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Abstract

In modeling many biological systems, it is important to take into account the in-
teraction of exible structures with a uid. At the length sc ale of cells and cell
organelles, thermal uctuations of the aqueous environmehbecome signi cant. In
this work it is shown how the immersed boundary method of [64for modeling ex-
ible structures immersed in a uid can be extended to includethermal uctuations.
A stochastic numerical method is proposed which deals withtsness in the system
of equations by handling systematically the statistical cantributions of the fastest
dynamics of the uid and immersed structures over long time deps. An important
feature of the numerical method is that time steps can be taka in which the degrees
of freedom of the uid are completely underresolved, partidly resolved, or fully re-
solved while retaining a good level of accuracy. Error estirates in each of these
regimes are given for the method. A number of theoretical andnumerical checks
are furthermore performed to assess its physical delity. For a conservative force,
the method is found to simulate particles with the correct Boltzmann equilibrium
statistics. It is shown in three dimensions that the di usion of immersed patrticles
simulated with the method has the correct scaling in the physcal parameters. The
method is also shown to reproduce a well-known hydrodynamic ect of a Brownian
particle in which the velocity autocorrelation function ex hibits an algebraic ( 372)
decay for long times [67; 78]. A few preliminary results are gesented for more com-
plex systems which demonstrate some potential applicatiorareas of the method.
Speci cally, we present simulations of osmotic e ects of mdecular dimers, worm-
like chain polymer knots, and a basic model of a molecular matr immersed in uid
subject to a hydrodynamic load force. The theoretical analysis and numerical re-
sults show that the immersed boundary method with thermal u ctuations captures
many important features of small length scale hydrodynamicsystems and holds
promise as an e ective method for simulating biological phé@omena on the cellular
and subcellular length scales.
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1 Introduction

In modeling many biological systems it is important to take into account the inter-
action of exible structures with a uid. The immersed bound ary method of [64]
has found wide use as an e cient numerical method for simulaing such systems.
Some examples include the study of blood ow around heart vales [65], wave prop-
agation in the inner ear [32], and the generation of lift in insect ight [56]. With
experimental advances in molecular and cellular biology ha come an increasing in-
terest in developing methods to model qualitatively and quantitatively microscopic
biological processes at the cellular and subcellular levdlL2; 27; 41]. The immersed
boundary method provides a promising framework for simulaing such systems.

At the cellular level the uid may consist of either the aqueous environment out-
side of the cell or the cytoplasm within. Some important exible structures in the
cellular context include the outer cell membrane, intracelular vesicles, cytoskeletal
bers, and molecular motor proteins. These structures play an important role in

cell matility or cell division among other processes [8].

In such systems the relevant features can span a range of lethgscales from tens
of microns or more for the outer cell membrane and cytoskelett bers to tens

of nanometers for individual cytoskeletal monomers and madr proteins. At these
length scales thermal uctuations of the system become sigicant and in many

cases appear crucial to achieve biological function. Somexamples include force
generation and progression of molecular motors along cytéeletal bers [1; 41; 84],
osmotic e ects such as vesicle and gel swelling [26; 33; 511,;83], and polymerization
e ects involved in force generating processes in cell moiily [34; 60; 72; 81].

Modeling such complex cellular systems in molecular details infeasible with meth-
ods such as molecular dynamics as a consequence of the immegemputational cost
required to resolve the broad range of active length and timescales. This suggests
that a coarse-grained numerical approach must be taken whichldoes not resolve
all of the detailed physics but rather attempts to make appraximations that yield

e ective equations to capture the most relevant features ofthe dynamical phenom-
enon being studied. Here we discuss how the framework of thenmersed boundary
method can be extended for use in such modeling by includinghiermal uctuations
to capture dynamical phenomena at the cellular length scale

The theory of nonequilibrium statistical mechanics indicates that the in uence of
thermal uctuations on a mechanical system can typically be represented through
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the addition of thermal forcing terms which decorrelate rapdly in time. The forcing
can then be represented by appropriate \white noise" proceses. This generally
involves a nontrivial structure of correlations between the state variables in such a
way that there is an energy balance between the thermal foreig and dissipation of
the system so that a corresponding uctuation-dissipation theorem for the system
is satised [47; 70].

Several computational uid dynamical schemes have been eended toward the mi-
croscale through such an inclusion of thermal forces. The nsi widely used approach
is known as Stokesian or Brownian dynamics [15; 22; 75; 77]nlthis approach the
structures are modeled as collections of rigid \elementaryparticles" which inter-
act through force laws derived by approximating the uid dyn amics by a quasi-
steady Stokes ow. This latter approximation is strictly ap propriate only when,
among other assumptions, the uid density is much less than he density of the
structures [19], a condition better met in engineering appications (such as suspen-
sions [14; 15; 77]) than in physiological settings [13]. Theesult of the underlying
approximations in the Stokesian/Brownian dynamics method is a rather strongly
coupled system of stochastic equations for the motion of theelementary particles.
For a well-designed computation the cost of a simulation can b rendered roughly
proportional to N logN, whereN is the number of elementary particles [77]. In the
presence of fast time scales arising from thermal uctuatims and possibly chemi-
cally activated processes, the impact of the quasi-steady ®kes approximation and
the representation of the elementary particles as rigid (raher than exible) on the
accuracy of the simulation is not yet clear [73].

Another approach for modeling uids with immersed structur es is Dissipative Par-
ticle Dynamics [9; 18; 24; 25; 35; 39; 53; 58; 63]. The method built phenomeno-
logically in terms of \ uid particles" which represent a par cel of uid along with its
collection of immersed structures. When thermal forces aréncluded in the method
the uid particles are simulated with a stochastic system of equations modeling their
(soft) interactions. This method however does not readily etend to the microscopic
domain since the immersed structures within a parcel are notresolved in detail.
Dissipative Particle Dynamics may however be appropriate ér somewhat larger
scale simulations in which one is interested in the e ects ofa numerous collection
of immersed polymers or other structures on the dynamics of auid ow.

A dierent class of approaches which emphasize the role of tt uid dynamics
while making other simpli cations has also been proposed. fiese include nite-
element [76] and lattice-Boltzmann [48] methods, in which tre computational uid
dynamics are extended to include thermal forces in the uid equations following the
framework of [49]. The immersed boundary method which we shhadiscuss belongs
to this broad class of methods [45]. A theoretical approach wth certain similarities
to the immersed boundary method with thermal uctuations has been proposed
in [62], but di ers in how thermal forces are treated for the immersed structures.
A virtue of the immersed boundary method when compared to otler methods is
the straightforward physical manner in which it approximat es the interaction of the
uid with the exible structures.



A key feature of the immersed boundary method, distinguishng it from Stoke-
sian/Brownian dynamics, is that the dynamics of the uid are represented in the
immersed boundary equations so that subtle inertial e ectsof the uid can be in-

corporated into the thermally uctuating dynamics. For exa mple, as demonstrated
in Subsection 5.2, the method captures the slow decay ( 32) in the tail of the

autocorrelation function of the velocity of an immersed paticle. Another advantage
of tracking the uid dynamics is the natural way in which the i mmersed bound-
ary method can respect the topology of exible structures sothat, for example,

polymers do not cross themselves or each other. This featurgives the immersed
boundary method the potential for e cient simulation of pol ymer links and knots.

A basic description of how thermal uctuations can be incorporated within the
immersed boundary method was presented in [45], and theorial analysis of the
physical behavior of the method through an asymptotic stoclastic mode reduction
calculation was developed in [46]. The immersed boundary mbod was found in
these theoretical works to produce generally the correct pysical behavior for the
thermal uctuations of immersed structures.

Here we present a derivation for the thermal uctuations of the immersed boundary
method in the context of the time dependent Stokes equationsWe then present a
new numerical method developed from a novel time discretiz#on of the stochastic
equations. In addition, further theoretical analysis of the framework is performed to
investigate the physical behavior of the method and compasons are made between
theory and numerical simulations.

For stochastic di erential equations most traditional ni te di erence methods, such
as Runge-Kutta, achieve a lower order of accuracy than for degrministic ordinary
di erential equations as a consequence of the nondi erentability of Brownian mo-
tion and its order t¥*2 scaling in time [44]. When considering the full system of
equations of the immersed boundary method, these issues aferther compounded
by a wide range of length and time scales that arise in many prblems.

For small length scale systems in which the Reynolds numbersismall and the uid
ow is Stokesian to a good approximation, the time scales assciated with the ne-
scale uid modes can be considerably faster than the time sdas of the large-scale
uid modes and the immersed structures. In many problems it is the dynamics
of the immersed structures and the large-scale features of th uid ow that are of
interest. The ne-scale features of the uid are incorporated in simulations primarily
to determine their e ects on the larger scales but are often mt of direct interest in
and of themselves.

Since the full system is rather sti as a result of the fast time scales of the ne-scale
uid modes, we would like to be able to take time steps which urderresolve those
scales of the uid which are not of primary interest in the simulation. However, we
must take care in how this is done, because otherwise the e ¢g of the underresolved
uid modes on the more interesting degrees of freedom can be isrepresented. For
example, the simple use of a method such as Euler-Marayama [J4eads to poor
accuracy for the stochastic dynamics when long time steps & used. In this case,



the particle trajectories are found to be overly di use in the sense that the wrong
scaling is obtained for the mean squared distance traveled.

After a presentation of the general framework of the immersd boundary method
without spatiotemporal discretization in Section 2, a stodhastic analysis is devel-
oped in Section 3 to design a numerical method which maintaia accuracy over
time steps which can be longer than the time scales of some orleof the uid
modes. The systematically derived numerical scheme prestad here improves upon
in several ways a correction-factor approach taken in [45] toachieve long time
steps. The numerical method is constructed from a new time dicretization of the
immersed boundary equations, in which the equations are irggrated analytically
using standard techniques from stochastic calculus under @l controlled approxi-
mations. The numerical method allows for the statistical cantributions of the fast
stochastic dynamics of the uid, which are not explicitly re solved over long time
steps, to be accounted for in the dynamics of the immersed stictures. Moreover,
the correlations in the statistics between the uctuations of the degrees of freedom
of the system are handled systematically, allowing for constent realizations of the
velocity eld of the uid and immersed structures to be simul ated.

In Section 4, error estimates are given which indicate that he method attains a good
level of accuracy (in a strong statistical sense [44]) whetbr the uid modes are
completely underresolved, partially resolved, or fully resolved. Only the degrees of
freedom of the immersed structures constrain the time stepThe numerical method
handles a broad range of time steps in a unied manner, so thatdepending on
the application, the fast dynamics of the uid can either be explicitly resolved or
underresolved, with their e ects correctly represented onthe structural degrees of
freedom.

In Section 5, an expression for the di usion coe cient of imm ersed patrticles is de-
rived. The predictions are compared with the results of numeical simulations show-
ing good agreement with the theory for di erent particle sizes and both short and
long time steps. It is further shown that for intermediate ti me steps, the method
captures a well-known hydrodynamic e ect of a Brownian particle, in which the

decay of the autocorrelation function of the velocity of the particle decays alge-
braically ( 372) [67; 78]. Also in Section 5, numerical simulations are pedrmed
which con rm that the method produces the correct osmotic pressure and equilib-
rium statistical distribution for the position of particle s within an external potential

at nite temperature. To demonstrate more complex applications of the method,
simulations are then presented which investigate behavioiof the osmotic pressure
associated with con nement of molecular dimers and polymeknots in a microscopic
chamber, as well as a basic model of a molecular motor proteiimmersed in a uid

subject to a hydrodynamic load force.

The physical consistencies we demonstrate in the method tlmugh our analysis and
numerical experiments indicate that the stochastic immergd boundary method is
a viable means to model on a coarse scale the in uence of themh uctuations on

the interaction of uids and exible structures. This sugge sts that the method holds
promise as an e ective approach in modeling complex biologial phenomena which



operate at the cellular and subcellular level.

