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Chapter 1
I ntroduction to Asymptotic Approximations

1.3 Order Symbols

1 gii)aE2,v)a<l
2. ¢)f=-g=1eand ;=0

1.4 Asymptotic Approximations

1 d) fg>>f,>>f >>f,>>f.>>f, , e f;>>f,>>f, >>f ,, g)not possible

2. b) 292(1 + 3¢%8) , c) sinh(L) + excosh(1)/2- €% 8, d) eX(1- ex¥2), g) 1+
en(n+1)/2]

3. b f=eland f=-e1:musthave f- f =0(1) ; Yes, becausegivenany d>0
wecanget 1f- fi <difi . Butf=0()p 1fi £K andsogivenany d>0 we
canget 1f- fi <d

5 b)f=1+€®,g=-1+¢,f=1andj =-1 with e;=0

C
9. [[Sl]~ 45 9(@- De’+0(e?

1.5 Asymptotic Solution of Algebraic and Transcendental Equations

1. (¢) -2+e,1+€, (e) U3+e8l,+@3e)Y2- 16, (f) e+e®, e x1- /2),
(@ +(¥2- DV2. g2+ (1- €Y V23 (h)1- 3W2%2,-1+€2,
p

(i) setting f=x- gxp(esin(x+s))ds then f(0) <0 <f(2p) and f¢>0 for
0

0<e<1/3 b only onesolution; x~p - 2e, (M) x ~ (- Ine)¥3( 1+ e/(2n%e)),
(N x~e(l+ea+a(a- )ef+...),
(0) p(r) ~py+pyr+ ... B x~py Y2e- p,I(5p,"3),
(p) X, ~e(l+ee+.) and x ~k(z- z1- 15272+ ...) where z>1 satisfies
zexp(-z)=e b z~z5+In(z) +In(zy)/z, where z,=In(e 1) ]

2. @ x~k+ex, where x, = (- )*210k™® /[(k - 1)!(20- K)!]
b) e<22x10 1!

3. a Xx~-cos(1) + 2esin(1)cos(l) + ...
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b) P~2p(1+ 100€?)
6. b) E~M +esin(M) + fezsm(ZM) + 1e3(33m(3M) sin(M))
7. @) k(s)~¢elb

y

8. x,~eln(3lyy) - ezyl/y0 wherey, =y(0) » L.3andy, :% In(y/3)In( 2. Oyo)

9. @ | ~lI,+el; where | ; isaneigenvaluefor A and | | = (xOTDxO)/(xo-xO)
b) I ~1+el; where Dx=1,x

10. A"l- ea"lBa?t

11. @) AT+ K 1BTP, - ATBAT) where K =ATA and P, =1 - AAT

1.6 Introduction to the Asymptotic Solution of Differential Equations

2. Q) t,~2+4e
3. b) y~y,+ey, where y,=-t/a+(1+a)(l- e?)/a? and
t t
ay, = Cf(s)ds- g at c\[)(r)eardr

c) Method 1:if y,(ty) =0 with t;>0 anda >0then i) y,(2) >0, ||)—t <0 if t,
>1,andiii)a=1pb 1.5<t0<1.6. Thus, 1<t;<2" a>0;Method2: a <<1

P t~2- 2a/3b decrease
1

4. | ~np(1- k.e) where k= c\y(x)sinz(npx)dx

0
2

5. @) y~Acos(npx) and w~np +€%(2- a®- a4)npA2 for n=1,2,3, ...
16a
8 8 | ~d  +a | where | (=K(00), | ;= 3[K,(0,0) +K(00)], and
Y ~Yo(X) +ay,(x) where yy(x) = K(x,0)/K(0,0), y, =[K(X,0) - 2 1y,(x)]/(2 ()
o) | asin(@and f ~1+aK (0,0)(x- 1/2)/K(00)

¥ ¥ .

