which, surprisingly, also offered the most complex structure (with lightening holes). Our

examining the simplest concept might have led to conclusions of narrower validity. With the

aid of the identified section of the Pareto frontier, we perform a comparative analysis of the

results obtained using the weighted sum and physical programming methods. The following

results are obtained in conjunction with Concept 3.

Pareto Frontier Examination

The Pareto frontier for Concept 3 is generated, and shown in Figs. 3 and 4. The

surface represents the Pareto frontier pertaining to the three minimizing design metrics

(weight, cost, and tip deflection). The strength constraints were set to be less than zero.

Figure 3 shows a profile view of the surface, while Fig. 4 depicts a perspective view. The

important associated observations are as follows. (1) Figure 3 shows that the Pareto surface is

nearly planar, and contains numerous ripples. In particular, the surface is not convex. An

immediate consequence of this observation is that if we use the weighted sum approach, we

will miss all the solutions that are in the concave parts of the Pareto frontier. (2) Since the

Pareto frontier is nearly planar, a minor change in the numerical weights of the weighted sum

formulation will yield a major change in the resulting optimal solution. In other words, this
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problem/algorithm is numerically ill conditioned; and obtaining the desired design will be

difficult. With these observations in mind, we proceed to obtain pertinent numerical results.

Pertinent Numerical Results on Pareto Surface

We begin by examining a restrictive form of the general multi-objective optimization

problem, which can be expressed mathematically as

1

2

( )

( )
min ( )

.

( )

x

N

g x

g x
g x

g x

 
 
 =
 
 
  

(6)

where x is the design parameter vector. The objectives (design metrics) are usually combined

to form a single scalar objective function, the AOF, in order to solve the optimization

problem. The AOF is generically written in the form

))(( xgJ µ= (7)

where µ  is a linear or nonlinear function of g(x). Examples of the AOF are
i i

i

w gµ = ∑ ,

m
i i

i

w gµ = ∑  in the case of weighted sum and compromise programming, respectively, where

iw  are numerical weights and m is an integer.

In Fig. 4, we show two sets of optimization results, the first using weighted sum and

the second using physical programming. These results are depicted on the Pareto surface.

The WS results are shown with a circular dot, and the PP results are shown with an empty

square. The WS results were obtained by appropriately modifying the associated numerical
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weights of the AOF. The PP results were obtained using a PP based method described in Ref.

[19].

We make several key observations:

First, we note that by varying the weights in the WS approach in an even way, the

spread of the solutions is generally quite uneven. This unevenness is in part caused by the

surface’s multimodality.

Second, the changes in numerical weights of the AOF formulation are relatively

small. These numbers are shown below for the leftmost to rightmost points. As we see, these

changes occur in the third and fourth significant digits for the second and third numerical

weights, respectively, for the first three points. As a result, it is very likely that the designer

will obtain solutions at the edge of the Pareto frontier. This is because it is not possible

initially to know which sets of weights will yield sensible results. The actual weights that had

to be used for the weighted sum case are as follows.

Weights for three leftmost point in Fig. 4 (WS):

{ w1, w2 , w3 } = {0.0680, 0.0746, 0.8574}

{ w1, w2 , w3 } = {0.0680, 0.0747, 0.8573}

{ w1, w2 , w3 } = {0.0680, 0.0748, 0.8572}

Weights for rightmost point in Fig. 4 (WS):

{ w1, w2 , w3 } = {0.0680, 0.0777, 0.8543}

Third, we see a section of the Pareto surface where no WS solutions could be

obtained. Note that nearly exhaustive attempts were made to ensure that such was indeed the

case.
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Fourth, the physical programming method has the ability to obtain all Pareto solutions

with relative ease.

In comparison with the WS approach, the PP method allows the designer to easily

obtain what he/she desires. This is equivalent to deciding where on the Pareto frontier is most

desirable to the decision-maker. And finally, PP offers the ability of capturing any point on

the Pareto frontier.

5. Conclusions

The physical programming method was used in the manufacturability-based

optimization of an aircraft structure for minimum weight, manufacturing cost, and deflection.

By allowing the designer to express his/her preferences regarding each objective in a

physically meaningful fashion, physical programming eliminates the need for tedious and

often ineffective weight adjustment process associated with aggregate objective functions. It

was shown that physical programming is capable of finding optimum solutions that could not

be found easily or, in some cases, at all by the WS. This paper showed how the PP method

provides a physically meaningful environment to assist designers in their search for the most

satisfactory design. These conclusions were reached within the context of the design of three

complex wing spar concepts.
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Table 1 Manufacturability factors
Compatibility(+) Complexity(-) Efficiency(+)

Material-
Material

Intricacy Material Usage

Material-Process
Tolerance and
Surface Finish

Part Count

Configuration-
Process

Non-Uniformity Variety
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Table 2  Optimization results for previous study and physical programming

Design Metrics Case 1A Case 1B Case 2A Case 2B
Concept 1

Weight 47.1 65.2 53.6 54.1
Cost 104.7 95.0 104.6 104.7

Tip Deflection 8.0 8.0 7.65 7.60
gsmax (see Eq. 5) -0.00014 -0.0029 -0.0010 -0.0010

Concept 2
Weight 45.9 55.1 50.0 50.0

Cost 100.1 95.0 102.0 103.1
Tip Deflection 8.0 8.0 7.50 7.50

gsmax (see Eq. 5) 0 -0.0037 -0.0010 -0.051
Concept 3

Weight 42.3 48.0 49.7 49.7
Cost 101.0 95.0 99.7 99.7

Tip Deflection 8.0 8.0 7.34 7.41
gsmax (see Eq. 5) 0 -0.00039 -0.0010 -0.0086
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Table 3 Physical programming designer preferences for each design metric

Class

HD←→ D←→ T←→ U←→ HU←→

ith Des. Metric 1ig 2ig 3ig 4ig 5ig

Weight 1S 40 45 50 55 100

Cost 1S 90 95 100 105 120

Tip Deflection 1S 7 7.25 7.5 7.75 10

gs-max (see Eq. 5) 1S -0.1 -0.075 -0.05 -0.025 -0.001

HD: Highly Desirable, D: Desirable, T: Tolerable, U: Undesirable, HU: Highly Undesirable.



30

Table 4 Strength design metric behavior for PP cases

Concept Case 2A Case 2B

1

2

3
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1500 lb

10’6’4’

400 lb/ft

1/3’

1500 lb

1’

(a)

Concept 1

•
•
•
•
•
•

•
•
•
•
•
•

Concept 2

•
•
•
•
•
•

 Concept 3

(b)

Fig. 1  (a) Spar geometry and loading condition
(b) Detailed views of the three concepts
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Fig. 3  Design space hypersurface (profile view)
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Fig. 4  Design space hypersurface -- PP vs. WS solutions (perspective view)