2 Fluid-Particle Equations

For the physical systems with which we shall be concerned, threlevant length scales
will typically be on the order of tens of microns or smaller. The amplitude of the
velocity uctuations on these scales are su ciently small, relative to the viscosity
and length scale, that the Reynolds number is very small. Ths will allow us to
neglect the nonlinear advection term in the Navier-Stokes egation for the uid
dynamics. However, we will not drop the time derivative term (as is often done in
low Reynolds number limits [50]) because the dynamical timescales arising from
Brownian motion and possibly certain vibrational modes of the immersed structures
are in general too fast to allow this. That is, the dynamics can generally exhibit time
scales which are much shorter than the advection time scaleléngth scale divided
by velocity scale), so we can drop the nonlinear advection ten but not the time
derivative of the velocity. This leads us to the time-dependat Stokes equations for
an incompressible uid, which read

S = Ui P foga (D) )
r

u=0; (2)

where p is the pressure arising from the incompressibility constrant, is the uid
density, is the dynamic viscosity, and f;,¢5 is the total force density acting on
the uid.

The force density acting on the uid arises from two sources.The rst source is the
forces applied to the uid by the immersed structures and patticles. This component
of the force density, denotedfprt, generally arises from the elastic deformations of
immersed structures, but they may also be applied externalj and transmitted by
the immersed structures to the uid. The second contribution to the force density is
from the thermal uctuations of the system and is denoted by fi,,,. Each of these
force densities will be discussed in greater detail below.dgether, they comprise the
total force density acting on the uid

frotal (X: 1) = fprt (X 1) + fiim (X; 1): 3)

The immersed boundary model for uid-structure and uid-part icle coupling treats
the exible structures and particles to rst approximation as part of the uid, rep-
resenting their structural properties (such as elasticity) through the force density
term fprt [64]. All structures, such as membranes, polymers, and paitles, are
modeled as a collection ofM discrete \elementary particles," with locations de-
noted by f XU ](t)ng=1 , Which interact with force laws appropriate to their struct ural



properties. For simplicity, we consider the case in which dlforces can be described
in terms of a conservative potential V (f X g) depending on the positions of the col-
lection of elementary particles. More general force relatins, including active forces,
can be included [64]. For notational convenience in the expsition, the range of in-
dices for the collection of elementary particles will oftenbe omitted. We will often
refer to the forces exerted by the immersed structures as \pdicle forces," since the
structures are represented in the numerical method as a cattions of interacting
particles.

In the immersed boundary method, elementary particles of sie a are represented
by a function 4(x) which may be thought of as a Dirac delta function smoothed
over a length scalea in such a manner that the smoothed delta function has good
numerical properties (See Appendix A and [64]).

This smoothed delta function is used both in converting the brce associated with
an elementary particle to a localized force density acting a the uid:

X .
fprt ()= (1 xpaV)(EXMY akx XD (4)

j%=1
and in computing the velocity of the elementary particle by an interpolation of the

uid velocity in its vicinity:

ax il “
dt

a(x  XU©)u(x;tydx: (5)

The integration is over the entire domain of the uid. In the immersed boundary
formulation, this includes the space occupied by the immered particles and struc-
tures, which are thought of as parts of the uid in which addit ional forces happen to
be applied. In particular, the domain is independent of tim e, despite the motion
of the immersed material.

We also note that in the present context the parametera is a physical parameter of
the model, since it is supposed to represent a physical dimeion of an elementary
particle. In particular, a is not a numerical parameter which is supposed to vanish
along with the meshwidth for the uid computations as it is re ned. In this respect,
the use of smoothed delta functions described here is di em from the standard
use of such functions in immersed boundary computations. Th idea that smoothed
delta functions could be used to model the physical dimensius of immersed objects
was previously proposed in [55] under the name "force cloud ethod".



3 Numerical Method

We shall now discuss a numerical discretization and speciation of the thermal
force density for the equations 1{5 de ning the immersed boundary method. A
summary of the numerical method in algorithmic form is givenin Subsection 3.1,
followed by a heuristic discussion in Subsection 3.2 and a nthematical derivation
in Subsection 3.3.

3.1 Summary of the Numerical Method

The numerical method is based upon a nite di erence discreization of the di er-
ential equations 1{5 describing the coupled dynamics of theuid and the immersed
structures. The uid variables (velocity eld u and pressure eld p) are represented
on a periodic grid with length L along each direction,N grid points along each
direction, and grid spacing x = L=N. The values of these elds on the lattice will
be denoted through subscripted variables such as, and p,, where the subscript
m = (mjg; my; m3) is a vector with integer components indicating the grid point
in question (relative to some arbitrarily specied origin) . The position of the grid
point with index m is denoted by X, .

The Discrete Fourier Transform (DFT) of the uid variables p lays an important
role in the numerical simulation scheme, and is related to tle physical space values
on the grid through the formulas:

1 X

O = N Umexp( i2 k m=N) (6)
X m

Up = O exp(@i2 k m=N); (7)

where each of the sums in the above equations runs over thi 2 lattice points

denedby 0 k() N 1,and0 m{) N 1, where the parenthesized
superscripts” = 1;2; 3 denote the Cartesian components of the indicated vector.r

fact any translate of these blocks of lattice points could beused equivalently in the
sums, due to the underlying periodicity.

Time is discretized into time steps t, and the values of the system variables at the
n" time step, corresponding to the timet, = n t, are denoted with a superscript
integer n. The procedure by which these variables are updated from onéme step

to the next is now described:

(1) The structural forces exerted by the immersed structures are computed and
the lattice values of the particle force density eld which is applied to the uid



)

®3)

is obtained from
fm = ooV (FX"Q) a(xm X M0

Here and afterwards, we drop the subscript \prt" from the particle force den-
sity. The Fourier coe cients ﬂ? of this particle force density eld are computed
using a Fast Fourier Transform (FFT).

The Fourier coe cients of the velocity eld of the uid ar e updated by the
stochastic recurrence

opt=e ¢ tapr 1 e x U)2fRe )R ®)
k
where}',-(’ denotes the projection orthogonal tog¢y de ned by

00 =sin@2 kW=N)= x

which is used to enforce the incompressibility constraint 2 The factor ’\E =

k~k accounts for the thermal uctuations over the time step, where ~, de-
notes a complex vector-valued random variable independenti k, having inde-
pendent real and imaginary components, each of which are Gasian random
variables with mean zero and variance one. The variance O?E is determined
in Subsection 3.3.4 and is given by

Dk
(= —@ ep( 2k 0); )
where
x3 .
K = 2 5 (1 cos2 kW=N)y)
X<
j=1
and
8
o - BT k. k2K
L =
kel k62K
with

n ) ) 0
K= kjk)=0 or k) =N=2j=1;23

The elementary particle positions are updated by



. o X .
Xn+1;[|] XnvD]: a(xm Xnv[.l]) rl']ﬂ X3;

m

where [ is the time integrated velocity eld of the uid. It is obtain ed by
a discrete Inverse Fast Fourier Transform (IFFT) of appropriately generated
random variables '[! in Fourier space:

tn+1 X A
n= Um (S)ds = L exp(@i2 k m=N):
tn k

The " are computed from

N 2 AN 2 .
R=Hy+ ciudig "+ caxdi Gk

where ’\E is obtained from step 2 andA « is computed from steps 1 and 2 by

[
A=l @PC k Dgny T, exp( « 1) 1) Y

k k

1 2
K

The random variable & is computed from scratch for each modek by gen-
erating a complex vector-valued random variable having ind@endent real and
imaginary components, each of which are Gaussian random vaables with
mean zero and variance one. The constants in 10 are given by

1 Kk t
Cik = — tanh
1:k » 5
and
S
2D
Cok = —3" k t  2tanh k2

k

In this manner the time integrated velocity eld is consistently generated with

the correct correlations with fuyg and fuﬂ"lg from steps 1 and 2. For more

details, see Subsections 3.3.5 and 3.3.6.

The computational complexity of the method, when excluding the application spe-
ci ¢ forces acting on the immersed structures, is dominatedby the FFT and IFFT,
which for a three dimensional lattice requiresO(N 2 log(N)) arithmetic steps.

3.2 Heuiristic Discussion of the Numerical Method

We now brie y discuss each step of the numerical scheme to g&vsome intuition into
how the method operates. A more rigorous mathematical discsision and derivation
is given in Subsection 3.3.

10



The rst step of the numerical scheme computes the structurd forces exerted by
the elementary particles as a function of their con guration, and computes the
discrete Fourier transform of the corresponding force deriy eld acting on the uid.
The second step updates the uid velocity in Fourier space byintegrating over the
structural forces and thermal forces experienced over a tima step. The appearance
of the time step t in exponential factors is due to the design of the method to
maintain accuracy even if the uid dynamics are partially re solved or underresolved
by the time step, as in \exponential time di erencing” schemes [30; 36; 42]. The key
time scale paired against the time step in these formulas is4 , which describes the
time scale of viscous damping of the Fourier modé& of the uid, as simulated by the
numerical method. The rst term of the stochastic recurrence equation 8 represents
the viscously dissipated contribution of the uid velocity from the previous time
step. The second term represents the contribution from the suctural forces during
the time step. Since the elementary particle dynamics are asimed to be resolved
by the time step, the structural force density itself appears in a simple way as
e ectively constant over the time step. The response of the uid velocity to this
force has an exponential dependence on the time step to accaiufor the possible
levels of resolution of the viscous damping. The third term @&counts for the thermal
uctuations over the time step through a mean zero Gaussian andom variable ’\E
with variance 2 describing the magnitude of the net contribution of the thermal
uctuations to the uid velocity over the time step, see equation 9. Note that for
time steps t long compared to the relaxation time 1=  of the velocity Fourier
mode, the variance approaches the constant valukg T=( L ) corresponding to the
equilibrium equipartition value. On the other hand, for t 1=, the variance
of the thermal velocity increB1ent is proportional to t, so the magnitude of the
increment is proportional to t. This latter scaling is typical for the response of
physical systems to noise driven by a large number of weak ings (i.e., molecular
uctuations) [44]. In both the second and third terms, the pr ojection }f(’ enforces
the incompressibility of the uid. The distinction in the de nition of the factor Dy
with respect to wavenumbersk, as speci ed by the setK, is a purely technical issue
related to the discrete Fourier transform; see Subsection .3.3.

The third step of the numerical method updates the positions of the elementary
particle positions composing the immersed structures. Therandom variable 7,
represents the uid velocity at lattice point X, integrated over the time step, and is
generated in Fourier space using a procedure which also ermss that the immersed
structures move with the correct correlations with the previously computed uid

velocity values# and@**. The formulas de ning 1, arise from an exact formula
for integrating the uid velocity over a time step, under the assumption that the

structural forces can be treated as constant over the time sp.
3.3 Derivation of the Numerical Method

The derivation rst considers a spatial discretization of equation 1 while leaving the
system of equations continuous in time to avoid technical isues associated with the
continuum formulation of the stochastic immersed boundary method with thermal

11



forcing [46]. Since the equations are meant to serve as a phgal model for the

dynamics of the immersed structures and uid, a thermal fordng is derived for the

semi-discretized system which is consistent with equilibum statistical mechanics
in Subsection 3.3.3. The time discretization of the numerial method for both the

dynamics of the uid and immersed structures is then discussed in Subsection 3.3.4
and Subsection 3.3.5. The method takes special care to acaaufor correlations

between the dynamics of the uid and immersed structures, which is discussed in
Subsection 3.3.6. We remark that throughout the derivation, the integration steps

of the numerical method are designed to maintain accuracy ean when the time step
does not fully resolve the dynamics of the uid modes.

3.3.1 Semi-discretization

The equations 1 and 2 can be discretized in space by nite di @ence approximations
for the spatial derivatives [64]

dul) _ % uf) (0 200+ up) e,

a x2 (10)
g=1
Pm+e: Pm e ) .
2 x + ftotal (Xm:t)
X3 u(‘) t u(\) t
e ul o _ an

. 2 X
=1

where e- denotes the standard basis vector with all zero entries exq# for a one in
the " position. The parenthesized superscripts denote the vectocomponent.

