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Variable-range hopping conduction in epitaxial CrN(001)
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Epitaxial CrN(001) layers, grown by dc magnetron sputtering on MgO(001) substrates at growth temperatures
Ts = 550–850 ◦C, exhibit electronic transport that is dominated by variable-range hopping (VRH) at temperatures
<120 K. A transition from Efros-Shklovskii to Mott VRH at 30 ± 10 K is well described by a universal scaling
relation. The localization length decreases from 1.3 nm at Ts = 550 ◦C to 0.9 nm for Ts = 600–750 ◦C, but
increases again to 1.9 nm for Ts = 800–850 ◦C, which is attributed to changes in the density of localized states
associated with N vacancies that form due to kinetic barriers for incorporation and enhanced desorption at low and
high Ts , respectively. The low-temperature transport data provide lower limits for the CrN effective electron mass
of 4.9me, the donor ionization energy of 24 meV, and the critical vacancy concentration for the metal-insulator
transition of 8.4 × 1019 cm−3. The room temperature conductivity is dominated by Hubbard band states near
the mobility edge and decreases monotonically from 137 �−1cm−1 for Ts = 550 ◦C to 14 �−1cm−1 for Ts =
850 ◦C due to a decreasing structural disorder, consistent with the measured x-ray coherence length that increases
from 7 to 36 nm for Ts = 550 to 850 ◦C, respectively, and a carrier density that decreases from 4 × 1020 to
0.9 × 1020 cm−3, as estimated from optical reflection and Hall effect measurements. The absence of an expected
discontinuity in the conductivity at ∼280 K suggests that epitaxial constraints suppress the phase transition to a
low-temperature orthorhombic antiferromagnetic phase, such that CrN remains a cubic paramagnetic insulator
over the entire measured temperature range of 10–295 K. These results contradict previous experimental studies
that report metallic low-temperature conduction for CrN, but support recent computational results suggesting a
band gap due to strong electron correlation and a stress-induced phase transition.
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I. INTRODUCTION

Chromium nitride (CrN) attracts increasing interest as a
potential electronic or spintronic material due to its magnetic
ordering and possible band gap, which make it a promising
material for dilute magnetic semiconductors, particularly when
combined with (or doped into) other nitride semiconductors.1–3

However, several discrepancies have emerged regarding the
electronic properties of CrN, whose reported values for room
temperature resistivity ρ range over five orders of magnitudes,
from 3 × 10−4 to 20 �cm (Refs. 1, 4–16), with the most
reliable data for single crystal CrN layers in the narrower range
of 1.7 × 10−3 to 3.5 × 10−1 �cm (Refs. 1, 9–11, 15,16).
The temperature dependence of ρ is another controversial
point, showing metallic behavior with dρ/dT > 0 in some
studies,10,11,13 but an increase in ρ with decreasing temperature
in other reports,1,4,9,16 which has been attributed to the
presence of a band gap9 or carrier localization due to grain
boundaries14 or N vacancies.12 In addition, most ρ(T) curves
show a discontinuity at 260–280 K (Refs. 1, 10–12), which is
associated with a magnetic and structural phase transition with
a Néel temperature TN = 273–286 K, from a paramagnetic
NaCl structure at room temperature to a low-temperature
antiferromagnetic orthorhombic Pnma phase13,17–19 with a
0.56%–0.59% increase of atomic density,13,19 and a 25% lower
bulk modulus.20 Electronic structure calculations indicate that
a distorted antiferromagnetic [110]2 phase is energetically
more stable than paramagnetic, ferromagnetic, antiferromag-
netic [110]1, or disordered magnetic CrN (Refs. 21–23),
and magnetic stress relief couples magnetic ordering with
the structural change during the phase transition,24 which

may also be induced by increasing the pressure above
∼1 GPa (Ref. 20). Photoemission data25 on polycrystalline
CrN suggest a metallic antiferromagnetic phase below TN and
a correlated (charge transfer) insulator with a Coulomb energy
of 4.5 eV above TN , in agreement with calculations using a
Hubbard Coulomb interaction term U = 3–5 eV (Ref. 22),
which results in the depletion of electron states near the Fermi
level and the opening of a gap, which is consistent with our
recent optical study showing vibrational modes and direct
interband transitions that suggest an indirect room temperature
band gap for CrN of 0.19 ± 0.46 eV (Ref. 26), however, with
an uncertainty that is larger than the gap value, such that the
question regarding a band gap or a band overlap is not resolved
with certainty.

In this article, we present the results of an investigation
where epitaxial CrN(001) is used to study the electron transport
properties from 10 K to room temperature. The epitaxial
system with MgO(001) substrates is purposely chosen be-
cause it suppresses the structural phase transition. Thus, the
room-temperature cubic phase remains stable over the entire
investigated temperature range, facilitating low-temperature
transport measurements of the cubic NaCl-structure CrN
phase. Low-temperature transport is attributed to localized
N-vacancy defect states that facilitate variable-range hopping
(VRH) with a crossover at 30 ± 10 K from Efros-Shklovskii
(ES) to Mott VRH. The nitrogen vacancy concentration
increases both at high and low growth temperatures, Ts >

800 ◦C and Ts < 600 ◦C, due to N2 desorption and kinetically
limited N2 dissociation, respectively, which causes a sharp
increase in the localization length ξ and a correspondingly
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higher hopping conduction. In contrast, the room temperature
conductivity is dominated by electrons that are thermally
activated from localized states in the band tail to extended
states above the mobility edge. The density of defect states
in the conduction band tail decreases with increasing growth
temperature, causing a decrease in the room temperature
carrier density, which is estimated from the Hall effect
and optical reflectance measurements to be on the order of
1020 cm−3, resulting in an increase in the resistivity by an
order of magnitude, from 7.3 to 71 m�cm. These results
demonstrate how strongly the defect density affects CrN
transport properties and explains the large discrepancy in the
previously reported room temperature values.