0?
9.¢) E = dlyo dx and E,= - O’O 86\/ 1)y0 ds— dx

7]
d) yo=Agexp(- 2Ex?) . Ag=(l/p)*
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12. fi.c,+ f(cy) = ag(t) where ¢ (0) =0 and a = ¢W,¢/oWe
13. @) ii) LY. =1, +eff,”- f,1, - f 1) +O(€) evaluatedat z=0
14. b) r ~®M(b- 1)(1- D/2]" where r=1+es
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Chapter 2
Matched Asymptotic Expansions

2.2 Introductory Example

1.
2.

11.

12.

13.

15.

a y~ax+(1- a(l- eXe
a) BL at x=0; y ~(3+x)" Y2 & Z1/3 where X = x/e
1
b) BL a x=0; y ~g(x) - g(O)e'S‘ where g(x) =1- )(s)ds and X = x/e
X
c) BLatx=0; y~e(l+2x+2€ 5‘)/3 where X =x/e
d) BLatx=0; y~sech()[ - sinh(l) - €%+ (1 +e)e*] where X = x/e
e y~-3x+4(5- 3¢ %)/(5+ 3¢ %) where X = x/e!/?

g v~ (1L+7x3Y3 - 2Y23/[sinh(z) + 2Y2] where z = 3V2x/e + arcsinh(2%?)

1 1
a) y~bF(x,1) - &(x,)g(rdr +e PO¥Ia - pbFO0,1) + 0eF(o,r)g(r)olr] where g(r) =

f(r)/p(r) and F(xr) =6XD(X@1(S)/D(S)dS)
¥

ay~1+ e -k 1+a) Q¥ *?4s where x = x/e?® a=2¢1, and

X
k=3G3)
a) y ~f(x) - f(O)exp(- X/2) where X = x/e!?
b) y~f(x)- f(O)exp(- q(0)X%/2) where X = x/e!2

- - -1 - R
a) y~9g- 1) 1) - (0 1 +g()e t+dg,- (g- ) HOIe® T - el
where 1t =t/e

1, + f(cy) = ag(t) where c,(0) =TW " Ld)dv and a =1 W, T /TWE
w

112
a) y~x+12z/(1+2)? where z=¢? X€
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2.3 ExamplesWith Multiple Boundary Layers

1. a BLax=0,1, y~1- x- exp(- x/e1/2) - exp((x - 1)/e1/2)
b) BL &t x=0,1; u~- f(x) +f(0)e EOY2 4 f(1)e¥EMY2 \yhere x = x/el2

c) BLatx=1;, y~(2- ezx)/(2+e2X) +(1- A)e7 where X = (x - 1)/e and
A=2- A2+
d) BL atx=0,1; y ~- €(x) + (f(0) + 1)e'y+ (ef(2) - 1)e’~‘ell2
e BLax=01; y,= \/1 + X2
g BLax=01 y~e - e* +(4- e)¢ where x=x/e”*
h) BL ax=1; y~7- \/9- 2x +Y(X) where
Y

0
g%zx for A = (- 10+ 7W7)/3
o A-TII2+r73
-2
) BLax=1

j) BL at x=0,1 & 2nd term for matching; y ~- x + 2e X 1 46X where r=-1 +1/5,
X=xle and X=(x- 1)e

k) BL at x=1; y~Y(X) where X=(X - 1)/e1/2 and

dr

\/2(r -In(r) - 1

) BLatx=0,1; y~e+Y(X)- 1+Z(X)- e' where

=-xX

<
(@@ e} N

Y

8 dr -5
bS] r\/2(r- In(r) - 1)
2

m) BL at X=1; y ~y,(X) +Yy(X) - a where %yog’ - ¥o=6- kx for y,(0)=3, a=

Yo(D), X=(x- 1)/e, and
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Yo
8 4dr _g
o (r2 - a2)(r2 +aZ+ 2)

2
2. BLa x=0,1; y~k, {(1- e ®"De XD ang k~k +.. b Kk =213
3. @) y~H(O)/H(X) + Y,(X) - HO)/H(L) where X=(x - 1)/e and
HO) - HOY,
H(0) - H(D)

XIH(2) = HQA)(Y - 1) + HO)Inl

4. b) | ~n’p?(1+4e+ (12 + n’pd)E)