The equations for the uid-particle coupling become

pd .
fpl’t (Xm;t)= (r x[jOJV)(fX(t)g) a(Xm Xhol(t)) (12)
jo=1
X -y xiy) (13)
dt X
U(x;t)= a(Xm  X)u(Xm;t) x5 (14)

Since we do not take the limita ! 0 as the meshwidth is re ned (see above),
U (X U1(t);t) does not become the same as(X[1(t);t), even in the limit x! O.
That is, we are not simply evaluating the uid velocity at X [1(t), but instead av-
eraging it over a region of width determined by the parametera. This averaging
procedure ensures that the particle velocity remains nite and well-de ned in the

12



continuum limit, in which the pointwise values of the thermally uctuating uid
velocity diverge. Indeed, according to general statistichmechanical principles for
continuum elds [47; 49; 70] (and not from any feature particular to the numerical
method), the thermally uctuating uid velocity eld manif ests increasingly wilder
uctuations on smaller scales, and in the theoretical conthuum limit approaches a
sort of white noise structure. This is not inherently problematic for physical interpre-
tation, which only requires that meaningful values be obtaned from averages over
nite volumes, such as the size of a probe or an immersed struare. Such averages
are indeed nite, as can be understood intuitively through central limit theorem
considerations by viewing them as averages of a large numbef independent mean
zero random variables due to the rapid spatial decorrelatio of the noisy continuum
velocity eld. From a more mathematical standpoint, an application of the convo-
lution theorem to the de nition of U in (12) yields that U can be represented as a
nicely convergent Fourier series due to the decay of the Fougr coe cients of the
smooth function .

To obtain other desirable behaviors, we also remark that it 5 important that we use
the same weight function 5 in averaging the uid velocity as we do in applying force
to the uid, since this ensures that energy is properly conseved in the uid-particle

interaction. With appropriate care in the construction of 5, one can further ensure
that momentum and angular momentum are conserved as well; se[64].

3.3.2 Fluid Equations in Fourier Space

The Stokes equation is given in Fourier space by

doy

e KOk 0 e+ Miotal K (15)
Ok 0k =0; (16)
where
s |
K= 2 (1 cos(2 k()=N))) (17)
j=1
o)) =sin@ kW=N)= x: (18)

Since the velocity eld of the uid is real-valued, a further c ondition that must be
satis ed by solutions of the equations 15 - 16 is

On k = O; (19)

13



whereN is shorthand for (N;N;N )T and the overbar denotes complex conjugation.
Provided the force is real-valued, it can be shown that if thisconstraint holds for
the initial conditions it will be satis ed for all time.

The Fourier coe cients ‘pk (t) of the pressure need to be chosen in order to ensure
that the incompressibility constraint is satis ed. They can be determined by pro-
jecting both sides of equation 15 onto§y. By the incompressibility constraint 16,
both of the terms involving Gy and its time derivative are zero under the projection.
This gives at each time

19k 16total ;k(t)_

oz
For those values ofk that make §x = 0, the incompressibility constraint is trivial,
and by convention we shall takep (t) = 0 for such K.

P (t) = (20)

For future reference, let the projection in the direction §x be denoted by

k_ Ok
= —— 21
<ok &)
and the projection orthogonal to §x be denoted by
2 gkgl
P = e 22
b j0k 2 (22)

0, the corresponding projections will be understood
| . The set of indices on whichgy = 0 is given by

For those modes for whiclht
tobe dened} = 0and}?

n ] ) (0}
K= kjk@=0 or k)=N=2;j=1;23 : (23)

For a function w,, de ned over the discrete lattice sites indexed bym, the corre-
sponding projection operations in physical space are givehy

X
G*W)m = }iweexp(i2 k m=N) (24)
k

and

X
G’Whm= }iwcexp(2 k m=N): (25)
k
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3.3.3 Thermal Forcing

Following standard practice in nonequilibrium statistical mechanics [47; 70], the
thermal uctuations of the system are modeled as Gaussian wite noise. Formally,
the Fourier coe cients of the thermal forcing can be written as

B P —dBy(t)
f\thm;k - 2Dy dt

: (26)

The factor Dy (which is to be speci ed) describes the strength of the thernal forcing
of the k™ mode and B (t) denotes a complex-valued Brownian motion with the
real and imaginary parts of each component consisting of amidependent standard
Brownian motion [44]. The dependence ork will be discussed below.

Standard Brownian motion B (t) for our purposes will refer to the continuous sto-
chastic process which is de ned by the following properties

() B(0)=0,
(i) E(B(t2) B(t1) =0,
(i) E jB(t2) B(tw)i® =jt2 ti,
(iv) The increments B(t) B(t1) and B(ts) B(t3) are
independent Gaussian random variables whenever, <t, t3<ty,

where E () denotes the expected value. Standard Brownian motion ind dimensions
is de ned as a stochastic process where each vector comporés an independent
one-dimensional Brownian motion. For a further discussion 6 the properties of
Brownian motion and related technical issues, see [59] or 3.

The discretized Stokes equation 15 with only thermal forcirg (no immersed struc-
tural forces) can be expressed in stochastic di erential ntation as

P ——
doy = Ok i POk di+ 2D dB () (27)
0k 0x=0 (28)
ON k = Ok; (29)

wheredB (t) denotes increments of the complex-valued Brownian motion asociated
with the k™ mode. To ensure that the thermal forcing be real-valued, the Bownian
increments are correlated ink by the constraint

dBN kK = dBkZ (30)

As discussed in Section 3.3.2, the pressure can be expressaderms of the force
acting on the uid using 20. By formal substitution into 27, t he incompressibility
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constraint can be incorporated through an appropriate projection operation which
allows for the two equations 27 and 28 to be expressed as thengie equation

P —
dog + KOgdt=" 2Dy} ] dBy(t): (31)

Since the incompressibility constraint is equivalent to} 7 0 = 0, the constraint

will be satis ed for all time provided it holds at the initial time. Consequently, when
0k 6 0 (k 62 Kas de ned in 23), the real and imaginary part of the stochasttc process
0k (t) remain in the plane orthogonal to gy for all time. When §x = 0 (k 2 K), no

constraint is imposed on the real part, but the real-valuedness condition 19 requires
that the imaginary component vanish.

Equation 31 can be solved by the method of integrating factos to obtain

p__ %t
O (t)=  2Dy}7 e «9dB,(s): (32)
1

Since (0 (t) is the projection of an Ito integral with deterministic int egrand, it is at
each timet a Gaussian random variable with mean zero.

The variance of 0 (t) can be computed from 32 by

E j0j2 =Tr E 0,8x (33)
Zt Zt
=2DTr }7 e @ s O dB(s)dB](s9
1 1

To proceed further, we must distinguish between the casek 2 K and k 62 K where
K is de ned in 23.

For k 2 K, we have} 'k’ = | and from constraint 30 that the Brownian motion B (s)
is real valued. Therefore,
E dBy(s)dBJ(s9 =1 (s sYHdsds’ (34)

and it follows that

L 3D
E j0j? = =X (35)

whenk 2 K.

For k 62 K the Brownian motion is complex valued and}{ is a projection onto the
two-dimensional subspace orthogonal ta@}. Therefore,
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E dBk(s)dBl(s9 =2}¢ (s sYdsds’ (36)

and

T}, =2; (37)

from which it follows that

4D
E jew? = —kk (38)

for k 62 K We remark that the formal calculations above can be justi ed rigorously
by applying Ito's Isometry directly to equation 33; see refaence [59].

To determine Dy, we shall now compare these results with those that are obtaied
if we impose the condition that the immersed boundary methodexhibit uctuations
governed by the Boltzmann distribution, as required by clasical statistical mechan-
ics. By Parseval's Lemma, the total kinetic energy can be expessed in terms of the
Fourier modes of the uid by

X
Elfukdl= 5 jumi® X° (39)

= jojPL:
2 1G]

The density of the Boltzmann distribution is then given by

P
L3 02

Ke T ; (40)

1
fa = —ex
T f0xQ) > &xp

where Z is the partition function obtained by integrating @k over the constrained
subspace

= ffokgjOk 0k =0;0N k = OO (41)

Each degree of freedom of the uid contributes a quadratic tem to the energy
of the system, giving a Boltzmann distribution which is Gaussian. Therefore, the
equipartition theorem holds and each independent degree dfeedom contributes on
average kg T to the kinetic energy.

For a particular wavenumber k 2 K, the mean contribution to the energy is

L 33Dy

i (42)
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where the expression 35 folE j#yj?> has been used. For such wavenumbers there
are 3 independent degrees of freedom corresponding to the 8al components of} .
By the equipartition theorem this requires

L 23Dy _ 3 )
2 2l @)
which gives
ks T
Dk = k% (44)
whenk 2 K.

For k 62 K we must consider the pair ;N k) together, sincetty = &y k. The
contribution to the mean energy of these two wavenumbers is

L 34Dy
; 45
2« (43)

where the expression 38 foE j#j> andE jdn «j° has been used. The number of
independent degrees of freedom corresponding to the pair efavenumbers ;N k)
is 4, since the real vector space orthogonal t@y is two-dimensional and &y is
complex valued.

The equipartition theorem in this case requires that

L34Dy _ 4
———= zksT; 46
= ke T (46)
which gives
_ keT
Dk = x5, 3 (47)
whenk 62 K

To summarize, the following uctuation-dissipation relati on [47; 70] is obtained
when considering the constraints 19 and 16 imposed on the wvatity eld of the
uid:

8
k
T 48)
2?_3 k ,k62K
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We remark that the Fourier mode of the uid associated with k = [0;0;0]" corre-
sponds to translation of the uid as a whole. From 17 the zero node has ¢ = 0,
which indicates that the uid has no translational damping. As a consequence of
48 the modetrq is not thermally forced, which can also be understood physially
by the conservation of total momentum by the internal thermal uctuations. Thus
for a uid initially at rest with no net external force on the uid as a whole, the
translational mode remains zeradg = 0 under the thermal forcing.

3.3.4 Numerical Method for the Fluid

To deal with the signi cant range in time scales for the modesof the uid and
immersed structures, we develop a time-stepping scheme thdteezes the positions
and forces exerted by the elementary particles over a time &p t, but otherwise
integrates the dynamical equations exactly. With this approximation the set of
equations 31 can be solved analytically using the methods oftochastic calculus
[59]. This strategy has similarities to \exponential time di erencing" or \exact linear
part" numerical methods [30; 36; 42].

In stochastic di erential notation, the uid equations wit h both thermal and particle
forces can be expressed as

P ——
doy = (Odt+ B Pfidt+ 2Dy} dB(t); (49)

where to simplify the notation the subscript will be dropped for the Fourier modes
of the particle force density so thatfy always refers tofyy .

Approximating the particle force as constant over the time interval [t®t] gives

0®=e O+ 1 1 e (€O 289 (50)
7Zt “
+ 2D e U 9}17dB(s);

t0

R
where}'l-(’ is the projection operation de ned in 22 and }EdBk(S) denotes inte-
gration in the sense of Ito [59] over the projected complex-viaed Brownian motion
Bk (t) de ned in Section 3.3.3.
To obtain a numerical scheme for the uid with nite time step  t, each mode is

updated at discrete timesn t using the analytic solution 50, yielding the stochastic
recurrence equation

1
0pt=e v topr o1 e xR (51)
where @ = 0 (n t), {7 = fi(n ), and g = ~.
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The notation ~, denotes a three dimensional complex-valued random variablayith
each real and imaginary component being an independent Gasf&an random variable
with mean 0 and variance 1. The random variabIeAE accounts for the contributions
of the stochastic integral in 50 over the time step. The variance ﬁ can be determined
by Ito's Isometry [59] and is given by

Kt (52)

The constraint 19 that ensures the real-valuedness of the vetkity eld is respected
by only applying the update 51 to one member of each complex-egugate pair,
and then setting the new value for the partner mode as the comfgx conjugate of
the computed mode. The condition 19 also requires that the mdes @y with indices
k 2 K have zero imaginary part; this is enforced explicitly in ead time step.