II. EXPERIMENTAL PROCEDURE

CrN layers, 0.14 and 1.0-μm thick, were grown in a load-
locked ultra high vacuum dc magnetron sputtering system,27

with a base pressure of 1.3 × 10−7 Pa (1×10−9 Torr), onto
one-side polished 10 × 10 × 0.5 mm3 MgO(001) wafers that
were cleaned, mounted, and degassed for epitaxial growth
as described in Ref. 28. A deposition was performed at
substrate temperatures Ts in the range of 550–850 ◦C, in
0.39 Pa (3 mTorr) 99.999% pure N2 that was further purified
through a micro-Torr purifier. A 5-cm diameter 99.95% pure
Cr target was positioned 10.5 cm from the substrate at an
angle of 45◦ and a constant magnetron power of 350 W was
applied, yielding a growth rate of 22 nm/min, as determined
from thickness measurements by Rutherford backscattering
spectroscopy (RBS). These deposition conditions are expected
to yield stoichiomtetric CrN with a N:Cr ratio of 1.00 ±
0.06, based on our previous studies9,15 and consistent with
RBS results from calibration samples. The surface roughness
of the 140-nm thick CrN layers is <3 nm, based on our
previous in situ scanning tunneling microscopy and atomic
force microscopy studies on samples grown under comparable
conditions.29,30

The crystalline quality of the layers was investigated by
x-ray diffraction (XRD) ω-2θ and ω rocking curve scans in a
PANanalytical X’Pert Pro diffractometer with a Cu Kα source
equipped with an x-ray mirror, an asymmetric two-bounce
monochromator (λKα1 = 1.5406 Å) with a 0.0068◦ diver-
gence, a point detector with a 0.04◦ Soller slit, and a custom
built cold stage. The XRD measurements were performed
using 1.0-μm thick CrN layers. This larger thickness (in
comparison to the 140-nm-thick samples used for electric
transport measurements) provides sufficient intensity of the
CrN 002 peak, so that it can be clearly separated and quantified
from the MgO 002 substrate peak.

DC conductivity measurements were performed in a Cryo-
magnetics Inc 4He cryostat system, which provided a variable
temperature at the sample surface ranging from 10 K to room
temperature. For these electric measurements, samples were
cut into 1-cm long and 0.3-cm wide stripes. Four Cu contacts
were sputter deposited onto the CrN in a linear four-point
probe geometry. The samples were then mounted onto a
sample holder using silver paint to maximize thermal contact
and electric contacts were completed using four copper wires
and silver paint. The conductivity was measured continuously

during warming up from 10 K using a Keithley 2400 source
meter, which operated as both a voltmeter and a current source
with I = 0.1–1 μA. Hall effect measurements at 300 K
were performed on two samples with growth temperatures
of 600 and 800 ◦C in a quantum design physical property
measurement system. Contacts were deposited in a Van der
Pauw geometry and the Hall resistance determined from a
linear fit of the measured Hall voltage as a function of the
magnetic field which was continuously varied from −7 to 7 T
as described in Ref. 31.

Optical reflectance was measured with a Nicolet Magna
IR-560 Fourier transform infrared (FTIR) spectrometer over
the wavelength range λ = 12–25 μm, corresponding to wave
numbers of 400–833 cm−1, using an incident angle of 45◦.

III. RESULTS

Figure 1(a) is a portion of a typical XRD ω-2θ scan,
obtained from a 1.0-μm-thick CrN/MgO(001) layer grown
at Ts = 850 ◦C and plotted on a log scale. The only peaks
that are detected in the measured 2θ range from 20 to 80◦
are the MgO 002 and CrN 002 reflections, at 2θ = 42.90◦

(a)

(b)

FIG. 1. (Color online) (a) XRD ω−2θ scan from a 1-μm-thick
CrN/MgO(001) sample. The inset shows a corresponding ω-rocking
curve for the CrN 002 reflection at 2θ = 43.26◦. (b) Width 	ω of the
CrN 002 rocking-curve peak and the in-plane XRD coherence length
η|| vs Ts .
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and 43.26◦, respectively. This corresponds to a measured
MgO lattice constant of 0.4211 nm, close to the literature
value of 0.4212 nm (Ref. 32) or 0.4213 nm (Ref. 33) and an
out-of-plane CrN lattice constant of 0.4179 nm. This is in the
range of reported bulk values, 0.4133–0.4185 nm (Refs. 10, 15,
34–36), but likely indicates a slight compressive strain due to
differential thermal contraction during cooling from the 850 ◦C
growth temperature, similar to what has been previously
reported for epitaxial CrN grown on MgO(001) (Ref. 15).
We note here that no secondary impurity phase is detected by
XRD for all layers in this study. This is in disagreement with
the results in, Ref. 15 which show considerable nitrogen loss
and possible impurity phases for Ts > 700 ◦C. The most likely
cause for this disagreement is a difference in the absolute
temperature calibration for these different experiments, but
other parameters like deposition rate and plasma density which
determine ion flux and energy as well as atomic nitrogen flux
may affect the driving force for nitrogen loss in the deposited
layer.

The inset in Fig. 1(a) is a ω-rocking curve of the CrN
002 reflection at a constant 2θ = 43.26◦, showing a peak
with a full width at half maximum (FWHM) of 	ω = 0.33◦.
This value is considerably larger than the width due to the
beam divergence of the diffractometer, the acceptance angle
of the detector, and the mosaicity of the MgO substrate,
which exhibits a measured rocking curve width <0.1◦ for all
samples (not shown). Thus, the measured value for 	ω provides
direct information on the crystalline quality of the layers. It is
plotted in Fig. 1(b) for four 1.0-μm thick CrN layers grown at
different temperatures Ts , but otherwise identical conditions.
It decreases approximately linearly with Ts , from 1.74 to
0.97 to 0.74 to 0.33◦ for Ts = 550, 650, 750, and 850 ◦C,
respectively. The right y axis indicates the corresponding
in-plane XRD coherence length η|| = λ/(2	ω sin ω) (Ref. 37),
which increases from η|| = 7 to 12, 16, and 36 nm. We
attribute the lower crystalline quality at lower Ts to the
presence of one-dimensional (1D) and two-dimensional (2D)
crystalline defects, which are dislocations and low-angle grain
boundaries, respectively. The defect density decreases with
increasing Ts , due to the increasing adatom diffusion length
which yields larger atomically smooth growth fronts, as well
as due to the larger dislocation mobility at higher temperature,
which facilitates low-angle grain boundary migration.

To confirm the absence of a possible structural phase
transition around 280 K, XRD ω-2θ scans were performed
at a reduced temperature of 253 K (not shown). The mea-
sured out-of-plane lattice parameter was 0.04% smaller than
the measured room temperature value, which is attributed to
the thermal contraction upon cooling. A phase transition to the
reported low-temperature orthorhombic structure is expected
to cause a 6 times larger change (i.e., a reduction of 0.24%) in
the lattice parameter, indicating that the samples in our study
show no structural phase transition.