5.y ~- f(x)/G(X) + (a + fJa)doX/® + (b + f,/q,) €1 D€ where f,=1(0), etc. and 1,
=-Pp- [Py * g and 1 =-py+\[p°+ gy

6. a g=(b- a)/2
b) f =ea +e'2gF (x,0)
c) outer: f ~eaV/@*D :pdy layerat x=0: F ~- /(B + kx/(k+1)Y2)VK where
k=(2k + 1)/(2k +2), B=(-g(k + 1)Y2) K+ and % = x/&X ; solution symmetric
about x =1/2

d) it'snecessary to find the second term in the boundary layer to be able to match |
e) g=(b- al W)/i W

2.4 Interior Layers

1 @) ILax=12; y~erf((x- U2)~[2e)

b) ILatx=0; y~-2/x for x* 0 and Y ~4e 1/ZYM(l,I:’»IZ,- 72) where x=x/e/2
c) for O£x£112 , y~(g - x)"1- 2B-DeB¥/(1 + DeB¥) and for 112 ExXELl, y~-

1,01 X P
(5 +X)° 1+ 2B/(1+De™) where B= 15 ,X=(x- 3)le

d BLatx=0 andIL at x=3/4; for 0OEX£3/4, y~Y,- 3exp(- 3x/16) and for
JAEXEL, y~Y + [ (x- VY2~ 1n2]/(x - 31432 where
Y, =1+K[ G- UAM(3/4, 1/2, - X4/4) + GUAM(5/4, 312, - X°14) ]

Also, k™1=326¥43p)V2 | X =(x- 3/4)/e’? and X =xle

7 October 24, 2000



8.

e ILat x=7; for VZEXE£1, y~y,x)+Y,X)- a where y,- %y03:x/2+

1
2

1/6 for - -a, a=yy(l2+), x=(x- U2)le,and

oE

0
4dr

(r2 - az)(r2 +a%+ 2)

1£fy
Y
0

0
f) ILat x,= 12

y~1+(1- x2)1/2 for 0£x<xs:\/§/2 and y~0 for x,<x<1 near x=1,y~
Y, where (2- 3/Y Jexp(3/(2Y ) = gexp(B(Y— 1)/4) ; for x near X,y ~Z,
where 2/Z , + gln[ (312- Z)IZ,] =X +B for X=(x- xJle

b) BLa x=0,1; y~k(2x- 1)+ (-3- k)e?~‘ - ke’ where X = x/e and X=(x-
D/e

a) outer: y~ 2 (k+ (k* +4a)"2) for k=1- a - x/2; bdy layer: X = (x- 1)/e, 4a
=1-2a+(1+12a+4adY2 4p=- 1+2a+(1+12a+4adV2 and 0OLY £a
satisfies

( a-aY )a( b+bY )b _ Aatb)

X

o) y=-2+x4+1 & 29V where g(r)=(r- a)(r- b)- r¥3+ab and | isan
0

e dependent constant that makes y(1) = 3. The desired conclusion comes from the

factthat | ® O if g(r) <0 anywhereintheinterval O£r£1. If | ® O thenthe

layerisat x =h.
a8 T=Ty

b) T~1- dn(l- t)
c) T~T, - eT, where m=e¢ "exp(- (T, - 1)/(eT)) and

T

t+t,=- @ "exp(r/Ty,)dr
1
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2.5 Corner Layers

1. a) CL at x=1/2; youter~% + [x - %| and y
(x- 3)le

b) CL atx=1/3; yg e ~-1+3x- 3|

_1 X\ _ & % =
inner ™ 2 +¢g2n(l+e”)- X] for X=

c) CLatx=0; yo~-x€*, y ~x(2e- €
d) BLax=0andCL at x=5/8; yo =0 for 0O<x£5/8 and y =1- \/9/4- 2x for

5/8ExE1
e) BLax=0andCL at x=1/2; yo,=1/2 for 0<x£ 12 and y =x for V2EXE1;