3.3.5 Numerical Method for the Immersed Structures

A time-discretization for the equation (13) is developed forthe advection of the
elementary particles by integrating the uid velocity eld over a time step and then
averaging the integrated velocity over a spatial neighbortwod centered on the old
particle position:

_ LX e
N+l x mil = a(Xm X0 Um(s)ds x3; (53)

m tn
wheret, = n tand X™0l= x0ln t).

A precise integration of the uid velocity u is taken which allows for time steps
which underresolve the dynamics of some of the Fourier modesf the uid. This
capability is important due to the wide range of time scales hat may be associated
with the uid modes and immersed structures in applications. If the time integral is
approximated through numerical methods built from (stochastic) Taylor expansions
about discrete times, such as Runge-Kutta methods and their ochastic variations
[44; 80], then it is important that the method su ciently res olve the uctuations of
the processes to capture cancellations that occur over timd-or instance, if the can-
cellation is not adequately captured, the numerical value 6 the integral of velocity
will be larger in magnitude than the actual time integrated velocity. For immersed
particles, this leads to an overly di use behavior where theparticles overshoot their
correct positions each time step.

From 31 the time scale associated with the dynamics of th&™ mode of the uid is
= . For the fastest modes of the uid relevant for the immersed particle dynamics,
the above considerations would place a severe restrictionnothe time step. While
there may be clever numerical methods involving (stochasti) Taylor expansions
which perform better than anticipated, a di erent approach will be taken here.
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To develop a method that remains accurate for a range of time teps, from those
that fully resolve, partially resolve, or completely underresolve the uid modes, we
calculate the time integral in 53 by substitution of the analytical expression 50 for
the Fourier modes of the uid velocity eld. We recall that th is approximation only
assumes that the elementary particle positions and forcesam be considered frozen
over a time step. The resulting numerical scheme can therefe be expected to be
accurate provided the time step t is chosen small compared to the time scales of
the immersed structures, but with no restriction on the sizeof the time step relative
to the time scales of the uid modes. We will explain this property more precisely
through numerical error analysis in Section 4.

In updating the elementary particle positions in the numerical method, the time
integral in 53 will be simulated as a random variable

th+1 X
n o= um(s)ds=  “Pexp(i2 k m=N); (54)
th K

tn+1
"= Ok (s)ds; (55)
th

with 0y (s) given by (50).

By using standard techniques from stochastic calculus, thetime integral can be
evaluated by de ning AQ to give the Gaussian random variable

(56)

1 hife

=3
I
o
=~
+
|
+
|
D
=

k
~Z
pZDk th+1

k tn

D
e k(e DYPABy(r)+ K 12Bk(ths) 37 Bi(tn)

Using 50 at timesn t and (n +1) t, this can be expressed more simply as

o L

2 $n
apttoop + il (57)

k k

pi
} P Bk(tne1)  }7 B(tn)

x>

2Dy

+

The numerical scheme to update the elementary particle posions is then given by

. X .
XMLl xnlbl= a(Xm xn;[J]) nm x3; (58)
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where 7, is generated each time step. To consistently update the paitle positions
with the velocity eld of the uid it is required that ’\Q be generated with the correct
correlations to the uid modes at the beginning and end of eab time step, fuyg

and f uE*l g. In the next Subsection, a practical approach for doing so igpresented.

3.3.6 Method for Generating Modes of the Time Integrated \@ity Field

Since the modes’\Q of the time integrated velocity eld and the modes @} and
OE” of the velocity eld evaluated at the beginning and end of a time step are not
statistically independent, some care must be taken in genating the corresponding
random variables that are used in the simulation. Since™f, 0, and a7** are jointly

Gaussian distributed random variables with mean zero, we ned only ensure they
have the correct covariances between their components. Sie the real and imaginary
parts of each mode are independent, we shall for clarity corder only the real

components with the understanding that the imaginary compments are handled in
a similar manner.

In deriving a method to generate the time integrated eld, it is useful to express
the real part Re(’\ﬂ) in terms of the following random variables

Re("R)= iAo+ }{A1+}{ Az (59)
with
, !
1 kot t 1
Ao=—2 " Re@@)+ —+ = e vt 1 IRed)  (60)
k k
p__ 7
2D th+1
A= ——K e (1 IRedB(s)) (61)
k tn
— 1 n
=
P———
2D«
Ar= Re By(th+1) Bk(tn) (62)
P Z,
2D n+1l
= k Re(dBk(s)):
k tn

The random variables were obtain by reorganizing the terms 656.

This expression recasts the problem of determining the coelations of Re(\ﬂ) to
the problem of determining the correlations of Ag, A1 and A, with each other
and the modes of the uid velocity. A convenient feature of this approach is that
Ao is already determined at the beginning of the time step, and $ statistically
independent of A; and A, by the independent increment property of Brownian
motion. This reduces the problem to nding the covariance of A1 and A ,. A useful
identity for Ito integrals in this context is [59]
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Z t z t z t
E f(s)dBs g(r)dB, = f (s)g(s)ds; (63)
0 0 0

where the notation E( ) denotes expectation with respect the underlying Brownian
motion [59].

Using 63, the covariance is given by

EAPA)= @ en( « 0); (64)
k

where the parenthesized superscripts denote the indices tfie vector components.
Whenj 6 j%the componentsA(l” and A(ZJO) are independent and have zero corre-
lation.

The variance of the components ofA ;1 and A, are given by

L. D
EGAV D)= ZX (1 exp( 2 « 1) (65)
k
2Dy
2

k

E(GAY?)= t (66)

From the numerical updating of the uid variables described in Subsection 3.3.4,
A = ik L is already known each time step, so onlyA, need be generated.
Obtaining this random variable with the correct correlatio ns can be accomplished
by generating new standard Gaussian random variables () (independent in j with
mean 0 and variance 1) and by taking the linear combination ofthe two random

variables AY) and () given by

AV =aAl) + 2, O (67)
with
E AVAY
a; = # (68)
E JAL}?
and
\
v . . 2
ue jal2 E jadz B APAY
a={ (69)

E A2
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In this manner, Re(’\E) can be generated fromA o, A 1, and A , with proper account-
ing 01; correlations with the modes of the velocity eld. The imaginary component
Im(’\k) is generated in an analogous manner.

4  Accuracy of the Method

In this section the accuracy of the numerical method is invegated. Three asymp-
totic scaling regimes of the time step are considered. The st regime applies when
the time step is taken su ciently small to fully resolve the d ynamics of the uid. The
second applies when the time step is taken large and compldteunderresolves the
dynamics of the uid. We nally consider the case in which the time step resolves
some but not all of the uid modes.

Formal error estimates are given which show how the numeridaerrors scale with
respect to the time step and various key parameters. While a igorous analysis
making use of standard stochastic Taylor expansion approdes [44] can be carried
out for time steps which are small when compared to the time sales of the uid
and immersed structure dynamics, a completely rigorous arlgsis of the numerical
error when the time step is large and underresolves a subsef the uid modes is
considerably more di cult.

An important feature of the numerical method is the way in which the statistical
contributions of the uid dynamics are taken into account, even when the uid
dynamics are underresolved. As discussed in Subsections83! and 3.3.5, the random
increments of the elementary particle positions and uid modes are simulated in
such a way that the correct statistics and correlations are peserved over time steps
which need only be small compared to the time scales of the imersed structures.
While the time step relative to the time scale of the fastest nodes of the uid
may be large, this procedure helps keep the local time disctization error small.
By contrast, standard nite di erence schemes would generdly have poor accuracy
once the time step exceeded the time scales of the fastest dimodes.

To quantify the accuracy of the method, the strong error is cansidered, as de ned in
[44]. Let X [1(t) denote the exact solution of equation 13 for the elementaryparti-
cles and( (t) denote the exact solution to equation 10 for the Fourier moaks of the
velocity eld of the uid. Let the numerically computed traj ectories of the elemen-
tary particles be denoted by X01(t) and the numerically computed uid modes be
denoted byt (t). Since we shall be interested in the error associated with g&pical
elementary particle, the superscriptj will be dropped throughout the discussion.

The strong error of the numerical method associated with thek™ mode of the uid
is de ned as

equl D=E Ol ) (1) ; (70)
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and the strong error associated with an elementary particleis de ned as
eprt( D=E X( 1) X( 1) : (71)

The error associated to the velocity eld in physical space § de ned as

1 X
L3

m

eq( H=E Um( ) wm( D] x® (72)

For further discussion of the strong error see [44].

The error expressions above and the estimates given belowaintended to charac-
terize the \typical" error for the numerical method; in real ity they will of course

depend on the particular con guration the elementary parti cles happen to be in at
the beginning of a time step and the details of the forces actig between them. For
the purposes of describing the errors incurred in the numedal method's handling
of the force interactions, we shall therefore concern ourdees with describing how
the errors scale with respect to the various numerical pararaters.

In the derivation of the estimates we quantify the error incurred by the numerical
method's representation of the stochastic (thermal) compments of the structural
and uid dynamics. The estimates presented follow from a sytematic formal analy-
sis of the errors resulting from the discretization of the sbchastic and deterministic
components of the dynamics, including their interaction duing a time step. This
calculation leads to a uniformly valid expression for time $eps su ciently small
that the elementary particles do not move appreciably (reldive to their size) during
a time step; no assumption is made in the derivation about themagnitude of the
time step relative to the time scales of the uid modes. As theresulting derivations
are somewhat technical, we shall in the present paper be coant to state the error
estimates, discuss their signi cance, and con rm their validity in a few special cases
by numerical simulation. For a detailed derivation see [2].

4.1 Error Estimates for Time Steps which Fully Resolve the & Dynamics

When the time step is taken su ciently small so that the dynam ics of all modes of
the uid are resolved by the stochastic immersed boundary méhod ( t  min ik),
the following error estimates can be established:

MF M1
eax( U T ax < *C CY%rc + C%%pm 12 (73)
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MF M 1

0 2
eq( t) e + cgl CYc + C%%ym ¢ (74)
2 2 t?
eort( 1) QVim * CVircVthm * CVc — (75)
MF M 001 0] 00 3.
t 3 ?+Cg C%c+ C®%%hm

where M is the number of elementary particles,F is the magnitude of the force
acting on the elementary particles, and g is the length scale associated with changes
in the particle force of order F . It will be assumed throughout that a. "¢. The
factor Aa;k is the magnitude of the Fourier coe cient for mode k of the function

a, averaged over all shifts (see Appendix B). We remark that'\a;k 1=L3 for
jkj  L=a, while Aa;k decays rapidly forjkj L=a.

In this notation the factors C which are superscripted with primes are approxi-
mately independent of the physical parameters, and can be tbught of as order
unity constants. To avoid cumbersome notation and overly enphasizing the role of
these factors the notation is reused in each equation, with te understanding that
C denotes distinct factors for each estimate. The subscripté factors Q are also ap-
proximately independent of the physical parameters. They ae distinguished since
numerical values will be estimated for these factors in ordeto make a compari-
son between the theoretical estimates and numerical simutéons in the case that
F =0.
_ . . P

To simplify the expressions the following terms are de nedvy,, = ks T=a?® and
Vfrc = F =a. The factor vy, can be interpreted via the equipartition theorem
of statistical mechanics [47; 70] as the velocity scale of #rmal uctuations of an

elementary particle of sizea, since the associated mass will be proportional toa 3.

The term vg. can be interpreted as the velocity scale associated with thenotion

of a particle of sizea in a viscous uid when a force of magnitudeF is applied to
the particle, since the friction coe cient of a particle is g enerally proportional to

a [15].