Figure 2(a) is a plot of the measured low-temperature
conductivity σ10K at 10 K, and room temperature conductivity
σ290K at 290 K, as a function of the growth temperature. σ10K

decreases from 0.17 �−1cm−1 at Ts = 550 ◦C to a minimum
of 0.021 �−1cm−1 at Ts = 700 ◦C and increases again to
0.19 �−1cm−1 at Ts = 850 ◦C. This is attributed to localized
states associated with point defects and short-range disorder,

FIG. 2. (Color online) (a) Conductivity σ at room temperature
(290 K) and 10 K vs the growth temperature Ts = 550–850 ◦C of
140-nm-thick CrN/MgO(001) layers. (b) Semilog plot of the CrN
conductivity vs reciprocal temperature. The open symbols represent
the measured data for samples grown at different Ts . The solid lines
are the result from nonlinear curve fitting, using Eqs. (9) and (10).

as discussed in detail below. σ290K decreases monotonically
from 137 �−1cm−1 for Ts = 550 ◦C to 14 �−1cm−1 for Ts

= 850 ◦C. Thus, changing the growth temperature causes
the room temperature conductivity to vary by an order of
magnitude, suggesting that transport in CrN strongly depends
on crystalline quality and/or N-vacancy concentration. Based
on this result, it is not surprising that previous reports on the
room temperature conductivity for epitaxial CrN(001) vary
widely, with values of 13,9,15 56,10 and 588 �−1cm−1 (Ref. 11).
Our current values fall within the range of these reports.

Corresponding room temperature Hall effect measurements
on samples grown at Ts = 600 and 800 ◦C (not shown) indicate
that the Hall mobility μH is very small, with values of 0.16 ±
0.11 and 0.19 ± 0.40 cm2/Vs, respectively. The trend as a
function of Ts cannot be determined from these measurements
because the measured μH is of comparable magnitude as
the experimental uncertainty. Thus, the Hall measurements
primarily provide an upper bound for μH on the order of
0.1 cm2/Vs. Such a small mobility is typical for conduction
dominated by localized states, as observed, for example, for
amorphous germanium.38 It is consistent with the T-dependent
transport measurements and is attributed to thermally activated
electrons near the mobility edge, as discussed in the next
section.

Figure 2(b) is a semilog plot of the measured conductivity
σ vs 1/T, for 140-nm thick CrN layers grown at different Ts =
550–850 ◦C. The plotted open symbols are a subsection of
the measured conductivity values, while the lines are obtained
by fitting to the data for T < 120 K, as described below. All
samples show a monotonous increase in σ with increasing T
over the complete measured temperature range T = 10–295 K,
and exhibit no discontinuity near 280 K that could be attributed
to a magnetostructural phase transition. This is in contrast
to some previously reported studies1,10–14,25 and confirms
the absence of a phase transition in our epitaxial layers, as
discussed in more detail in the discussion section. The absolute
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values as well as the T dependence of σ are affected by the
growth temperature. For example, the conductivity at 290 K is
by a factor of 800, 3200, and 70 larger than that at 10 K, for
Ts = 550, 700, and 850 ◦C, respectively. The plotted slopes
continuously increase with T for all samples, indicating that
the temperature dependence of the conductivity cannot be
explained by thermal activation across a single band gap.
Correspondingly, the exponent γ in

σ = σ∞ × exp[−(To/T )γ ], (1)

is smaller than unity for all samples. Here, σ∞ and To are
normalization constants for conductivity and temperature,
respectively, and γ = 1, 1

2 , or 1
4 for thermally activated charge

carrier generation and VRH with and without significant
electron-electron interactions, respectively.

In particular, Mott VRH predicts a γ = 1
4 such that39–41

σ = σM × exp[−(TM/T )1/4], (2)

while ES hopping includes a Coulomb gap due to electron-
electron interactions such that42,43

σ = σES × exp[−(TES/T )1/2]. (3)

Here σM,TM,σES,TES are conductivity and temperature
normalization constants for Mott and ES VRH, respectively. To
explore if the low-temperature transport mechanism in CrN can
be described by VRH, we plot log(σ ) vs T −1/4 and vs T −1/2,
as shown Figs. 3(a) and 3(b), respectively, for three exemplary
samples with Ts = 550, 700, and 850 ◦C. The straight lines
through the data in Fig. 3(a) indicate that Eq. (2) describes
the temperature dependence well for 50 K < T < 120 K, but
overestimates σ at low T, and deviates from the measured
data for approximately T > 120 K. In contrast, the data for
T < 25 K are well described with a straight line in Fig. 3(b).
These results indicate that the CrN electronic transport is
dominated by ES VRH for T < 25 K, by Mott VRH for

(a) (b)

FIG. 3. (Color online) Conductivity σ of three CrN/MgO(001)
layers grown at Ts = 550, 700, and 850 ◦C, plotted on a log-scale
vs (a) T −1/4 and (b) T −1/2. The lines are obtained from linear fitting
in the temperature ranges of 50–120 K and 10–25 K for (a) and (b),
respectively.

TABLE I. Parameters obtained from Mott and ES VRH
fitting for T = 50–120 K and T = 10–25 K, respectively,
from seven epitaxial CrN(001) layers grown at different Ts

= 550–850 ◦C.

Ts ( ◦C) TM (103 K) TES (K) ξ (nm) CG/k (K) T ∗ (K)

550 142 498 1.3 29.5 28.0
600 215 723 0.90 41.4 37.9
650 219 704 0.93 39.9 36.2
700 234 749 0.87 42.4 38.4
750 167 586 1.1 34.7 32.9
800 186 393 1.8 18.1 13.3
850 25.2 186 1.9 16.0 21.9

50 K < T < 120 K, and by an additional conduction mechanism
at high temperature, as discussed in the discussion section.
Table I lists values for TM and TES , obtained using linear
fitting within these temperature ranges as shown in Fig. 3.
Both TM and TES increase with increasing Ts = 550–700 ◦C,
but decrease for Ts = 700–850 ◦C. This general trend, with
a maximum at Ts = 700 ◦C, is attributed to changes in the
nitrogen vacancy density, as discussed in the following section.
The Mott temperature TM is proportional to the fraction of
space that is occupied by wave functions at the Fermi level,
that is, the cube of the localization length ξ divided by the
density of states at the Fermi level N (EF ) according to40

kTM ≈ 18/N(EF )ξ 3. (4)

It also provides information on the Mott hopping distance
Rh,M and hopping energy Wh,M according to40

Rh,M ≈ 0.4ξ (TM/T )1/4, (5)

and

Wh,M ≈ 0.24kT 3/4T
1/4
M . (6)

The values for the ratio Rh,M/ξ from Eq. (5) depend on Ts

and range from 1.5–2.6 at 120 K and increase to 2.0–3.4 at
40 K. That is, all samples exhibit a hopping distance that is
larger than the localization length within the temperature range
for which we consider Mott VRH to be dominant, satisfying
the criterion for VRH44. At low temperature, electron-electron
interactions become important as the hopping energy becomes
smaller than the Coulomb gap CG given by45

CG ≈ k
(
T 3

ES/TM

) 1
2 . (7)

That is, at T below a transition temperature T ∗ so that
Wh,M < CG, electron interactions are significant and the
electron transport is described by ES VRH. Table I lists
the values for T ∗ ≈ 16T 2

ES/TM , which are consistent with the
approximate transition temperature of 30 ± 10 K, obtained
from the analysis in Fig. 3.

