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Abstract. We considerthe problemof all-weatheridentificationof airbornetargets. We
show thatstructuralelementsof thetargetcorrespondto identifiablefeaturesof theradardata.
Our approachis basedon high-frequency scatteringmethodsbut is not limited to thestandard
weak-scattererapproximation:we alsoanalyzemultiple scatteringandstructuraldispersion
(situationsnormally interpretedin termsof poorly-behaved image“artifacts”). This work
suggestsa methodfor target identificationthatcircumventstheneedto createanintermediate
radarimagefrom which theobject’s characteristicsareto beextracted.As such,this scheme
maybeapplicableto efficient machine-basedradaridentificationprograms.

PACSnumbers:41.20.Jb,42.30.Wb

1. Introduction

Object identificationfrom reflectedradio waves is an inverseproblemwith a long history.
This challengingproblem is still mostly unsolved but the impetus for the work is high
because,if perfected,suchmethodswould allow for reliablerecognitionof non-cooperating
targets in all typesof weatherandat greatdistances.Radar-basedtarget recognitionefforts
sharea greatdeal in commonwith other problemsof remotesensingand currentpractice
attemptsto performtarget identification/classificationfrom fully formedradarimages. Of
course,constructingan imageof a target from radardatais a very difficult taskall by itself
sincethe reflectedfield dataarenoisy andareusuallycollectedfrom a very limited setof
(generallyunknown) targetorientations[19, 29]. Additional complicationsarisein the real-
time implementationof imagingalgorithmsin realizableradarsystems.

Automatic classificationsystems,however, shouldbe able to skip this imaging step
becausea fully-formed imageis probablynot requiredfor machine-basedtargetrecognition.
This observation,of course,begs the questionof “what componentsof the raw datasetare
relevantto targetidentification?”In thispaperweexamineasystematicmethodfor extracting
structure-relevant information directly from measuredradardatawithout the needto first
constructanimageof thetarget.

Our approachrelatesthesingularstructure(suchasedges)of the target to the singular
structureof thedataset. Restrictingour attentionto thesingularstructure—specifically, to a
certainsetin phasespacecalledthe wavefront set—allows us to usethe toolsof microlocal
analysis[9, 13, 32]. This strategy wasfirst appliedto imagingproblemsin [1]; its usesin
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seismicprospecting[2, 6, 10], X-ray tomography[11, 16], and Synthetic-ApertureRadar
[23] areactiveareasof research.An approachsimilar to theonewepursuehere,in whichwe
usemicrolocalanalysisnotto doimagingbut insteadto studytheconnectionbetweenfeatures
of thetargetandthedata,wasconsideredfor theX-ray tomographyproblemby Quinto[25].

We begin in section2 by examining the generalpropertiesof radar scatteringand
developing mathematicalmodels for the measureddata. Thesemodels involve Fourier
Integral Operatorswith kernelsthatareoscillatoryintegrals;consequentlythesemodelscan
be studiedwith the techniquesof microlocalanalysis. Next we presentan overview of the
microlocalconceptsandtheoremsthatarerelevant to our investigation(section3.1). These
two sectionsserve to introduceour notationanddefineour terminology. Section3 contains
our main resultsand calculatesthe wavefront setsassociatedwith several importantradar
scatteringsituations:weakscatterers;multiple scatterers;andstructuraldispersion(all cases
arelimited to targetswhoserotationalaccelerationis negligible). Weconcludeourdiscussion
in section4 by consideringseveralconnectionsbetweenour resultsandexistingpracticesand
problemsof radarimagingsystems.In particular, we briefly discusstargetswhosebehavior
is not well modeledby our assumptionsand suggestpotentially fruitful pathsfor further
research.

2. Radar data

Traditional radarsystemstransmitan electromagneticwaveform (a pulse) andmeasurethe
time delayandfrequency shift of the correspondingwaveform reflectedfrom a target so as
to estimatethat target’s rangeand speed. When very short-durationpulsesare used,it is
possibleto accuratelydeterminetherangeto individual targetsubstructures.Suchhighrange
resolution(HRR) radarsystemscanbe usedto obtaina target’s local integratedscattering
strengthasa functionof its range.