The error estimates indicate that the stochastic immersed lundary method has
strong rst order accuracy as the time step is taken small. An error proportional
to t3is included in eprt ( t) because its coe cient in certain circumstances can
make it comparable to the t2. We remark that the reported proportionality of
the errors with respect to M, the number of elementary particles, is based on a
worst-case scenario where alM particles are clustered near each other. In general
the error is expected to scale with a smaller factor re ectirg the actual number of
particles clustered in a region. Since this depends on deti of the force interaction
between particles, obtaining a more precise error estimates technically involved and
somewhat application dependent. While in practice the actwal numerical error will
likely be somewhat better than these factors indicate, we lave further re nements
to future work in the context of speci ¢ applications.
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An important observation is that in the absence of forces on he immersed struc-
tures (F = 0), the uid modes are simulated exactly (for the reasons discussed
in Subsection 3.3.4). Only the elementary particle dynamis incur a temporal dis-

cretization error in this case (see Subsection 3.3.5), witlthe strong error incurred

being of rst order. A more conventional time stepping schene based on nite dif-

ferences would typically incur an error for the velocity mode 0y which includes a
contribution which scales asCN  3=vyyp, ( «  t)"*1=2 for some integern. Such an

error fails to remain small compared to the actual velocity diange over a time step
as soon as t & 1= . For the numerical method developed in Section 3, the ex-
act representation of the stochastic uid dynamics, apart from the response to the
forces exerted by the immersed structures, maintains betteaccuracy even as the
time step underresolves the uid dynamics.

As demonstrated in Figure 1, the theoretical error estimate for the elementary
particles agrees well with numerical simulations in the absnce of particle forces
(F =0). The numerical results were obtained from simulations d the uid-particle
system with physical parameters in Table 2. In the comparisa, the factors Q were
computed from theoretical expressions arising in the deriation of the estimates, and
their numerical values are given in Appendix D. It should be enphasized that the
error estimates are stated as formal approximations, not asipper bounds. In the
case that there are patrticle forces, the discretization emr depends on a number of
details of the force structure, and therefore numerical corparison with simulations
is left to future work in the context of speci c applications .

4.2 Error Estimates for Time Steps which Underresolve All Fid Modes

We now present estimates for the error of the numerical methd when the time
step is taken large enough to underresolve all modes of the id, but always small
enough to resolve the elementary particle dynamics:

1
max — t  mov(d): (76)
k
The notation mov(a) denotes the time required for an elementary particle to moe
a displacement equal to its sizea either by advection or di usion. In this regime
the following error estimates can be established:

(77)
MF L2 M 1 — 1=
€ax( U Gz e T3 Clpre t+ c¥p 1
r 79)
eq( 1) %% NF'+ cl Uy t+c¥p =2
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Fig. 1. A comparison of the analytic error estimate for the ekmentary particle
positions e,, ( t) given in equation 75 with a numerical estimation of the errar

for the small to intermediate time step regime t a?= with F =0 and

parameter values given in Table 2. The dashed line denotes,, ( t). The data

points denote the error as estimated from numerical simulaions using the method.
The error bars indicate one standard deviation of the sampld values. To compute
the numerical estimates of the error, simulations were pedrmed with each given
time step t and compared with an ensemble of reference trajectories oained from
a high resolution simulation su cient to resolve the dynami cs of allN 2 modes of the
uid. The high resolution simulation had a time step of t =10 3ns< minl= y,

where min1= , =3:9351 10 2ns for the parameter values given in Table 2. From
the results, we see that the estimate given in equation 75 qudi es the error well

for t a?= =0:9766ns.

(79)
D
ert( 1) Q2 t
M P

1
0

2.2 .2
* Vi U

where D denotes the di usion coe cient of an immersed particle (see Section 5.1)
and the factors C and Q denote order unity nondimensional constants as discussed
in Subsection 4.1. The other terms are the same as in Subseati 4.1.

The smaller powers of t appearing in the error estimates may suggest that the
accuracy is deteriorating more rapidly with respect to the time step in the un-
derresolved regime under discussion, but in fact the oppos is true. The error
estimates reported above are in fact, for the range of time &ps de ning the under-
resolved regime, considerably smaller than the extrapolabn of the error estimates
in Subsection 4.1 which are valid only for the fully resolvedregime. Indeed, the
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ratio of terms appearing in the above estimates to correspading terms in the equa-
tions in Subsection 4.1 involve ratios such asl 2=( jkj® t), D¥¥=(vy,,, t*), and
L1232 =, all of which are much smaller than one in the asymptotic regine 76.

A more important point is that the numerical errors remain small relative to the

changes in the system variables throughout this range of tire steps, so that the
numerical method maintains accuracy for all t. mov(a). This can be seen by
observing that the changes in the system variables over a tim step falling in the
regime 76 can be estimated as

Lo MF  ax oVthm .

0 C——==+ C05s (80)
jui C¥e + Clinm; (81)
i Xj C D t+Cl t (82)

where the factors C denote order unity hondimensional constants as discussedi
Subsection 4.1. The notationj []j indicates the absolute value of an increment of a
variable over the time step.

Since the velocity eld of the uid is completely underresolved, it changes by an
amount comparable to its equilibrium value independently d the size of the time
step. The ratios of the error estimates to the correspondingtrue changes in the
systemFyarlabIes in 82 can be bounded by sums and products dfi¢ nondimensional
groups D t=a, Vg t=a,M 2, andM & - . The former two nondimensional groups
involving the time step are both small by de nition of the con straint  t mov(a)
determining the asymptotic regime 76 under consideration.The nondimensional
parametersM 2 and M & will be order unity or smaller when the system involves a
small number of elementary particles. When the system contas a large number of
elementary particles, these nondimensional groups can beme large and the error
estimates become worse. While it is certainly to be expectedhat the presence of
more complex structures involving more elementary partices will generally incur
more error in the numerical simulation, we stress that the saling of our errors with
large M are surely too pessimistic. We therefore do not lay undue enipasis on the
behavior of the errors for largeM , which in any event will depend heavily on the
details of the force structure.

We emphasize that unlike traditional numerical analysis the presence of terms pro-
portional to t in the error estimate 79 does not imply that the method is incasis-
tent. It must be remembered that these error estimates are apropriate not in the
t # 0 limit, but rather in the asymptotic regime 76. A more careful consideration
of the sizes of the errors relative to the true changes in theystem variables over a
time step shows that our numerical method does in fact remairaccurate for all time
steps t mov(a), even if the uid modes are underresolved. Vital to this result
was the use of the stochastic integral formula 50 for the actin of the thermal forces
on the velocity eld of the uid, and the systematic consider ation in Subsection 3.3.5
of how to correlate the stochastic component of the velocity eld of the uid with
the random motion of the immersed structures. Without these developments, the
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resulting numerical method could not be expected to have god accuracy for time
steps in the regime 76.

In Figure 2, the theoretical error estimate 79 for the elemetary particle positions

over a long time step is compared with the results of a numerial simulation in the

case that there are no particle forcesE = 0). The numerical results were obtained
from simulations of the uid-particle system with physical p arameters in Table 2.
In the comparison, the factorsQ were computed from the theoretical analysis with
values given in Appendix D. The numerical simulations show god quantitative

agreement with the formal error estimate 79. We remark that the estimate is to be
understood as an approximation and not a rigorous upper boud. This agreement
is evidence of the validity of the formal analysis. As discused in Section 4.1, the
errors arising in the presence of forces are not as explicjtlquanti able. We leave

further discussion and veri cation of the estimates to future work in the context of

speci ¢ applications.
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Fig. 2. A comparison of the analytic error estimate for the ekmentary particle
positions e,, ( t) given in equation 79 with a numerical estimation of the erra for
the large time step regime max £ t mov With F = 0 and parameter
values given in Table 2. The dashed line denotes,, ( t). The data points denote
the error as estimated from numerical simulations using themethod. The error bars
indicate one standard deviation of the sampled values. To cmpute the numerical
estimates of the error, simulations were performed with edt given time step t and
compared with an ensemble of reference trajectories obtaéd from a high resolution
simulation with a time step of t=1:0ns< max1= y where max = y =25:4120ns
for the parameter values given in Table 2. From the results, v see that the estimate
given in equation 79 quanti es the error well for max 1= g t mov, Where
mov  a?=D =1:9531 10°ns.
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4.3 Error Estimates for Time Steps which Underresolve Only 8w Fluid
Modes

A key feature of the stochastic numerical scheme proposed ithis work is that time
steps can be chosen which only partially resolve the uid dyrmmics. That is, the
method need neither resolve all of the velocity modes nor copletely neglect the
inertia of the velocity eld (as in Brownian/Stokesian dyna mics [15; 22; 75; 77]).
Rather, the time step can be chosen as needed to resolve the @ppriate degrees
of freedom of the uid-particle system, having the uid and th ermal uctuations
interact appropriately with the structures. The case is now discussed in which the
time step t falls within the intermediate regime

mini. t. maxi; (83)
k k

where the dynamics of the uid is only partially resolved. It turns out that the error
estimates for the fully resolved regime (Subsection 4.1) atthe underresolved regime
(Subsection 4.2) each serve separately as formal upper bods for all time steps,
including the intermediate regime 83. Intuitively, then, one expects the numerical
method to behave accurately over this intermediate range otime scales as well. To
provide more quantitative support for this statement, error estimates are developed
for the asymptotic regime

2
1
a- t  max—: (84)

Then, for uid modes that are well resolved, we have

(85)
MF M 1 = 3= .
éd ;k( t) - ak ? + Ca Cq’frc t2 + Cog D t3_2 if k t 1,

while the underresolved modes (with  t 1) have the same error estimate 77
as in the fully underresolved case.

The errors incurred in the physical space variables describg the velocity and ele-
mentary particle positions can, in the asymptotic regime 84 be estimated as

(86)

MF M 1 5=4 o = 3=
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(87)

D
ert( 1) Qa 't

M 01 P~ 3=2 2 2 .
+ T + C 5 DVfrC t + VfI’C t ,

where = =

These errors can be compared with the size of the actual chaeg in the system
variables over a time step in the regime 84, which can be estiated by the same
formulas as 82 except that the resolved velocity modes havehanges of approximate
size

p___
CMF ak ¢y Covthm k t
N 3=2 :

J 0]
The ratio of the errors to the corresponding magnitudes of tke actual changes of
the system variables over a time step is controlled by sums ah products of the
nondimensional quantities” D t=a, e t=a, ( t)™=L'2, M ?, and M2 The
former three remain small in the asymptotic regime 84 under onsideration, while
the last two nondimensional groups (independent of time stp) are related to our
somewhat pessimistic bound on the force errors, as discusse Subsection 4.1. The
numerical method is thereby shown to remain theoretically acurate within this
intermediate asymptotic regime. In the absence of particldorces F = 0), the error
estimates become identical to those for the unresolved uidegime (Subsection 4.2).

One could also study the intermediate asymptotic regime

2
mnt ¢ 2 88)
k

which exists only when x  a. For these time steps, all error estimates presented
in Subsection 4.1 for the fully resolved regime remain validexcept that the estimate
for the individual underresolved uid modes is altered to

€ax( U Gz FTCa e Cc + C%pm € (89)

As with the other regimes, the errors in this regime are smallrelative to the mag-
nitude of the changes of the actual system variables over altie step.

By simple extension of the above arguments for time steps féhg at the transitions
between the asymptotic regimes, we see that the numerical ntkod has been de-
signed to remain theoretically accurate for all time steps t mov(a), regardless
of how well the uid dynamics are resolved.
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5 Physical Behavior of the Method and Numerical Results

To ensure that the immersed boundary method with thermal uctuations serves
as a plausible physical framework for modeling microscaleystems, we verify that
the method exhibits several fundamental features which areorrect according to the
laws of statistical physics [70]. In Subsection 5.1 an expsssion for the di usion coef-
cient of immersed particles is derived, and it is shown that in three dimensions the
mean squared displacement scales linearly in time and inveely in the particle size.
It is further shown in Subsection 5.2 that the stochastic immersed boundary method
captures the correct 32 power law for the decay of the tail of the autocorrelation
function of the patrticle velocity [6; 16; 20; 23; 37; 38; 54; 9].