Figure 4 is a plot of the localization length ξ vs Ts , showing
the highest value of 1.9 nm at Ts = 850 ◦C and a minimum of
ξ = 0.87 nm for the sample grown at 700 ◦C. The right y axis
indicates a corresponding lower limit estimate for the nitrogen
vacancy concentration, as discussed in the next section. ξ is

165205-4



VARIABLE-RANGE HOPPING CONDUCTION IN . . . PHYSICAL REVIEW B 83, 165205 (2011)

FIG. 4. Localization length ξ vs Ts . The right y axis indicates the
corresponding lower limit for the N-vacancy concentration Nv .

obtained using43

kTES ≈ 2.8e2/εξ, (8)

where ε = εh + 4πχ is the static low-temperature CrN dielec-
tric constant, εh the host static dielectric constant, and χ =
e2N (EF )ξ 2 the contribution due to electrons in the localized
states.46 We use εh = 53, based on the room temperature
optical analysis of an 11-μm thick CrN layer with a free carrier
density <3 × 1019 cm−3 (Ref. 26) and assuming that εh is
temperature independent between 0 and 300 K, which has been
shown to be valid to within 4% for various semiconductors.47

Combining Eqs. (4) and (8) yields values for ξ , as plotted in
Fig. 4 and listed in Table I, as well as values for N (EF ), which
exhibit no clear trend with Ts and have a typical value of 6 ±
2 × 1045/Jm3. In addition, we obtain values for ε ranging
between 72 and 132. That is, ε is only 1.4–2.5 times larger
than εh, indicating that all of our CrN samples are far from the
critical region for a metal-insulator transition, as discussed in
the next section.

We use a universal scaling relation to describe the crossover
from the low-temperature ES to the higher-temperature
Mott VRH, following the example of similar transitions
that have previously been reported for doped semiconductor
materials45,48. The following expression was first proposed by
Aharony et al.49:

ln(σ0/σ ) = Af (T/Tx). (9)

FIG. 5. (Color online) Log-log plot of the normalized conduc-
tivity vs normalized temperature for all samples. The solid line
corresponds to the scaling function in Eq. (10).

σo,A, and Tx are material-dependent scaling factors and f(x) is
a universal function, given by49

f (x) = 1 + [(1 + x)1/2 − 1]/x

[(1 + x)1/2 − 1]1/2
. (10)

The measured conductivity data are fitted using Eqs. (9)
and (10) for each sample individually over the temperature
range 10–120 K. The resulting curves are plotted as solid
lines in Fig. 2(b), while the fitting parameters σo,A, and Tx

are presented in Table II. To illustrate how well the data are
described by this formalism, Fig. 5 shows a log-log plot of
the normalized conductivity vs the normalized temperature.
The data for all samples collapse on the universal curve which
corresponds to f(x). The fitting also provides values for the Mott
and ES characteristic temperatures,49 obtained using T ′

M =
A4Tx and T ′

ES = 9A2Tx/2 and listed in Table II. The values
for T ′

ES are comparable to those for TES in Table I, except
for Ts � 800 ◦C. This discrepancy at high Ts is associated
with the very small values for Tx , which suggests that the
crossover temperature is well below the lowest experimental
T = 10 K, using an estimate for the crossover temperature
of 4–200 × Tx according to Ref. 49. In contrast, T ′

M is much
smaller than TM , which is consistent to previous reports on
CdSe (Ref. 49) and ZnO (Ref. 50) and may be due to neglecting
higher-temperature thermal excitations.49

TABLE II. Parameters obtained by fitting CrN(001) conductivity data with universal scaling equations, i.e., Eqs. (9) and (10), over the
temperature range T = 10–120K.

Ts ( ◦C) A (arb. units) lnσo ( �−1cm−1) Tx (K) T ′
M (103 K) T ′

ES(K)

550 25.0 8.44 0.144 56 404
600 18.6 8.20 0.505 59.8 782
650 20.5 7.93 0.362 63.4 682
700 18.9 7.76 0.469 59.9 754
750 25.9 7.60 0.176 78.8 529
800 115 7.76 0.000 804 142 48.1
850 45.9 5.70 0.005 82 25.7 55.0
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FIG. 6. (Color online) Optical reflectance R vs wavelength from
140-nm-thick CrN/MgO(001) layers grown at Ts = 550–850 ◦C,
measured with an incident angle of 45◦.

Figure 6 is a plot of the optical reflectance in the
infrared wavelength range λ = 12–25 μm, from 140-nm-thick
CrN/MgO(001) layers grown at Ts = 550–850 ◦C. All spectra
exhibit a local maximum around λ = 13 μm and a reflectance
edge at λ = 14–18 μm. The feature at 13 μm is associated with
a drop in the refractive index26 and the resulting interference
effects between the reflection from the layer surface and the
layer/substrate interface, while the increase to a high reflection
above 18 μm is primarily attributed to lattice vibrations.
In particular, the spectra for Ts = 800 and 850 ◦C show a
maximum around λ = 23.5 μm, consistent with a transverse
optical phonon mode at the zone center at a frequency of
11.7 THz (Ref. 26). In contrast, R for Ts = 550–750 ◦C
monotonously increases even for λ = >18 μm, which we
attribute to an additional contribution from free carriers. The
increase above the strong reflection plateau is most evident
for the Ts = 550 ◦C sample and occurs at λ >19 μm, while
the onset increases to λ = 21 μm for Ts = 600 and 650 ◦C,
and λ = 23 μm for Ts = 700 and 750 ◦C. This suggests that
the room temperature free carrier density Ne decreases with
increasing Ts , which is consistent with the room temperature
transport measurements, as discussed in more detail below. At
wavelengths where the free carrier contribution is negligible,
like, for example, at λ = 18 μm, R increases with increasing
Ts . We attribute this to the increasing crystalline quality that
results in a stronger dielectric response associated with the
lattice vibrations.