Theseone-dimensional“images” are known as range profiles and are usedby many
all-weathertarget recognitionsystems.But target-identificationproceduresbasedon range
profiles suffer from a lack of target information in dimensionsorthogonalto rangesince
range-onlyradardatamapsthe reflectedenergy from all equidistanttarget substructuresto
thesamepoint. Suchambiguitycanbepartially removedby consideringmultiple pulsesthat
interrogatethe target from differentdirections. The different target views, which are also
known as target aspects, collectively definea syntheticaperture andmorecompletetarget
imagescanbe recoveredfrom multi-aspectdataby, for example,backprojectionmethods.
In principle, thereare two basicschemesfor creatingsyntheticapertures:either the radar
measurementsystemcan move relative to the target (a configurationknown as synthetic-
apertureradar, or SAR); or the target can rotateandsequentiallypresentdifferentaspects
to the radar (a situationknown as inversesynthetic-apertureradar, or ISAR). In practice,
of course,one usually seesa combinationof theseidealizedcasesand the terminologyis
somewhatartificial.

Evidently, cross-rangeresolutiondependson thesizeof thesyntheticaperture.In ISAR
systems,this meansthatcross-rangeresolutionwill alsobe relatedto the lengthof the time
interval over which thesedataarecollectedbecausethe observer mustwait for an aperture
to be establishedby the rotating target. For a well-behaved target (i.e., one rotating at
constantrate),cross-rangeresolutionthereforedependson thedurationof themeasurements.
Rotationaltarget motion alsoinducesa differentialDopplershift in the target’s cross-range
dimension. This observation is the reasonwhy ISAR imaging is sometimescalled“range-
Dopplerimaging”(although,in HRRsystemstheDopplershift associatedwith targetrotation
is usuallytoo smallto bedirectlymeasuredon a pulse-by-pulsebasis).



Microlocal Structureof ISARData 3

Ultimately, the behavior of radardatais determinedby scattered-fieldsolutionsto the
wave equation.Sinceradarsystemstransmitandreceive radio waves,we shouldgenerally
examine the electromagnetic(vector) wave equation. For simplicity, however, we will
examinethe scalarwave equationandassumethat the componentsof the electromagnetic
field eachsatisfy �
	���
���������� ������� �� �"! ��� �#����$&%�' (1)

We write the total field as a sumof the incident andscatteredfields ! $ !)( *,+�-.!�/�+ ; the
resultingequationfor !�/�+ is� 	 � 
�� ��� � �� � ! /�+ �0� ������$ 
213��� �#���4� ��5! ��� �#���6� (2)

where

17�0� ������$ � ��� 
8� ��� �0� ����� is thetargetscatteringdensityattime

�
andposition �:9<;>= .

We canwrite (2) asanintegralequation! /�+ ��� �#����$@?BA �0�C
D�FE ��� 
HG � 17�0�FE � G ��� ���I ! �0�FE � G �4J �FE J G � (3)

where[31] A ��� �#����$LK �0�C
&M � M NO� �P�Q M � M $ ?SR � ( T�U � �>V W�V XZY
[\ Q � M � M J ] (4)

satisfies

� 	 � 
 � �� � A ��� �#����$ 
 K �0� � K � ��� .
In section 2.1, we develop a mathematicalmodel for radar data and explain the

fundamentalrole playedby the weakscatteringapproximation.We examinethe multiple-
scatteringcasein section2.2,whereweconstructanexactscatteringsolutionfor two isotropic
point scatterers.In section2.3,we considera modelfor scatteringfrom a reentrantstructure
suchasa ductor engineinlet.