In determining the thermal forcing in Subsection 3.3.3, we imposed the require-
ment that the degrees of freedom of the uid obey Boltzmann shtistics in thermal
equilibrium. In fact, the complete system including immersed structures should
obey Boltzmann statistics. In Subsection 5.3, we study the quilibrium statistics of
immersed particles subject to a conservative force and shothrough numerical sim-
ulation that they do exhibit the correct Boltzmann statisti cs. To demonstrate some
applications and as a further veri cation of the physical plausibility of the method,
it is shown in Subsections 5.4 { 5.6 how the method can be usedtmodel osmotic
e ects such as the pressure of con ned particles, dimers, ah polymers [21; 61]. In
Subsection 5.7, another application to a basic model of a mektular motor protein
immersed in a uid subjected to a hydrodynamic load force is pesented [66].

5.1 Diusion of Immersed Particles

In this section the di usion of particles in the stochastic immersed boundary method
is discussed and an expression for the di usion coe cient isderived. As part of the
analysis it is shown that the correct di usive scaling is obtained for three dimen-
sional systems. To verify the validity of the approximations made in the analysis
and to demonstrate the applicability of these results in prectice, the results of the
analysis are compared to the results of numerical simulatios.

In three dimensions, the di usion coe cient for a single par ticle is de ned as

XM XOF

D=
6t

I (%0)
In the notation the superscripts on the particle position are suppressed since only

a single immersed particle is considered.

An estimate for the di usion coe cient of a single particle ( with no interactions
with other particles) in the stochastic immersed boundary method is derived in
Subsection 5.1.1 from the autocorrelation function of the elocity eld of the uid.
This estimate can be expressed as
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3 ‘ K

(91)

where  is de ned in appendix C and Aa;k is de ned in appendix B. This di usivity
as simulated by the stochastic immersed boundary method exbits the physically
correct scaling with respect to physical parameters [45].

The di usion coe cient is estimated from the numerical simu lations using

X 2
D — XM(ty)) XTM(0) ; (92)
1 m=1

where n is the number of sampled trajectories of xed duration t;. The notation
X™ denotes the simulated particle position from them™ trajectory.
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Fig. 3. A comparison of the analytic estimate 91 for particles of the IB method with
numerically estimated di usion coe cients for the paramet ers given in Table 2. The
dashed line indicates the analytic estimate 91. The data poits denote estimates of
the di usion coe cient obtained from numerical simulation s using the method. The
error bars denote one standard deviation of the sampled vales. In the numerical
simulations long time steps satisfying max £ t were taken which under For
the parameters values given in Table 2 the time step t = 103ns was used in the
numerical simulations, where maxt ¢ = 25:4120ns. The particle size corresponds
to the parameter valuea = x of the particle representation function , de ned in
appendix A.

In Figure 3, the theoretical estimate of the di usion coe ci ent as given in equation
91 is compared to the numerical estimate given in equation 9Zor particles with
sizesa = 1;2;3;4;5 and for a long time step which underresolves the dynamics
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of the uid. For the parameters of the uid-particle system us ed in the numerical
simulations, see table 2. For each patrticle size, the numeral estimates were made
from n = 10* sampled trajectories with t = 103ns andt; = 10%ns. We remark
that in the simulations, while the time step underresolves he fastest modes of the
uid, there is still good agreement between the di usion coecient of the simulated
particle and the theoretical estimate 91. A tabulation of the theoretical di usion
coe cient as given in equation 91 for the immersed boundary nethod with various
ratios of a= x and a=L can be found in [45].

5.1.1 Derivation of the Di usion Coe cient

To derive an analytic estimate for the di usion coe cient th e semidiscretized equa-
tions 10 and 12 are considered. Alternatively, the di usion coe cient can also be

derived directly from the stochastic immersed boundary eqations by a stochas-
tic mode reduction procedure [46]. In equations 10 and 12 thémmersed particle

dynamics are given by

dx(t) _ -
A N Ok

where U is given in Fourier space by

X
Ux;t)= L3 ) 0ct)exp(i2 x k=L);
k

with the coe cient "4« (x) de ned in appendix B.

The autocorrelation function of the velocity of an immersed particle is
R(t;t+ )=hJ (X(t);t) UX(({t+ );t+ )i:

To estimate this, we use the fact that the statistics of U (x;t) are approximately
shift invariant in both t and x, with the approximation improving as the spatial grid
is re ned. We further assume that the time scale associated vth the uid velocity
is small relative to the time scale of the immersed particle notion, so that a particle
moves a negligible distance relative to its sizea during the correlation time of the
uid velocity. These approximations give

R(t;t+ ) hU(0;0) U@; )i :=R():

By applying (C.5), the autocorrelation function of the velocity of an immersed
particle can then be expressed as
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where  is de ned in appendix C.

An important point for the numerical method developed in Sedion 3 is that this

structure of the correlation function is preserved even for nite time steps, provided

only that the time step is small enough that the immersed elenentary particles do

not move signi cantly during a time step ( t di (@), where 4 (a) is the time

scale of a particle to di use over a distance equal to its sizea. Were we to have
used instead a numerical method based on a stochastic Tayloexpansion [44], we
would have to restrict the time step t to be small enough so thatR( ) is well

approximated by a Taylor expansion forj j. t, which would add the additional

restriction that t = k. Our more accurate representation for the uid dynamics
over a time step allows us to obviate this other condition, asdemonstrated in Figure

3.

A useful identity relating the autocorrelation function to the mean squared displace-
ment of an immersed particle is

2t gx (s)

Zt
gs L 9X(n)

ds dr
20 0

=2 tR(r) (t r)dr
0

iX() X(0)j? = dr

This allows for the di usion coe cient to be estimated by the Kubo formula [47]:

Z,
D=2 R(r)dr; (94)
0

By substituting the estimate 93 into 94 and evaluating the integral, the expression
91 for the di usion coe cient is obtained.

5.2 Algebraic Decay of Velocity Autocorrelation Function

For immersed particles di using in a viscous uid, the parti cle motion is strongly
coupled to the motion of the uid. As a particle moves along a particular direction,
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uid is dragged along with it. When the particle changes direction, it is resisted by
a viscous force arising from its motion relative to the nearly uid with momentum
related to the recent past of the particle's motion. This induces a somewhat stronger
memory in the particle velocity than a standard model based o a constant Stokes
drag would predict. In particular, a careful analysis of physical Brownian motion,
including a more detailed model for the force between an immmsed particle and the

surrounding uid, yields for D = [6; 16; 20; 23; 37; 38; 54; 67; 78]
ke T 72
R( ) Zﬁ 322 for a=: (95)
The condition D = can readily be checked to hold for typical microbiological
systems.

For the stochastic immersed boundary method, it is shown in 8bsection 5.2.1 that
this general behavior is recovered with

#
ke T 172

3=2 2_ 2_ .
= for a“= L “=; (96)

R()  Ce

whereCpg = 4%. The constant prefactors di er slightly due to the di erent ways
particles are represented in the physical model and immerseboundary method.

The restriction that L 2= for the 3% scaling in the immersed boundary
method is a nite size e ect which should have an analogue forphysical Brownian
motion. For very long times where L 2= the correlation function R( ) decays
exponentially, with rate governed by that of the lowest wavenumber modes in the
Fourier series (93). However, by these times the autocorration function would

already be very small so this very long time regime is of litte practical interest.

These results show that the decay of the particle velocity atocorrelation function
in the stochastic immersed boundary method has the correct saling with respect
to time and physical parameters.

5.2.1 Derivation of Algebraic Decay of Velocity Autocorrgtion Function

In this discussion, the reference to wavenumber& implicitly indicates the value

within the equivalence class of aliased wavenumbers such & each component
jk@)j  N=2. For this purpose one can choose any scheme to select a unéualue
when k lies on the boundary of this set.

First observe from the scaling properties of Fourier transbrms and the de nition of
a from (A.2) that

N N

1 o
ak a0 = L3 for jkj L=a; (97)

and ’\a;k decays rapidly with respect to jkja=L. Along with the fact that the high
wavenumber components oR( ) decay at a faster rate  than the low wavenumber
components, it then follows from the Fourier series represgation 93 for the particle
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velocity autocorrelation function that the sum will be domi nated by the terms with
jkj . L=a

Over the intermediate asymptotic time interval indicated i n 96, the time t is small
compared to the decay time E L 2= of the low wavenumber modesjk|

1, but large compared to the decay time ¥ g a’= of the (relatively high)
wavenumber modesjkj L=a corresponding to the length scale of the patrticle.
Combining these observations, there exists a time-dependénwvavenumber scale
kc(t) which satises 1 ke(t) N=2 such that e «! 1 for jKkj ke(t) and
e «(® 0 for wavenumbers such thatjkj  kc(t). Consequently, over the interme-
diate asymptotic time interval, the Fourier series 93 is domnated by contributions
from wavenumbers 1 j kj. Kc(t)  N=2. These observations allow us to make the
following simplifying approximations over the time interval a?= t L 2= :

The prefactors multiplying the exponential in each Fourier series term may be
approximated by their low wavenumber limits:

j“aki® «  2=L8for jkj N=2 (98)

The decay rate in the exponential may be approximated forjkj  N=2 by its low
wavenumber asymptotics

K AjkjZA=4 2 1L 2% (99)

The Fourier sum may be extended to the full integer lattice, because with the
replacement 99, the additional terms for large wavenumbersvill be exponentially
small and make a negligible contribution.

This Fourier sum over the integer lattice can be approximateal by an integral over
continuous k, because the dominant contribution comes from a large numbreof
lattice sites 1 j kj . Kk¢(t), with ke(t) 1.

Applying these simpli cations and then changing to spherical coordinates with ra-
dial variable k = jkj, we obtain

z
2kg T L
R( ) Lfg exp( Ajkj2 )dk

R3
Z
_8kpT "1

_4f?,0r
_8kgT1 1 1
- L3 2 2A 2A

k?exp( Ak? )dk
!

where the second equality follows readily by using standardacts about Gaussians.
In particular, the integral can be treated as the expectation of the second moment
by introducing the standard normalization factor. Using 99 and simplifying the
expression yields 96.

38



5.3 Equilibrium Statistics of Immersed Particles

For the particle- uid system with the xed temperature T, volume V, and number
of elementary particles M, with the particles subject to a conservative force eld,
we have from statistical mechanics that the equilibrium probability density of the
elementary particle positions should have Boltzmann statstics:

E(fXg .
ke T

(1XQ)= 7 exp

whereE is the energy of a con guration of elementary particles. Thefactor Z is the
normalization factor so that the density integrates to one. The Boltzmann distri-
bution arises from the thermodynamic condition that the equilibrium probability

distribution of the microscopic states maximize entropy whle maintaining a xed
average energy for the system [70].

x 10
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Fig. 4. Boltzmann Distribution vs Numerical Equilibrium Di stribution. The spher-
ical potential energy has the parametersR; = 125, R, =250, c=6kg TR, R3).
The simulation was run with the parameters N = 16, L = 1000 nm, X = L=N,

=6:0221 10° amu/(nm ns), =602:2142amu/nm3, T =300 K, t=1000 ns.
200, 000 time steps were simulated.

In deriving the thermal forcing of the system in Subsection 33.3, only the energy
associated with the uid modes was considered. When immersk structures are
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subject to a force, it is not entirely clear that the correct equilibrium distribution
for the system as a whole will be attained.

When formulated in continuous time, the uid-particle coupl ing in the immersed
boundary method conserves energy exactly [64]. While this ey suggest that the
correct equilibrium statistics should be obtained (up to the appropriate de nition

of an e ective temperature), the discretization of time in t he numerical method
could in principle disrupt it, particularly since we are not employing a symplectic
method [57; 74].

We now show that the numerical method from Section 3.1 appeas to yield results
consistent with the Boltzmann distribution, at least for th e statistics of the position
of a single immersed patrticle. For a more rigorous approachni which the Fokker-
Plank equations associated with the stochastic immersed bhandary method are
analyzed, see the related work [3].