IV. DISCUSSION

In this section, we discuss first the VRH that dominates
low-temperature conductivity, second the mechanism for room
temperature transport, and last how our results compare
with previous reports on insulating and metallic CrN in the
paramagnetic and antiferromagnetic phases. The T dependence
of the conductivity of our CrN layers indicates variable range
hopping for T < 120 K, with a transition from ES to Mott
VRH around 30 K, as illustrated in Fig. 3. This crossover
temperature for VRH is considerably higher than that reported
for doped semiconductors such as n-GaAs (Ref. 51), Si:B

(Ref. 48), Si:As (Ref. 52), n-CdSe (Ref. 45), Ge:As (Ref. 53),
and Si:P (Ref. 54), but is comparable to that of oxides including
Sr2Y0.5Ca0.5Co2O7 (Ref. 55), InxOy (Ref. 56), and ZnO
(Ref. 50). The relatively high crossover temperature indicates
strong electron-electron interactions which we attribute to the
relatively flat d bands in CrN. VRH is commonly observed
for both doped and noncrystalline semiconductors when point
defects and dopants cause localized states in the band gap,
and the density of states is finite (i.e., does not vanish) at the
Fermi level.39,40 We attribute the localized states in crystalline
CrN to native defects, particularly nitrogen vacancies which
are common in NaCl-structure transition metal nitrides like
TiN (Ref. 57), ScN (Ref. 58), or TaN (Ref. 59). They
act as donors12 and may cause carrier localization.22,59 The
localization length ξ increases with increasing donor (i.e.,
N vacancy) concentration Nv according to60,61

ξ (Nv) = ξ0(1 − Nv/Nc)−υ, (11)

where the scaling exponent υ is predicted theoretically to be
unity62, while experimental studies on doped semiconductors
report υ = 0.5–1 (Refs. 60, 63–65). With this scaling behavior,
ξ diverges as Nv approaches a critical concentration Nc for the
metal-insulator transition, but reaches a constant ξo, which
is equal to the effective Bohr radius aB (Ref. 60) for small
Nv , as the overlap between localized electron states becomes
negligible. The plot in Fig. 4 shows that Ts = 700 and
850 ◦C lead to the smallest and largest localization lengths
of 0.87 and 1.9 nm, respectively, corresponding to the smallest
and largest N-vacancy concentrations. To estimate Nc, we
note that 4πχ tends to infinity as Nv approaches Nc, and
that 4πχ = 19 and 79 for the 700 and 850 ◦C samples,
respectively. Thus, the 700 ◦C sample is farther away from
Nc so that aB is smaller than, but likely close to, 0.87 nm.
The distance between nitrogen vacancies d is smaller than
the variable-range-hopping distance Rh,M for all Ts , since all
samples exhibit VRH. Thus, d is smaller than the smallest
Rh,M , which we calculate using Eq. (5) for Ts = 700 ◦C and
T = 120 K to be 2.3 nm. Therefore, the critical distance
between nitrogen vacancies dc < d < 2.3 nm. The Mott
criteria39 N

1/3
c aB = 0.25 suggest that dc = 4aB , assuming a

simple-cubic arrangement of vacancies, which yields aB <

0.57 nm, consistent with the upper bound for aB of 0.87 nm,
derived above. Correspondingly, the lower limit for Nc = 8.4 ×
1019 cm−3. We also obtain, using the simple hydrogen model,66

lower limits for the effective electron mass in CrN of 4.9me and
the donor ionization energy of 24 meV. However, the hydrogen
model may not be well suited to estimate the effective mass and
donor/acceptor ionization energy since aB is not much larger
than the lattice constant of 0.414 nm.67 We determine the
lower bound for Nv for each sample with Eq. (11), assuming
ν = 1 and setting ξo = aB < 0.57 nm and correspondingly
Nc > 8.4 × 1019 cm−3. This yields lower bounds for Nv is
in the range of 3–6 × 1019 cm−3, as indicated with the right
y axis in Fig. 4, showing the lowest and highest N-vacancy
concentrations for Ts = 700 and 850 ◦C, respectively.

At low temperature, where VRH dominates electron trans-
port, a higher nitrogen vacancy concentration leads to a higher
CrN conductivity, as evident when comparing Figs. 2(a)
and 4, where both σ10K and Nv curves exhibit a U-shape

165205-6



VARIABLE-RANGE HOPPING CONDUCTION IN . . . PHYSICAL REVIEW B 83, 165205 (2011)

with conductivity and vacancy concentration being nearly
constant between Ts = 600–700 ◦C with σ10K = 0.028 ±
0.006 � −1cm−1 and Nv = 3.1 ± 0.2 × 1019 cm−3, respectively,
and the minimum for both curves being at Ts = 700 ◦C.
We attribute the steep increase in Nv at Ts ≈ 800 ◦C to
a reduced nitrogen incorporation during growth, associated
with temperature activated N-N association and successive N2

desorption at the growing CrN(001) surface, consistent with
previous reports indicating a loss of nitrogen in CrNx with
increasing Ts (Ref. 13). Similarly, we attribute the high σ10K

and Nv values at Ts = 550 ◦C to N vacancies that are the
result of a limited N incorporation during low-temperature
growth, where N2 dissociation at the growing CrN surface is
kinetically limited. Overall, σ10K and ξ (or Nv) agree well,
with the exception of the sample grown at 800 ◦C, which we
attribute to T = 10 K being too high to truly represent low
temperature: The low slope of the Ts = 800 ◦C curve at 10 K
in Fig. 2(b), and the low TES value in Table I for Ts = 800 ◦C,
indicate that decreasing T below 10 K would yield a relatively
high conductivity in comparison to the Ts < 800 ◦C samples,
consistent with the result in Fig. 4.