BL at x=0
2. Yo ~1+e%y(M(-g 12, - (b- a%%2) - KXM(L/2- g 3/2, - (b- 8X%2)) where
=_a d k=~/2(b- h + 1/2)/Gh) for h= =2
9= 5p. g & (b-a) | )IG(h) for 2b-a)
3. BLa x=0landaCL a x =X  where xs~e1/2In(3/y0(O)); Y ~Yo(X) + 3¢ for

X;<x£1 and y~3e'i for O£ x <x, where X=(x- 1)/e1/2, x = x/e’2 and

2

P
& arctanh(r - 1)
Yo

4. a) boundary layersat x =0, 1 and acorner layer at x =1/3
b) thereisaninterior layer at x = %\/_2 3/8 andat x =11/8- %\/_2

C) interior layerat x = %\/_2 3/8, acorner layer at x =1/3, and aboundary layer at x
=1

2.6 Partial Differential Equations

t

4. @) u~h(x+s)+[g(t) - h(s)lexp[- xv(t)/e] where s= (y(t)at
0

b) the 2nd term in the outer expansionis u, (X, t) =th®Xx + )

7. b) X~gt) + 2e|n(B)/(u0+ - Uy )
8. a) outerlayers(x* 0): u~f(x- at)exp(- 2—2‘ (x + at)) and shock layer:
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X - at
9. uy=f(x- f(u)t) and U =F(Up) - skt)U, + A(t) where Fe=f, st= (F(u0+) -
Fug /Uy - uy') and A = (uy” F(ug™) - ug"F(uy )/ (ug' - uy)

u~ 2Pl f(0Yerfc(- 2) +1(07 )erfc(z) ] where z=

1 X 1 X r+m
12. c~ mnerfc(ﬁ)+(l- )erfC(Z*e(?)yz)

r+m

2.7 Difference Equations

4. @y, ~Ar,"+Br_" where r,=[-b+ (b%+ a?)12)/a

b) a=hp/2,b= hzqn/2 ; the 2nd derivative doesn't contribute

10 October 24, 2000



Chapter 3
Multiple Scales

3.2 Introductory Example

1. a) y~2s€n(t)/(4 + 3et)2

d) y~e2exp(- at/2)sin(t/e!’?)

3. q~ecos((1- €%16)t)

5. & y~A(t)cos(t) + B(t)sin(t) where A(0)=0, B(0)=1,

2p 2p
_ 1 . . _ 1 .
At=- 2 Or(- Asint + Beost)sintdt and B¢= - 2 Or(- Asint + Bcost)costdt

b) A=0 and B =3p/(3p + 4t)

7. f ~a[1- \2exp(- (1 + get /2)sin(t + p/4)]
9. @ f ~A(xt)exp[- iv(X)sin(t/e)] where 2iA +2A = vX2A
2)V2

10. b) q=qgexp(iwt,) where w=(bg- a and g, = (b, iw - a)T

0) p=agpyexp(iwt,) +cc where p,= (g iw+a)’

3.3 Slowly Varying Coefficients
t

2. y ~ D(et) Y4 (bD(0)¥*sint + aD(0)Y4cost) where t = @(es)'”zds
0

4. The higher order terms for the stability boundaries can be found in Abramowitz and
Stegun (1972), pg 724. Note, using their notation, a=4l and q=¢€/4.
X

7. b) s=g(x)/g(1) where g(x) = @1+ err(r)]”zdr and n=1g(2)

0
1

¢) h~ng)/2 P n~np- ev, where 4v, = @ks)sin(2nps)ds
0
d n=0p | ~lI,+el; wherel =np and | ; =v, - v/2=-np/2. Also, Y ~A(1
- ed4)sin(nps) + Besin(nps) and s~ x[1+ e(x - 1)/4]

11 October 24, 2000



3.4 Forced Motion Near Resonance

1. @ u~a+(ay- a)sin(q- eaq+p/2)

b) 2p(1+aZe)

c) Df »42.98"

2. b) A9 2+ (6w- A =1b A,=@3)"