To facilitate calculation of the equilibrium statistics, t he particles are subject to a
radially symmetric external force depending onr = jX| with the potential energy

0; r<R 1
c(r Ry); Ri r Rz (100)
¢ (Rz2 Ri);r>Ry:

V(r)=

W AW 00

It is assumed that ¢ > 0 so that this can be thought of physically as the potential
associated with con ning patrticles to a spherical chamber 6 radius R». The inner
radius R is used to soften the particle-wall interactions to avoid issies of numerical
stiness and Ry is taken signi cantly smaller than the spatial period of the lattice
L.

For a single immersed particle, the Boltzmann distribution for its radial coordinate

_ar? V)
ke T °

(101)

where Z is the normalization factor.

In Figure 4, the equilibrium statistics of immersed particles simulated with the nu-
merical method are compared with the Boltzmann distribution 101. The simulations
were performed with Ry = 125nm, R, =250nm and c=6kg T=(R, R31) with the

parameters of the uid-particle system given in Table 2.
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5.4 Osmotic Pressure of Con ned Non-interacting Particles

Osmosis is a phenomenon that occurs in many microscale biagl@al systems. When
di using particles are con ned to a chamber by a boundary which is permeable
to uid but less permeable to particles, a pressure di erene develops between the
inside and the outside of the chamber. This di erence is refered to as the \osmotic
pressure”.

When the con ning boundary is impermeable to particles and the system is in
equilibrium, van't Ho 's law [70] relates the osmotic pressure to the concentration
of the con ned patrticles as

Posmosis— Coke T;

where ¢p is the number of particles per unit volume in the chamber. Mot precisely,
when the number of con ned particles is small enough that theinstantaneous pres-
sure uctuates, then van't Ho 's law should describe the ensemble or time average
of the pressure di erence that arises from con nement.

One should see a signature of van't Ho 's law in the uid pressure when a collection
of M non-interacting particles in a conservative force eld with potential V are
simulated by the stochastic immersed boundary method, giva that the method

was shown in Subection 5.3 to produce correct Boltzmann eqlibrium statistics.

Indeed, taking the expectation of the velocity, force, and pessure with respect to
Boltzmann's distribution (ensemble average) in the uid equation 1 gives

0=rh p(x)i + h‘prt(x)i: (102)

This is obtained using that hui = 0 and Hi,,,1 = 0. The notation hi denotes the
ensemble average over the thermal uctuations andhpi denotes the average of the
uid pressure eld.

The ensemble average of the conservative force eld with pantial V at location x
is

Mr V(X v
()

(x)
prt ()i = —— T (103)

The average pressurdp(x)i can be determined up to an additive constant from
102 and 103 by taking the line integral inx. From the fundamental theorem of line
integrals with the additive constant set to zero (to give the appropriate decay at
large x) we have
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Fig. 5. Time Averaged Radial Pressure. The spherical poterial energy has the para-
metersR; =125, R, =250, c=6kg TR> Rj). The simulation was run with the
parametersN = 16, L = 1000 nm, x = L=N, =6:0221 10° amu/(nm  ns),
= 602:2142 amu/nm?, T =300 K, t = 1000 ns. 200000 time steps were simu-
lated.

Mp(X)i = —e kT kg T (104)

By the assumption of Boltzmann statistics for the immersed particles the concen-
tration eld is

Co(Xx) = e keT:

Substitution into 104 and integrating over the chamber gives van't Ho 's law. This
derivation also indicates that the stochastic immersed bondary method has a uid
pressure eld which should respect the local formulation ofvan't Ho 's law:

Po(x) = Co(X)kg T:

From a statistical mechanical point of view of this derivation, this uid pressure
can be thought of as arising from the uctuations of the systen which persistently
subject a particle to the con ning forces in the vicinity of t he wall with a frequency
determined by the Boltzmann statistics. The forces are thentransferred to the uid
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by the viscous particle- uid interactions. Similar \mesoscopic” points of view of
osmosis have been used in [4; 21; 61].

In Figure 5, a comparison is made of the pressure predicted bg local van't Ho 's
law taking into account the local solute concentration and the time average of the
pressure eld of the uid obtained in a numerical simulation using the stochastic
immersed boundary method for an immersed particle con ned ly the spherically
symmetric potential given by equation 100.

Another quanti cation of osmotic pressure is the average face per unit area exerted
on the walls of the chamber which con ne the solute. For a sphdcal chamber of
radius R in which the solute exerts a (generally repulsive) areal fote densityF y, (2)
on a portion of the wall boundary @ at relative location z, this osmotic pressure
is given by:

Z Z
_ 1 y
Pwall = 7R 2 o Fow(y X) EC(X) dy dx (105)

where c(x) denotes the average concentration of the solute particlesNote that
this formula applies also when the solute particles interat with each other. We
will only be considering isotropic wall-solute interactions (and uniform distribution
of wall molecules) so that we can write the force density in tems of a (typically
nonnegative) scalar function gow (r): Fpw(z) = Gw(jzj)z=zj and the concentration
density asc(x) = c(jxj). The expression in equation 105 for the osmotic pressure on
the chamber wall can then be simpli ed by integrating over the angular degrees of

freedom: Z
— 1 2
Pwall = R? . h(r)c(r)r<dr (106)
with
z y
h(jxj) = Fow(j xj) —d
(ixJ) pw(iy  Xj) i
R+r
= - qu( ) 2+R? r?d: (107)
R r

The function h(r) can be interpreted as the integrated normal force applied 6 the
wall by a solute particle located a distancer = jxj from the origin. The change of
variable used to obtain the last integral was = jy X].

When the potential con ning the solute is \hard-walled," in t he sense that the
solute-wall interactions occur only in a very small boundary layer of the wall, the
two formulas 106 and 104 give the same values for the osmoticrgssure, up to a
small di erence which vanishes as the width of the boundary &yer is taken to zero.
For potentials which are "soft-walled" in the sense that solue molecules interact
with the wall on a length scale comparable to the magnitude ofthe uctuations of
the size of the solute molecules, as in Subsection 5.5, the emage pressure of the
uid and the average pressure exerted on the wall may in fact der. In related work,
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we are investigating the various pressures associated witbsmotic phenomena and
exploring the in uence of nite wall and molecule sizes [5].For a discussion of how
the osmotic pressure can be used to drive uid ow in a mesoscpic pump, see the
related work [4]. We now present a few examples to demonstrathow more complex
structures immersed in the uid can be simulated with the stochastic immersed
boundary method and to show how the osmotic pressure assode&d with wall forces

can be derived from the thermal uctuations of these structures as simulated by the
method.

Before proceeding in the following subsections to considessmotic pressure e ects
of more complex structures, we remark that the wall pressurecan be computed from
the average of the radial con nement forcefegni(X) =  fconf(jXj)X5X] acting on the
particles and equation 105 in the case of a spherical chambefrom Newton's third
law (principle of equal and opposite forces):

Z
feont(X) = o Fow(y X)dy;

re-expressed using the isotropy of the forces involved, we ha:
Z

X_

y X
- = dy:
IX] Y

iy Xj

In spherical coordinates, this can be written:

f conf (JXJ) q(jy XJ)

R YA R+r
feont(r) = re q( )(r2 R? + Z)d:

R r

If the model for the solute-wall interaction force can be assmed to vanish at separa-
tion distances comparable to the chamber radius, then thisitegral relation between
gand f can be inverted to obtain:

108
) 7. (108)
q( )= SR 2 (R )fEm(R  )+(R+ Neoni(R )+ . f cont (S)ds
The pressure on the wall can then be computed from the e ectie bulk con nement
force f ¢oni(r) using 106, 107, and this inversion formula.

5.5 Application: Simulation of Interacting Immersed Partides and Osmotic
Pressure

We now discuss application of the stochastic immersed bouraty method in deter-
mining the osmotic pressure when the con ned particles canriteract. In particular,
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we consider the case in which particles interact in distinctpairs (dimers) through

a spring with non-zero rest length and are con ned to an approxmately 400nm

spherical chamber. Note that the solute particles are conred in a microscopic
chamber, in the sense that the chamber diameter is comparablor smaller than the

length-scale associated with the solute particle interactons between the monomers.
This is in contrast to a macroscopic chamber in which solute prticles interact on

a length-scale very much smaller than the chamber diameter agh where the van't

Ho law is well established with the osmotic pressure dependhg only on the number

of solute particles and not on their physical characteristts. For example, in micro-
scopic chambers the amplitude of the uctuations of a soluteparticle's diameter

may be comparable to the chamber diameter and play a non-negjible role in the

osmotic pressure associated with con nement.

To investigate these e ects, we consider how the osmotic presure changes as the
binding strength for a collection of dimers is varied. From the classical van't Ho 's
law, it would be expected that the osmotic pressure for tighty bound dimers are
half that of the zero-binding case (free monomers), because tightly bound dimer
behaves e ectively as a single particle. This concept is expited to suggest the
design of an osmotically driven pumping apparatus in [4]. Fom simulations using
the stochastic immersed boundary method, we can investig& how the osmotic
pressure varies between the unbound and tightly bound regiras.

Fig. 6. lllustration of ve distinct pairs of coupled partic les con ned in a spherical
chamber with the soft-wall potential given by equation 110. Smulations were per-
formed for ve pairs of particles coupled with interaction energy given by equation
109.

Each pair of particles is coupled by a potential energy corrgponding to a standard
spring model with nite rest length °

K . N
2(X1;X2) = E(Jxl Xaj )% (109)

where X 1 and X » denote the particle locations andK represents the spring sti ness.
Each monomer at locationx is subject to a con nement force given by the radially
symmetric potential:
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8
EO, jX] Ryq;

10)=_ S (xj R)* R1 jxji Rz (110)
(R, R1)%;jxj Rz

This potential can be thought of as arising from the interaction force of the con ned

solute monomers with particles distributed uniformly over the walls of a spherical
chamber having radiusR = R,. The formula given in equation 108 gives the re-
lationship between the monomer-wall interaction force and te radial con nement

force. For the simulations the parameters were chosen as= 100nm, R; = 375nm,

R, =400nm, Co =8kg T=(R> R31)?. The setup is depicted pictorially in Figure 6,

and movies of the simulations can be found in the Supplementaviaterials.
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Fig. 7. The geometrically weighted particle concentration c(jxj = r)r? of the

monomers in the spherical shell of radiug used in equation 106. As the coupling
is tightened, the particle concentration has more weight atsmaller radii. The con-

centration is shown only over the boundary layer over which he con nement force
is exerted.

Figure 7 displays the results of simulations with the stochatic immersed boundary
method that show that as the sti ness is increased, the partcle density decreases for
each radiusr within the region of the con ning potential. The pressure consequently
drops with increasing coupling sti ness, as shown in Figure8. We see also that, in
accordance with van't Ho 's law, the pressure in the strong coupling limit, where
the particle pairs behave e ectively as single entities, iscut to roughtly half from
the no coupling case. We observe deviations from the classitvan't Ho law when
the length scale of the bound molecules is comparable to thabf the wall or the
chamber.

An intuitive statistical explanation for the pressure drop is that a strongly coupled
particle is less likely to venture far into the con ning potential because roughly
half the time its partner will encounter the con ning potent ial rst, be repelled,
and pull its accompanying particle back away from the con ning potential sooner
than it would have on its own. In more physical terms, the entropy of the particle
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Fig. 8. The osmotic pressure for con ned dimers as a functiorof coupling strength.
As the coupling strength of the dimers increases, the osmati pressure decreases in
a non-linear manner. The osmotic pressure value for unbound nomers is approxi-
mately double that of the the tightly bound monomers, which is in accordance with
what is expected under van't Ho 's law. Deviations from van't Ho 's law are ap-
parent for intermediate coupling strengths for which the length scale of the dimers
is comparable to those of the chamber and the wall thickness.

pairs decreases and consequently the entropic penalty assated with con nement
is reduced as the coupling strength increases. For couplingalues that make the
dimer length scale comparable to the microscopic chamber &, the osmotic pressure
assumes an intermediate value which is not well described bg van't Ho 's law.