In the following, we discuss the dominant conduction
mechanism at room temperature. VRH does not explain the
T dependence of σ for T > 120 K since the exponent γ

from Eq. (1) is larger than 1
2 , as evident in Fig. 3. Previous

studies10,22 on CrN have attributed the temperature dependence
of the conductivity to thermally activated carriers across a
conventional band gap Eg and determined values of Eg = 20–
40 (Refs. 9, 22) and 71 meV (Ref. 10). If using a comparable
analysis, that is, setting the slope at room temperature in
Fig. 2(b) equal to −Eg/2k, we obtain Eg values that are
consistent with these previously published values and range
from 48 to 81 meV, with the smallest and largest values for the
samples grown at Ts = 850 and 700 ◦C, respectively. However,
we do not believe that a thermally activated interband transition
dominates room temperature conduction in CrN since this
should lead to a conductivity that only weakly depends on
defect concentration, in clear contradiction to the measured
σ290K varying by an order of magnitude in our samples, as
shown in Fig. 2(a). In addition, the measured Hall mobility
μH ≈ 0.1 cm2/Vs is well below reported values of 11, 5.8,
and 86 cm2/Vs for related NaCl-structure transition metal
nitrides, ScN (Ref. 68), TiN (Ref. 68), and HfN (Ref. 31),
respectively, suggesting that the charge carriers in our CrN
layers do not occupy completely delocalized states as is the
case for these related nitrides with conventional conduction
bands. Therefore, we explore in the following three conduction
processes that include carrier localization. They have been
reported for doped semiconductors39 and become increasingly
important with increasing temperature, including (i) nearest
neighbor hopping (NNH), where electrons jump from one
localized state near the Fermi level to a neighboring defect
site, (ii) thermal activation of electrons from the Fermi level to
the mobility edge in the upper Hubbard band,41 and (iii) donor
ionization. We first reject process (i) as a viable explanation
for the room temperature transport in CrN. If NNH is the
dominant transport mechanism, then the sample with the
highest N-vacancy concentration should exhibit the highest
conductivity. Based on the data in Fig. 4 and the discussion

above, Ts = 850 ◦C yields the highest vacancy concentration,
however, it has the lowest room temperature conductivity as
shown in Fig. 2(a). That is, our data are inconsistent with
conduction by NNH.

In contrast, process (ii) can reasonably explain room tem-
perature conduction in our samples: As described by Mott41

for doped crystalline semiconductors,69 the perturbation in the
electron potential due to structural disorder causes Anderson
localization70 in the not fully occupied lower Hubbard band.
However, if the bandwidths B1 and B2 of the upper and
lower Hubbard bands are sufficiently broad, that is when
(B1 + B2)/2 approaches the Hubbard energy U (Refs. 39–41)
the two Hubbard bands overlap, yielding delocalized states
in the midband region (that is, also in the upper Hubbard
band), resulting in a mobility edge which separates localized
and delocalized states. Thermal activation of carriers from the
Fermi level EF to this mobility edge at an energy EC results
in conduction, however, with a Hall mobility that is typically
rather small, with reported values in the order of 0.1 cm2/Vs
(Refs. 39, 71). Our Hall measurements, with 300 K values
of μH = 0.16 ± 0.11 and 0.19 ± 0.40 cm2/Vs for Ts = 600
and 800 ◦C, respectively, indicate also a Hall mobility of the
order of 0.1 cm2/Vs, suggesting that thermal activation to
the mobility edge in a localized system may be responsible
for the room temperature conduction in our CrN layers. The
activation energy, obtained from the slope of lnσ vs 1/kT at
room temperature, varies between 24.0 and 40.6 meV for the
seven samples grown at Ts = 550–850 ◦C.

The third process (iii), which is the donor ionization
conduction process where electrons are thermally excited from
the Fermi level to the conduction band, cannot be excluded
with complete certainty as the dominant room temperature
CrN conduction process. In that case, the activation energy
EA = 24.0–40.6 meV corresponds to the donor ionization
energy. The above estimation for EA using low-temperature
transport data provides a lower bound of 24 meV, which
would be consistent with the measured EA values. However,
as discussed above, transport in a conventional band as is the
case for process (iii) is expected to yield a carrier mobility that
is 1–3 orders of magnitude higher than the measured μH =
0.1 cm2/Vs. Thus, we conclude that process (ii) is most likely
the dominant room temperature transport process in our CrN
samples.

The free carrier density Ne at room temperature can be
estimated from both our optical and our Hall effect measure-
ments. We assume that the increase in reflectance on top of
the resonance due to lattice polarization at large wavelengths
in Fig. 6 is a contribution from free carriers, and obtain Ne

from the plasma frequency ωp = (Nee
2/ε0εrm

∗)1/2, using an
estimated εr = 30 (Ref. 26) for screening by valence electrons
and using the lower bound for the effective mass m∗ = 4.9me

from above. This yields an estimated Ne that decreases from
4.5 × 1020 cm−3 for Ts = 550 ◦C to 3.7 × 1020 cm−3 for
Ts = 600–650 ◦C, 3.1 × 1020 cm−3 for Ts = 700–750 ◦C, and
possibly 2.8 × 1020 cm−3 for Ts = 800–850 ◦C. The last value
is rather uncertain because it is unclear if the slight increase in
R at λ = 24 μm for the Ts = 800 and 850 ◦C spectra is just due
to experimental noise. To estimate Ne from the Hall coefficient
RH , we note that for localized systems RH �= 1/eNe and even
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the carrier type cannot be determined from the sign of RH .
However, it is known that μH/μ ≈ 1/10 for electrons at the
mobility edge,39,71 where μ is the conductivity mobility. Thus,
we calculate μ = 10μH = 1.6 and 1.9 cm2/Vs for Ts = 600
and 800 ◦C, respectively, and obtain Ne = 4 × 1020 and 0.9
× 1020 cm−3 from σ290K = 92 and 28 �−1cm−1, respectively.
These values for Ne agree rather well with the optical data
both in the order of magnitude (Ne ≈ 1020 cm−3) as well
as in the fact that Ne decreases with increasing Ts . We note
that the largest value for Ne = 4.5 × 1020 cm−3 is four times
larger than the estimated lower bound for Nc, while the sample
still exhibits insulator behavior. This suggests that Nc may
be considerably higher than our lower bound estimate and/or
Anderson localization causes insulating behavior despite Ne

> Nc (Ref. 72). We also note that the lower bound for the
N-vacancy concentration Nv in Fig. 4 is two to ten times
smaller than Ne, and that the monotonous decrease in the room
temperature carrier density Ne vs Ts is not matched by the U
shape of the Nv vs Ts curve, obtained from the low-temperature
transport analysis. These facts indicate that room temperature
transport is more strongly affected by crystalline defects like
dislocations and small angle grain boundaries, as suggested by
the comparable trends for crystalline quality in Fig. 1(b) and
σ290K in Fig. 2(b), than by the N-vacancy density.

Finally, we discuss our data in comparison with previously
reported transport properties of CrN layers, focusing partic-
ularly on aspects where different studies obtained different
results including (1) the large variation in room temperature
resistivity, (2) the presence or absence of a phase transition,
(3) the large variation in the low-temperature resistivity, and
(4) the conclusion whether CrN is metallic or insulating.