3. @) y~A(et)cos(t + q;) where A=2 or A= 2[c/(c + 4exp(- et))]ﬂ 2

4. a) q~eX(sinwt - wsint)/(1- w?) + O(ed)

b) 2A¢=- cos(q- wet) and A, >+ 16wA, +8=0

5. y~eA(et)coskt + q(ef)] where Ay (3 A, 2- 2wk)=1

6. a) y~e’3AE3)codt + qe®>)] where A, fa’+(@w+A,H7 =1

b) yes

7. @) y~f(v)(1- € ®cos(t)) where g=b +a(v?- 1)

b) y~e 'Aet)cos(t + qp) where 2A¢+[b +a(v?- 1+ ;AA]A=0
Other references: Derjaguin, et a. (1957) and Vatta (1979)

10. @) q~e1/2A(et)cos[t+f(et)] where 8A¢=[asin(2f) - 4mMA andif A1 O then
16f ¢= 2acos(2f) - A%- 4a. Note, a<4mp A® 0

3.6 Introduction to Partial Differential Equations

¥
5. @) u(xt) ~ é b ®2cos((l 2~ ef2)t)sinl x
n=1
t
8. b) u~e(l- x)U) and r ~(1- Y(s)ds)™?

0
3.7 Linear Wave Propagation
t t
1 u~[c(O)/c(e)] Y2 f(x- gg(et)dt) +F(x + cy(et)dt) ]/2
0 0
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¥

A 2
u~ 1o 8f(x- t+2r(enV)e Car
P~y

a) p~[F(x- 1) + G(x + )][A(0)/A(ex)]?
characteristics satisfy x, =y ,y, =-f(t)x P Xx®+ (a- ecos(t))x =0 whichis

Mathieus eq

3.8 Nonlinear Waves

0.

10.

b) u~e{By+Ascos q+f(t)]} where g=kx- wt and t =&%; (i) B, 0 P g
=1, f=f,- aktB,,and (ii) Byj=0p g=2, f =f ;+Ct for C=akc,-

a’A ,7/(24bk) where ¢, isan arbitrary constant

u~e[m+ A(r)cogq + aem(x - 1)/(3ok) +f (] ] where r=ex- (1- 3bk)et; the
case of when m=0 isconsidered in Schoombie (1992)

b) u~[1+exp(l (x +1)- et)]"?

&) Uy=Uy(t; +q(x, t,)) where

_ 1
UO(S)_ 1+¢S
1
and q:%|n(1+4e| t) - 1t 201 [el 2'[(xl- x0)2- I (x- xp)(X- xl)]

b) u~uy(a, x,),for g=t- x and x,=ex,where u,=0 if q<0 otherwise ‘ﬂquo

=g&s) where s=s(q,X,) isthe non-negative solution of
a=s- 3%,f(- g1s).

Thus, for 3 0, uy=9(s +%x2[g¢{s)f(- g%s)) + F(- g&s))] where F&s) =1(s)
with F(0) =0.

a s~ %[F(f1)+ F(f,)] where f, =x- t- etF(f ,)/2 and f,=Xx+t+etF(f.,)/2
ar ~1+ef(x- It)+2e2I tf(x - 1 )f€x- 1't) where | =a +b

3.9 Difference Equations

1.

13

a) y,~ AP
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3. a) y,~a"y,(s where ¥ ¢=g(y,)

4. from (a), q¢= gAz ; from (i), q¢~ §A2(1+ %hz) ; from (ii), q¢~ gAZ(l- ghz) ;
from (iii), q¢~ SA%1- £h?)