2.1. Weakscattering

Therearea varietyof situationswhentheapproximationknown astheBorn approximation,
single-scatteringapproximation, or weak-scatteringapproximation is appropriate[15, 17].
Underthis approximation,we replacethe full field ! on the right sideof (2) and(3) by the
incidentfield !�( *�+ , which converts(3) into! /�+ ��� �#����^@?BA �0�C
D�FE ��� 
HG � 17�0�FE � G ��� ���I ! ( *,+ ���FE � G �4J �FE J G ' (5)

Thevalueof this approximationis that it removesthenonlinearityin theinverseproblem:it
replacestheproductof two unknowns(

1
and ! ) by a singleunknown (

1
) multiplied by the

known incidentfield.
For radarmeasurementsystems,the singlescatteringapproximationis the basisfor a

crucial methodfor estimatingthe scatteredfield in the presenceof systemnoise. This is a
seriousissue,becausethe energy of the scatteredfield at the receiver will be reducedby at
leasta factorof _ ��`

(where _ denotesthe distancebetweenthe radarand the target and
typically rangesfrom ten to one hundredkilometers). Thus the signal measuredby the
radarwill typically be small in comparisonwith the thermalnoisevoltage. This difficulty
canbe overcomeby correlatingthe received signalwith a modelof the expectedreflection
signal;by this means,radarsystemscansignificantlyreducetheeffectsof systemnoiseand
extendthe effective range_ without having to increasetheenergy of the transmittedsignal
to impossiblelevels [4, 8]. Thesignalmodelgenerallyusedfor suchmeasurementsis based
on the single scatteringapproximation: the scatteredfield is presumedto be a time- and



Microlocal Structureof ISARData 4

frequency-shiftedreplicaof !)( *,+ . The term “radar data” usuallyrefersto thesecorrelation-
receivermeasurements.

We assumethat the incidentfield is a seriesof pulses,beginningat times

� $badc6�feg$h �Zi4��','�' from anisotropicpoint radiatoratposition � , sothat! ( *�+c ��� E � G �j$ ?lk ( *�+ � ] E � R � ( T I U � I �6mFno�>V Wp��qpV XZY
[\ Q � M � 
DGrM J4] E � (6)

where k ( *,+ � ]s��$&tvu�w ( *�+�x � ]s��$ hi Q ? w ( *,+ �0� E � R ( T � I J � E (7)

is the Fourier transformof the signalusedto establishthe interrogatingfield transmittedto
thetarget.We alsoassumethatthetargetis translatingwith velocity y androtating,sothatat
time

� E
, we have

1z��� E � G �{$B| �
} ��~ �0� E � ��G�
 y � E �f� , where

}z��� E � denotesa rotationoperator
(anorthogonalmatrix).

We considerthe monostaticcase,in which the transmitterandreceiver areco-located.
At the radar, thefield dueto the e th transmittedpulseis thus !)/0+c �0� ����� . This field inducesa
systemsignalwhoseBorn-approximatedvaluewe denoteby w /�+ � ����e�� � � :w /�+ � ���fe�� � ��$.? R � ( T�U � � � I �CV W)�)qpV XZY
[\ Q � M � 
DGrM |�� ��} �"~ ��� E � �0G�
 y � E �f�� ��� ] E � � k ( *,+ � ] E � R � ( T I U � I �"m n �CV W)�)q)V X#Y
[\ Q � M � 
HG�M J ] E J ]jJ �FE J G ' (8)

In (8), we neglecttheoverall targetvelocity (set y $�% ), let

� E E $ � E 
 a c , andmake the
changeof variables� $ } ��~ �0� E E - a c � G . This approximationconverts(8) intow /�+ � ���fe�� � ��$ ?�R � ( T�U � � � I I �"mFno�>V Wp��� U � I I�� mFnd[�� V XZY
[\ Q � M � 
:}7�0� E E - a c � � M | � � � �� ��� ] E � � k ( *,+ � ] E � R � ( T I U � I I �CV W)�"� U � I I�� mFnd[��4V XZY
[\ Q � M � 
�}z��� E E - a c � � M J ] E J4]jJ � E E J � ' (9)

We usethefar-field approximation

M � 
��HM $ M � M�
����� � -�� ��M � M �"~ � (with thehatdenoting
unit vector)andthenotation _ $ M � M , �� ��� �j$ 
{}��r��� � �� to rewrite (9) asw /�+ � ���fe�� � ��^ h� \ Q � _ � � ? | � � � � ��� ] E � � k ( *,+ � ] E � R � ( T�� � � � I I �"mFn � U�� ���� U � I I � mFnd[¢¡£�d[0XZY¢¤� R � ( T I � � I I � U�� ���� U � I I � mFn5[¢¡ �d[0XZY¢¤ J ]jJ4] E J �FE E J � ' (10)