(1) Room temperature resistivity: There exists a wide range
of reported room temperature resistivity values for single
crystal CrN layers, ranging over 2.5 orders of magnitude
from 1.7 × 10−3 to 3.5 × 10−1 �cm (Refs. 1, 9–11, 15,16).
This large range suggests that this is a controversial matter.
However, the resistivity values in this study alone vary by
an order of magnitude by simply changing the deposition
temperature from 7.3 × 10−3 �cm for Ts = 550 ◦C to 7.1
× 10−2 �cm for Ts = 850 ◦C. Thus, the room temperature
resistivity of CrN depends strongly on the crystalline quality
which increases with Ts for our samples. The large range of
reported values is therefore not surprising considering that
CrN has been synthesized with very different techniques. In
contrast, the reported slope of lnρ vs 1/kT at room temperature,
which is a measure of the apparent activation energy for
conduction varies over a much narrower range, with reported
values of 20,9,22 35,10,25 45,4 and 75 meV.73 The values from
the present study, 24.0 to 40.6 meV, are fully consistent with
these reported values. As discussed above, we attribute the
activation energy to a transition from the Fermi level to the
mobility edge in the upper Hubbard band.

(2) Phase transition: Various studies on the T-dependent
electron transport of CrN report a discontinuity in the ρ vs T
curves around the Néel temperature of 280 K, associated with
the phase transition from a paramagnetic cubic NaCl structure
at high temperature to a distorted orthorhombic antiferro-
magnetic phase at low temperature. The antiferromagnetic
phase has been found to have a resistivity that is by 10%,1

20%,11,25 30%,13 or 120%10 lower than the paramagnetic

phase. In contrast, our epitaxial CrN layers exhibit no phase
transition, as determined by XRD experiments, and also show
no discontinuity in the resistivity that could be associated
with such a phase transition. This is in agreement with a few
reports9,11,16 that also observe no discontinuity in the ρ vs T
curves. We attribute the absence of a phase transition to epi-
taxial constraints that suppress the shear deformation into the
orthorhombic structure. The reasons why some CrN samples
show a phase transition while others do not is not fully clear, but
may be explained as follows: Most polycrystalline CrN should
exhibit the phase transition since individual grains distort in
different directions and the associated volume reduction would
provide sufficient space within the microstructure for grain
boundary slide. In contrast, we envision that a perfect CrN
single crystal that is “attached” to a substrate will not distort
into the orthorhombic phase because two of its three crystal
axes are fixed by the substrate. However, if voids exist within
the single crystal or if easy dislocation motion facilitates slip
along {110} planes, then orthorhombic domains may develop
within the CrN such that the phase transition occurs, as has
been reported for some epitaxial CrN layers.

(3) Low-temperature resistivity: The reported low-
temperature resistivity values for CrN vary widely and a direct
comparison is limited because of the different investigated
minimum temperatures. Reported values range from 0.008,
0.013, and 0.02 �cm at 77 and 20 and 4 K from Refs. 10, 1,
and 25, respectively, to 1.0 and 270 �cm at 50 and 20 K from
Refs. 16 and 9, respectively, with a particularly high value
of 44 k�cm at 20 K for polycrystalline CrN from Ref. 4.
The former low-resistivity values (0.008–0.02 �cm) are for
samples which show a transition to the antiferromagnetic
phase, while the latter higher values (1.0–270 �cm) are for
the cubic CrN phase. Our 10 K resistivity values range from
5.8 to 45 �cm, which is consistent with the latter reported
values. That is, our data support the literature which indicates
that samples that remain in their cubic phase exhibit a two
to five orders of magnitude higher low-temperature resistivity
than those that are antiferromagnetic at low temperature. Also,
our results suggest that low-temperature transport in CrN is
dominated by hopping conduction and is therefore strongly
affected by the N-vacancy concentration which, in turn, is
strongly affected by deposition conditions such as temperature.
It is therefore no surprise that reported low temperature
resistivity values for CrN vary widely.

(4) Metallic or insulating CrN: The question of whether
intrinsic CrN is metallic or insulating is still controversial,
which we attribute to (1) some samples exhibiting a phase
transition while others remain in their paramagnetic cubic
structure below the Néel temperature and (2) transport
properties being strongly affected by the CrN synthesis
method because (2a) the hopping conduction is controlled by
the N-vacancy concentration which may be below or above
the critical value for a metal-insulator transition and (2b) the
tendency for CrN to exhibit Anderson localization due to
crystalline defects that form during synthesis. In particular,
studies on samples that show a phase transition report dρ/dT
< 0 (Refs. 1, 25, 73) or dρ/dT > 0 (Refs. 10,11, 13) for the
antiferromagntic low-temperature phase. However, according
to Ref. 25, the fact that dρ/dT < 0 can be attributed to the
presence of disorder, and the antiferromagnetic phase should
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be considered metallic because d(lnσ )/d(lnT) → 0 as T → 0
(Ref. 74). Thus, based on this more rigorous definition of
a metal, we believe that all reported antiferromagnetic CrN
can be considered metallic. In contrast, our results on cubic
paramagnetic CrN is insulating, even using the more rigorous
definition for an insulator. This result is consistent with other
reports of CrN which remain cubic at low temperature.9,16 It
is also consistent with various reports that show dρ/dT < 0
(Refs. 1, 9, 10, 12, 14, 73) above the Néel temperature, where
CrN is in the paramagnetic phase. However, these latter reports
alone could not conclude that paramagnetic CrN is insulating
because the transport data are limited to temperatures above
the Néel temperature. In addition, there are some studies that
find dρ/dT > 0 above the Néel temperature.11,13 We believe
that this is likely due to (i) an N-vacancy concentration that
is above the critical concentration for the Mott metal-insulator
transition which we estimate to be on the order of 1020 cm−3,
and/or (ii) the disorder causes delocalization, that is, an
Anderson metal-insulator transition.72 In summary, based on
previously reported transport data as well as the results in the
present study, the antiferromagnetic CrN phase is metallic
while the paramagnetic phase is insulating. However, the
metallic antiferromagnetic phase may exhibit a dρ/dT < 0
due to Anderson localization associated with a sufficiently
high crystalline imperfection. Conversely, the insulating para-
magnetic phase may also show dρ/dT > 0, if the N-vacancy
concentration is above the critical value for the metal-insulator
transition.