5.6 Application: Simulation of Polymer Chains and Polymer Knis

A fundamental feature of the stochastic immersed boundary rethod is that each
structure evolves according to a local average of a common id velocity eld.
The method therefore automatically captures the physical fnenomenon that the
velocities of immersed structures become strongly corretad when they are close
together in space. Mathematically, the solution map of the mmersed structures and
surrounding uid volume, which maps a con guration of the u id and structures
at a reference time to the solution con guration at a later time t, can be viewed
as a homeomorphism. Consequently, in the continuous-time &mework, the method
preserves topological invariants of the immersed structues, such as the knottedness
of a continuous closed curve, as they evolve. This is in confist to other simulation
methods, such as Stokesian Dynamics [15; 75; 77], which wallkequire explicit
excluded volume constraints and/or repulsion forces betwen monomers to prevent
topological changes.
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Fig. 9. The bar graph shows the average concentration of momoers within the
chamber in the boundary layer in which they interact with the con nement forces
(Subsection 5.4). As the knottedness of the polymer increas, the monomers are
more restricted and concentrate on average toward the chamdr center spending less
time interacting with the con nement forces. As a consequere the concentration
of monomers in the boundary layer decreases and the overallr@ssure drops (Table
1). The parameters in the simulations were taken the same asiSubsection 5.4.

Table 1
Osmotic Pressure of Polymer Knots

Knot Type Osmotic Pressure (amaEnm  ns?)
Unknotted 0.16

Trefoil Knot 0.0439

Figure Eight Knot | 0.0392

To demonstrate this feature of the method in practice (with nite time step) and
to show how worm-like chain polymers can be simulated, the stchastic immersed
boundary method was applied for a generic polymer chain, a pgmer trefoil knot,

and a polymer gure eight knot. From these simulations the osmotic pressure of
con nement was estimated for each of the polymers. The rest$ of the average
concentration of the polymer monomers, which determine theaverage radial force
density exerted on the con ning wall, is given in Figure 9. As the knottedness
of the polymer increases, its constituent monomers spend $s time at large radii,
and as seen in Table 1, the osmotic pressure is signi cantlyeduced. An intuitive

explanation is that as the knottedness of the polymer increaes, this restricts the
intrinsic con gurations accessible to the thermally uctu ating polymer. In physical

terms, the knottedness reduces the entropic penalty of coming of the polymer.
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Movies showing simulations of the thermally uctuating pol ymer knots can be found
in the Supplemental Materials.

5.7 Application: Simulation of a Basic Model for a MoleculaMotor Protein
Transporting a Membrane-Bound Cargo Vesicle

Fig. 10. lllustration of the basic model of a molecular motor protein immersed in
a uid and towing a deformable cargo vesicle. As the uid ow strengthens, the
hydrodynamic drag on the cargo increases and a load force ixerted in opposition
to the motor transport. For large opposing uid ow, the carg o deforms.

We now discuss how more complex systems can be simulated witihe immersed
boundary method. On a subcellular level motor proteins intaact with cytoskeletal
structures, such as actin and microtubules, to generate fare and to transport mate-
rials within the cell. For example, neurotransmitters are produced in the cell body
of neurons and transported by kinesin motor proteins along &ons to the vicinity of
the synaptic cleft where they are packaged for future releas [8]. We demonstrate
how the stochastic immersed boundary method can be applieda simulate a basic
model of a molecular motor protein immersed in a uid moving aong a lament
which transports a cargo vesicle (Figure 10). The motor protin is modeled as a
Brownian Ratchet [41; 66] and the cargo vesicle is modeled bg triangulated mesh
which forms a membrane enclosing a spherical volume. The ned of the mesh are
linked together by springs of the form given in equation 109 \ith non-zero rest
lengths determined by the distance between nodes in an iniéil spherical con gura-
tion. The cargo is linked at the vesicle surface to the motor ly a spring of the form
given by equation 109 with a non-zero rest length of approximgly 100 nm. The
spherical vesicle has a radius of 125nm and the ratcheting farvals (light and dark
inset of Figure 11) are of length 100 nm.

To examine how the mean velocity of transport by the motor pratein behaves under
di erent loading conditions, simulations were performed in which a hydrodynamic
drag force is generated on the vesicle cargo by a bulk ow of ta uid [8; 41]. The

mean velocity for di erent strengths of the countering uid ow is plotted in Fig-

ure 11, where we see that for signi cantly large opposing ow the motor can almost
be made to \stall". The stochastic immersed boundary methodallows for hydrody-
namic e ects associated with the shape and deformation of agos to be investigated.
These e ects, not typically considered in other numerical smulation approaches
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Fig. 11. The mean motor velocity vs the hydrodynamic drag force. The data points
joined by the solid curve shows the mean motor velocityX = obtained from sim-
ulations over approximately = 3ms. The dashed curve shows the mean velocity
for an idealized ratchet having a viscous drag comparable tahe spherical vesicle
and subject to a constant load force the same strength as theydrodynamic drag
force [41; 66].

for molecular motors, may have important consequences for otor/polymerization

ratchet transport when more details of the motor are taken irnto account or with

more complex cargos such as membrane tubes, small cell orgdles, or chromo-
somes [8; 43; 69]. More sophisticated models can also be far@ted within the

stochastic immersed boundary method framework, such as thease in which mul-
tiple motor proteins transport a common cargo, interact by crosslink cytoskeletal
laments, or include additional mechanical degrees of fredom of the motor protein
itself. Some movies of our motor protein model transport sinulations can be found
in the Supplemental Materials.

6 Conclusion and Discussion

In this work we have discussed how thermal uctuations can beincorporated into
the immersed boundary method in a manner consistent with thelaws of statistical
mechanics. A new stochastic numerical method was proposedhat allows for a range
of time steps to be taken in which the fastest degrees of fre@n of the uid-particle

system are either underresolved, partially resolved, or fliy resolved. In addition,
the numerical method was designed to take into account in a sstematic way the
statistical contributions of the thermal uctuations over long time steps with the
correct correlations between the particles and uid.
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To investigate the behavior of the immersed boundary framewrk and the stochastic
numerical method with respect to well-known laws in statistical physics a number
of theoretical results were obtained for the method and compred with numerical
simulations. In particular, it was shown that immersed particles simulated with
the numerical method exhibit the correct scaling in the physdcal parameters for
the mean squared displacement in three dimensions. It was &b shown that the
stochastic numerical method captured inertial e ects of the uid with a velocity
autocorrelation function for a particle that for long times decays with algebraic or-
der 372, We further found that particles appear to have the correct Boltzmann
equilibrium statistics. Moreover, the method was found to produce the van't Ho
law of osmosis for a particle con ned to a spherical chamberacovering the correct
osmotic pressure. In addition results were presented whickhowed how the osmotic
pressure could be computed for interacting pairs of partioks and worm-like chain
polymers, including a trefoil and gure eight polymer knot. A more complex appli-
cation of a basic model of a molecular motor protein immersedn a uid and towing
a vesicle-bound cargo subject to a hydrodynamic drag force weasimulated and the
force-velocity statistics computed.

These basic physical checks indicate that the stochastic imersed boundary method
has the capability to capture many important features of thermally uctuating sys-
tems involving immersed structures which interact with a uid. The results pre-
sented suggest the promise of the stochastic immersed bouads method as an
e ective approach in modeling and simulating the mechanicsof biological systems
at the cellular and intracellular level.
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A The Representation Function a for Immersed Particles

In the immersed boundary method, it is required that a function 5 be specied
to represent the elementary particles. The representationof this function is often
derived from the following function  which is known to have desirable numerical
properties [64]:
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For three dimensional systems the function 5 representing elementary particles of
sizea is

! ! !
1 r (1) r 2 r (3)

a(r) = 2 a a a ; (A.2)

where the superscript indicates the index of the vector compnent.

To maintain good numerical properties, the particles are restricted to sizesa= n X,
where n is a positive integer. For a derivation and a detailed discusion of the
properties of these functions see [64].

B The Fourier Coe cients of the Function a Used to Represent
an Immersed Particle

Throughout the paper it will be useful to consider the Fourier coe cients of the
function 4(x X) used to represent an elementary particle situated at posiion
X. While the function is de ned for all x 2 , it is often useful to consider the
restriction of the function to the discrete lattice points fx,, = m xjm 2 Z,%, g.

We will use the following notation to denote the discrete Fouier transform of the
delta function restricted to the lattice:

1 X

N3 a(Xm X)exp( i2 k m=N):

Aa;k (X)=

m
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The dependence of the Fourier coe cients on the particle pos#tion X (relative to
the lattice) is explicitly noted. When the dependence onX is not explicitly noted,
then we will be referring implicitly to the discrete Fourier transform of the delta
function when centered on a lattice point: "5 := "4k (0).

C Autocorrelation Function for the Velocity Field of the Flu id

In this section the autocorrelation function is computed for the velocity eld of the

uid in the absence of forcefprt = 0. This is done by representing the velocity
eld in Fourier space and computing the autocorrelation function of each modek.
From equation 50 and standard stochastic calculus the steagtstate autocorrelation
function of the k™ mode whens >r is

E 0x(s) Ok(r) (C.1)
Z Z,

=2DE e« W}2dBy(w) e G M 2dB(g) ; (C.2)
1 1

where the notation} { denotes projection orthogonal togx as de ned in Subsection
3.3.2.

By applying Ito's Isometry to C.2, and observing the symmetry under the inter-
changes $ r, the autocorrelation function is given by

8
<3%ekbﬂnk2K

E 0@ () = " (C3)
4=ke KIS Tif k 62 K
= k‘kf-‘l?:e kjS I’]’
where
8

<3 k2K
K= . (C.4)

2. k62K

and the index setK is de ned in 23.

The factor ¢ arises from the incompressibility constraint 16, the real-aluedness
constraint 19, and the dimensionality of the space orthogoal to gx. See Subsection
3.3.3 for a discussion of how the constraints a ectDy.

The spatio-temporal correlation function of the velocity eld u is then given by
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X X
E (un(s) un(r))= E 0k(S) uko(r) exp i2 (n k° m k)=N
KO
= E Ok(s) Okx(r) exp(@2 (n m) k=N) (C.5)
k
ke T X o ]
= —B3 ke IS Texp(@i2 (n m) k=N):
k
To obtain the second equality, we used the statistical indegndence of the Fourier
modes of the velocity eld when the indicesk and kP are distinct and do not corre-
spond to conjugate modes (see 19). When the indicds and k°do refer to conjugate
but distinct modes, then the average vanishes because a meaero random vari-
able Z with independent and identically distributed real and imaginary components
satis es hz2i = 0. The last equality follows by substitution from equation C.3.

D Constants: Accuracy and Error Estimates

The non-dimensional factorsQ appearing in the error estimates in Section 4 are
approximately independent of the physical parameters. Forcomparison of the theo-
retical error estimates with numerical simulations, it is useful to compute the factors
for speci c physical parameters to obtain estimated values Evaluation of the ex-

pressions for theQ constants for the system with parameters given in Table 2 gies
the following values:

Q1 =0:5625
Q,=7:8684
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Table 1
Parameters of the Method

Parameter | Description

ke Boltzmann's constant
T Temperature
Period Length of Fluid Domain

Fluid Dynamic Viscosity

Fluid Density
N Number of Grid Points in each Dimension
t Time Step
X Space Between Grid Points
a E ective Elementary Particle Size (approximate radius)

Table 2
Values used in Numerical Simulations

Parameter | Description

T 300 K

L 1000 nm

6:0221 10° amu/(nm ns)
6022142 amu/nm?®

N 32
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Table 3
Notation Conventions

Parameter | Description

a Representation function of an immersed elementary partiat of sizea
ak The k' Fourier coe cient of the particle representation function
K Damping of the k™ Fourier mode

Dk Strength of the thermal forcing of the k" Fourier mode

Um Fluid velocity at the m™ grid point

Ok The k™ Fourier mode of the uid velocity eld

U Smoothed uid velocity eld for immersed elementary partic les

Xm Position vector of the m™ Eulerian grid point

x 01 Position vector of the j " immersed elementary particle

fort Force density arising from the immersed structures

fihm Force density arising from the thermal forcing

fi The k™ Fourier mode of the structural force density eld
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