5. a) w?=w,?+4sin¥(k/2)

b) u (1) ~eA(t)cos(kn- wt+f (1))

6. a) g,~Gy(en) where Gys) = gGy(1- Gy)(a +bGy) where g= N'1§°N1 f(j)

=1
b) 9,~0,1,-a/b; 0<g,<1if a>0and b<0 with 0<g, <1

14 October 24, 2000



Chapter 4
The WKB and Related M ethods

4.2 Introductory Example

1. ) Yyup~ Alexp(- €) - exp(e” - 2- x/e)] where
A =(exp(- €) - exp(e- 2- le) L and Yeom ~ €XP(e- ) - exp(- 1+ e- x/e)

X X
3. d) y~ g YA+ Be MOexp(- J §(r)dr) where h = /q{)dr
X X

12 18, ept 19 ept
4 ¢y~ N agexp(,, 8 (- p+h+ - )ds+byexp(- o & (p+h+ - )as]

where h= (p?- 4q)Y?
X
-12
QP Y4f - 2d ol , - pgWg)ds] where
0

I
7. ¢) w~g(X)[ (a+b/n)sin(l ) - acozsl(nq)
n
X

a,b arearhitrary constants, q = (‘]iq/p)llzds and | ,=p/k
0

49
72(np)?
X

a1 1 i 212 12
8.y, ~q el _ (t(- 4a+ep?) = - ep)x]

e | ~n(1-

10. a) y, ~kx"[1% i(ai+x2)+...

b) 3,69 ~ (@pry V2 (20)"[1- 35, (1+37)]

11. @) y~ed?{ sinfa(1- € Y] + iée(et - Deosa(l- €YH]} where a =1/e

b) two principal shortcomings are: (1) differencesin zeros --- thisis arelatively minor
problem as discussed in Section 1.4, and (2) unboundedness of second term for large
t --- in particular, we need eel << 1. The latter problem is dueto aturning point at t
=¥

c) y= g[YO(a)JO(b) - Jy(@)Yy(b)] where a =1/e and b = ae't

12. d) ebR@&+ (-1 +1b)R¢=0 and ebRE0)- R(O)=0 b R=1- re /€ where r=
Y(l) and k=(-1+1b)/b

15 October 24, 2000



X
b) R~1+Ae 9X¥/€1 - | p) 1 where q=1x- @ Ys)ds and
A=1-( bo)'1 ;theconditionsarethatq@gé asX® ¥ andlb>0for0<x<¥
13. P~ A(x,e)exp( q(x)/e + hnbx(eOIX -1)- (‘;(s)ds) where g, =In(x) and x(x)
0
¥ h
satisfies 1= r’rbxoéxp( mx(x- Lh - 0@ (s)ds)dh . Also, A isdetermined from

the O(e) term from the h =0 condition

4.3 Turning Points

3. b) E=e2n+ )2
d) E ~(ame™N?Y9(1 +b/N?) where 4a = p( G TI=2)/G( ™)) and  3p(m +

2m
2)°b = 4m(m - 1)cot(p/m)
4. b) the approximation for y (x) isgiven by (4.44) for x <a, andfor x >b onefinds

Y ~28,00(X)i ~ Vdg tleexp(i(- Et - gle- p/d)) where q=V(x)- E,

b b
f= Qa9 ds and q= QVa(s) ds
a X

8. b) balancingb a=1/2 and b=1/4

4.4 Wave Propagation and Energy M ethods

152 21 .2 o_ -
4. b) E—éDuXX+§mJt,S—-uxtDuXX+ut‘ﬂx(Dux), F=0

4.5 Wave Propagation and Slender Body Approximations
1. a) for the nth mode the general solution has the same form asin (4.84) but

L) { gt awie 200 dive - 20}
q

R
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X
N

=

where q(x) isgivenin (4.87) and z(x) = > Oa(x)(wzn?- ) V2 gx
0

4.6 Ray Methods

1. @ It'snot hard to show that gd, +3d, +ad, =0 where a, g, 3 arenot all zero.

b) Usingthe t, n, txn coordinate system, where t isthe unit tangentto S in the plane of
incidence which satisfies t-d, >0, then q =m.d,x, qg=m.d x,and g =md.x P
u =(a,-b,0), uy=(a,b 0) and u;=(ka,-(1- k%a?"2 0) where k =m/m and
b=(1- a?)¥?