V. CONCLUSION

XRD and electron transport measurements indicate that
single-crystal CrN(001) layers grown on MgO(001) by reac-
tive sputtering at Ts = 550–850 ◦C exhibit no phase transition
at the previously reported Néel temperature around 280 K.
This is attributed to epitaxial constraints causing these layers to
remain in their cubic paramagnetic phase over the investigated
temperature range between 10 K and room temperature.
Electron transport below ∼120 K is described by variable
range hopping with Mott and ES VRH dominating above and
below a crossover temperature of 30 ± 10 K. The crossover

is well described by a universal scaling and fitting the two
regimes with lnσ ∝ −(1/T )1/4 and lnσ ∝ −(1/T )1/2 provides
values for the localization length ξ which varies from 0.87 to
1.9 nm depending on Ts . The hopping conduction is attributed
to nitrogen vacancies. A lower bound for the critical vacancy
concentration for the metal-insulator transition is estimated to
be 8.4 × 1019 cm−3 and the upper limit for the Bohr radius is
0.57 nm. The estimated lower bound for the nitrogen vacancy
concentration Nv depends on Ts and is in the range of 3–6 ×
1019 cm−3.

The room temperature conductivity decreases monotoni-
cally from 137 �−1cm−1 for Ts = 550 ◦C to 14 �−1cm−1

for Ts = 850 ◦C. This is attributed to the increasing crys-
talline quality, as quantified by XRD ω-rocking curve scans.
Crystalline defects, in particular low-angle grain boundaries,
cause localized and delocalized states in the band tail which
dominate room temperature electron transport through thermal
activation from the Fermi level to the mobility edge which
divides extended and localized states in the upper Hubbard
band. This is supported by the low value of the measured Hall
mobility of 0.1 cm2/Vs. The room temperature carrier density
ranges from 0.9–4.5 × 1020 cm−3, as estimated from both Hall
measurements and optical reflectance in the infrared.

The overall results show that electron transport in CrN
is strongly affected by both the N-vacancy concentration as
well as the density of crystalline defects. This explains why
previous reports show large differences in both the absolute
values as well as in the T dependence of the resistivity. The data
also strongly suggest that cubic paramagnetic CrN exhibits
a band gap in agreement with recent electronic structure
calculations22 and optical analyses.26
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74A. Möbius, Solid. State. Commun. 73, 215 (1990).

165205-10

http://dx.doi.org/10.1063/1.1446239
http://dx.doi.org/10.1016/S0040-6090(02)00830-1
http://dx.doi.org/10.1016/S0040-6090(02)00830-1
http://dx.doi.org/10.1103/PhysRev.117.929
http://dx.doi.org/10.1103/PhysRev.117.929
http://dx.doi.org/10.1016/0921-4526(92)90749-I
http://dx.doi.org/10.1038/nmat2549
http://dx.doi.org/10.1038/nmat2549
http://dx.doi.org/10.1103/PhysRevB.59.7043
http://dx.doi.org/10.1103/PhysRevB.59.7043
http://dx.doi.org/10.1103/PhysRevB.79.035125
http://dx.doi.org/10.1103/PhysRevB.79.035125
http://dx.doi.org/10.1103/PhysRevB.82.184430
http://dx.doi.org/10.1103/PhysRevB.82.184430
http://dx.doi.org/10.1103/PhysRevLett.85.5166
http://dx.doi.org/10.1103/PhysRevLett.104.236404
http://dx.doi.org/10.1103/PhysRevLett.104.236404
http://dx.doi.org/10.1103/PhysRevB.82.045116
http://dx.doi.org/10.1016/j.surfcoat.2008.06.052
http://dx.doi.org/10.1016/j.surfcoat.2008.06.052
http://dx.doi.org/10.1016/j.tsf.2006.07.142
http://dx.doi.org/10.1016/j.tsf.2006.07.142
http://dx.doi.org/10.1016/j.tsf.2009.12.085
http://dx.doi.org/10.1016/j.tsf.2005.08.244
http://dx.doi.org/10.1016/j.tsf.2005.08.244
http://dx.doi.org/10.1063/1.1759783
http://dx.doi.org/10.1116/1.1320806
http://dx.doi.org/10.1116/1.1320806
http://dx.doi.org/10.1116/1.576455
http://dx.doi.org/10.1116/1.576455
http://dx.doi.org/10.1063/1.368913
http://dx.doi.org/10.1103/PhysRev.154.750
http://dx.doi.org/10.1088/0022-3719/8/4/003
http://dx.doi.org/10.1103/PhysRevLett.64.2687
http://dx.doi.org/10.1103/PhysRevLett.64.2687
http://dx.doi.org/10.1103/PhysRevB.27.3494
http://dx.doi.org/10.1103/PhysRevLett.75.4266
http://dx.doi.org/10.1103/PhysRevLett.68.3900
http://dx.doi.org/10.1103/PhysRevLett.68.3900
http://dx.doi.org/10.1063/1.3357376
http://dx.doi.org/10.1016/S0038-1098(99)00456-1
http://dx.doi.org/10.1016/S0038-1098(99)00456-1
http://dx.doi.org/10.1103/PhysRevLett.75.4764
http://dx.doi.org/10.1103/PhysRevLett.68.3076
http://dx.doi.org/10.1103/PhysRevLett.68.3076
http://dx.doi.org/10.1103/PhysRevB.75.205203
http://dx.doi.org/10.1103/PhysRevB.75.205203
http://dx.doi.org/10.1103/PhysRevB.63.064401
http://dx.doi.org/10.1103/PhysRevB.63.064401
http://dx.doi.org/10.1103/PhysRevB.44.3599
http://dx.doi.org/10.1063/1.1629155
http://dx.doi.org/10.1063/1.1388161
http://dx.doi.org/10.1063/1.1391214
http://dx.doi.org/10.1103/PhysRevB.33.3570
http://dx.doi.org/10.1103/PhysRevB.33.3570
http://dx.doi.org/10.1103/PhysRevB.40.1216
http://dx.doi.org/10.1103/PhysRevB.40.1216
http://dx.doi.org/10.1103/PhysRevLett.42.673
http://dx.doi.org/10.1103/PhysRevB.25.4288
http://dx.doi.org/10.1103/PhysRevB.75.205203
http://dx.doi.org/10.1103/PhysRevB.75.205203
http://dx.doi.org/10.1103/PhysRevLett.51.1896
http://dx.doi.org/10.1063/1.1329348
http://dx.doi.org/10.1063/1.1329348
http://dx.doi.org/10.1103/PhysRev.140.A2183
http://dx.doi.org/10.1103/PhysRev.109.1492
http://dx.doi.org/10.1016/0022-3093(71)90024-X
http://dx.doi.org/10.1103/PhysRevB.82.245201
http://dx.doi.org/10.1103/PhysRevB.82.245201
http://dx.doi.org/10.1016/0038-1098(90)90960-J