3. a D(NgNg)2=m

b) SIAM Appl Math, v16, 1968, 783-807

a) a=n(-V2)sin(j ) where z, =min{0, rootsof m(z) =a for z>-1/2}

¢) Vo= [tanj /(m)]"/(4p)

7. @ m=constant P raysarestraight linesbP wavefrontsparalel P R =r. +s;
in R?,r o =¥

o s

8 @ (4103)p X =ax- bx, P p =0
b) k==zrymrysin(f,) where f j istheinitial angle the ray makes with the radius

vector
10. c) note k » 0.065r, where r isthe scalefactor (in km) used to nondimensionalize

*—
r=rys

4.8 Discrete WKB Method

6. @ y,~ (qnz- 4) 1/“[aoexp(q /e) + byexp(q_ /e)] where

en
q, =8|n[%(q(n)t\/q(n)2- 4)]dn .

b) ey = (Cn/an)an— 1
7.8 y,~(1- n2)' ”4(a0exp(iq/e) + byexp(- ig/e)) where n=en and
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q=ncos (n)- (1- nd)?2
b) g, = (e/2p)2exp(ip/4) and by, = (e/2p) 2exp(- ip/4)
8. @) z,~n*"2%1+4n) Y%(ar_+bir) where n=en and
( 1+2n+ (1+4n)2 1-al2 g (1+ 4n)”2)
r = e
n n &P 2e
9. b) g=k- n and R~ R (nk)+..] ,whereq=k +(1- k)In(1- k) and

R, =Al(L- k)eMe2.
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Chapter 5
The Method of Homogenization

5.2 Introductory Example

2. 9 ﬂx(ﬁﬂxuo) * g(uO) = ﬂ'[UO * drié

8. ¢ &b 1@' =1/ /D, +f/D,) whichisavolume fraction weighted harmonic
mean ; the harmonic mean is obtained only when f_ =f, =1/2

f) the greatest relative error occurswhen f_ = 1/2 with arelative absolute error of

(D, - Db)2/(4Dan);theerroriszeroif f =0orif f =1

5.4 PorousFlow

3. b) setting w, = (U, v, W) for g=sf b Nzwq: 0 where w,, is periodic and on
theinterface D (e, - Nyus) =aDn-(e; - Nyuf) etc

4. b) (N§ Zadd 0)f = zaeZ 0 where n-Nyf = 0on 1wy

e) f satisfiesthe Poisson-Boltzmann equation Nf,f =zaé? in W where f is

periodic and n-Vyf =s on W .
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Chapter 6
I ntroduction to Bifurcation and Stability

6.2 Introductory Example

b)

d)

b) y,=+(1- 4%Y23 for -1£2 £1 where y, stable and y_ unstable

&) supercritical pitchfork when | = (np)2 and g, ~ 2(2e)1lzcos(npx)/(np)
V,~-2¢/p? b q,=0 unstablefor | >p?
for g, onefinds V_~- 262/(np)2 P V,;<V,<..<V_<0 andthissuggests V,

isthe preferred configuration
a) y = Asin(npx) where A=0 or A2=2(l - (np)? ; pitchfork bifurcation at (I o

A= ((np)%, 0) for n=1,2,3, ...

V. =- A2

a) =0 stablefor O<w<1 and q:iarccos(w'z) stablefor 1<w<¥; q=4%p
unstable

C) kO:O and 0<k1<1/2

slope for W= 40 is 24.34 and slope for W= 30is20.36 ; w = e(1/2 - k,)/2W

c) w=2 and v ~A(t)cos(t + q(t)) where A :Ao(a02+ e'3t)1/2e3t/4 and q=-p/4

+ arctan(a */?)

6.5 Relaxation Dynamics

d)

20

b) In(y,) - %y022t+ %(In3- 3) andthecornerisat t=1- %In3,y: landv =
-2/3

T~3-2n2» 1614

a) subcritical saddle-nodeat (I ,, g,) » (0.1292, 0.0635)

a) supercritical saddle-nodeat (I ,y,) » (280.76, 2.360) and subcritical saddle-
nodeat (I ,,Y,)» (336.6, 6.6355)

Y ~y, - se¥(aAi¢- xD) + aBi¢- xD))/(aAi(- xt) + aBi(- xI)) where s =
x/(15y1- 74) x= [(15y1- 74)(y1- 1)]1/3 and t=(t - | 1)/62/3 P tO:I 1t
(2.3381...)e3/x
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7. @) transcritical bifurcation at (0,0) and a subcritical saddle-node at (9/8, 3/4)
0) ¥~y +e *Acosiwt +g) where A% kKAWP+ JA -1+ 7(1- 2y)%w% =1

6.6 An ExampleInvolving A Nonlinear Partial Differential Equation

1. a) uS:J_rellesin(nx) and | | =n? where A =2A/3

b) u =0 stablefor | <1 andu =+e"?Asin(x) stablefor O£ - 1<<1

2. @) u;=e*Asin(npx) and | = (np)*> where(i) noddP A =3/(8np) and a=1,
and (i)nevenp A?=6/(5 ) and a =1/2

b) stablefor | < p?
Additional References. Bramson (1983) and Fisher (1937)

3.8 () ug=0" 1 ,and(ii) u,=A sin(npx) with | =1 n(1+Ar12/8) where | =
(np)*

b) unbuckled stateis stableif | < p? and unstableif | > p?

6. b) k =0 and stablefor | <1

c) v~ e[By+Ajcos((1+ %e)x+q0)] and k ~ %AOZe2 where e=1 -1

8.0 Uy=(u +u)i2, a;=-(u- u)2, by =(1/8)1/2(uj - ), and ¢ =21’23gn(uj -
u)(u; +u, + Uz - 3uy) ; see Albano, et al. (1984)

9. b) forO£1 <7thesteady statesare u, =a,x, for a, <a,<a,, where u;,u; are
stableand u, isunstable; for 7 <1 the steady state u isunique and stable

O .
10. @ u~u+ vt b I <1

6.7 Bifurcation of Periodic Solutions

1. a) saddle-node at (- 1/4,- 1/2) , aHopf at (0,0) , and atranscritical at (0,- 1)

b) y~eY?Acos(t, +q) where 8A¢=A(4- A% and 24q¢=36- 31A?]

2. @) y =0 asy.stableonly when | <0

b) y~A(et)sin(t +q,) where A(t) = 1/( aga + cexp(- nt) )]J2n

3. b) y=0 unstable; y =y, stablefor 0<rT <p/2 andfor T >p/2 thereare stable

limit cycles
4. b) y=y, isstablefor 1y, <2 andthere'saHopf bifurcationat | y,=2

21 October 24, 2000



6.8 Systemsof Ordinary Differential Equations

3. @) ré=-r(r’- I (1- 1)) and q¢=- 1
4. ay y=v=(1-a- b+n/2
5. @ y=v=1lisstablefor | <(g- 1)'1 and unstablefor | >(g- 1)'1

b) aHopf bifurcation takes place

6. @ x=g(1- g, n>=(1- g/a isstablefor (1- g3<4a

7. @) c,=Texp(- T) and T =nik ; steady state is asymptotically stableif k > (T, -
Dexp(- TY

b) supercritical Hopf bifurcation at m and subcritical Hopf bifurcationat m

d) m~k(l+ek+e*k?+..) and m~k(z- z'1- 15272+ ...) where z > 1 satisfies
zexp(-z) =k P z~z,+1In(zy) +In(z)/z, where z,= In(k'l)

8. @ x;=ma, y . =a/misstable

b) x,=ma, y,=a/misstableif m>m. andit'sunstableif 0<m<m,,

where m.=a(l- a)”2

9. 8 qg=z=0

b) q=0 and z=ea cos(kt) ; the motion is straight up and down; see van der Burgh

(1968)
10. @) | <0

b) k2=l - r? and 0<ry<I¥2

11. @ Hopf bifurcationaongline | =- m for - 1<m<1

b) y~e2y (tt) and v ~eV2(tt) where t =et. As t® ¥, y,® sin(Q) and v,
® (1- nf)%cog(Q) + msin(Q) where Q= (1- em(1- nH¥2t+q,
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