Next we correlatethe scatteredsignal with a signal of the form w ( *,+ �¢¥s�0� E 
�� ���&$¦ k � ] E E � R�§4¨ �f
�� ] E E ¥s�0� E 
D� �f�4J4] E E to obtaintheoutputof thecorrelationreceiver:© � � adc6� � � ¥ �j$ ? w /�+ � ����e�� � E � w ( *�+ �0¥r��� E 
H� ���4J � E$ h� \ Q � _ � � ?ª|�� � � � �0� ] E � � k ( *,+ � ] E � k ( *�+ � ] E E � R � ( T�� � I � � I I �6mfno� U�� ���� U � I I«� mfnO[¢¡ �d[0XZY¢¤� R � ( T I � � I I � U�� ���� U � I I � mFnd[�¡ �d[0XZY¢¤ R ( T I I ¬ U � I � � [ J ]jJ ] E J ] E E J �FE J �FE E J � � (11)

wherethebardenotescomplex conjugation.In (11) we carryout theintegrationsover ] and� E
to obtain© � � adc6� � � ¥ �j$ h­ i Q = _ � ? | � � � � �0� ] E � � k ( *,+ � ] E � k ( *�+ � ] E E � R � ( T I � � I I � U�� ���� U � I I�� mFn5[¢¡ �d[0XZY¢¤� R � ( T I I�¬ U � �6mfno� � I I � U�� ���� U � I I � mFn5[¢¡ �d[0XZY¢¤ J ] E J ] E E J �FE E J � ' (12)
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For theremainderof this sectionwe assumethat ®}v� adc�� is sufficiently smallthatwe can
expand

}z��� E E - a�c4� asafunctionlinearin

� E E
. Weusethisapproximationin section3 to explore

the “usual” imagingradarsituationcorrespondingto a signal w ( *,+ �0� � madeup of a seriesof
shortpulses.In section4 wealsobriefly considerthelimiting caseof amonochromaticsignal
madeup of asinglelong-durationpulse.

Whenrotationalaccelerationis negligible ( ®}z� a c �8$ª% ) we canexpand

}7�0� E E - a c � in
a Taylor seriesabout

� E E $¯% , so that

}z��� E E - a c �°$ }7� a c � -²±}7� a c � � E E . We introducethe
notation �� c7³ �� � a c ��$ 
{} � � a c � ����µ´ c � � � ³ _ - �� c � � � and¶ c � � � ³ �� c�� } � � adc�� ±}v� a�c)� � $ 
 ±} � � adc�� ��H� � ' (13)

Thequantity ¶ is thedown-rangecomponentof velocity at thepoint � dueto rotation. With
thenotation(13)wecanusetheorthogonalityof

}
to write theterminvolving

�� ��� E E - a c � in
theexponentof (12)as

�� �0� E E - a�c���� � $ �� c�� � - � E E ¶ c � � � .
Usingthis expansionfor

�� �0� E E - a c ��� � in (12),we find© � � adc6� � � ¥ �j$ h­ i Q = _ � ? | � � � � �0� ] E � � k ( *,+ � ] E � k ( *�+ � ] E E � R � ( T I I ¬ � � �6mFno� � I I � U · n �¹¸ n � I I [0XZY¢¤� R � ( T I � � I I � U · n �¹¸ n � I I [0XZY¢¤ J ] E J ] E E J �FE E J � ' (14)

Performingthe

� E E
and ] E E integrationsin (14)yields© � � adc6� � � ¥ �j$ h� P�Q _ � � ¥ ? | � � � � �0� ] E � � k ( *�+ � ] E � k ( *,+ ��¥ Ec � � � ¥ �"~ ] E �h - ¶ c � � � Nd�� R � ( T I � ¬5In U �d[ U � �6mfnd[
� U ~ �¹¬�In U �d[�[ · n U �d[0XZY¢¤ J ] E J � � (15)

where ¥CEc � � � ³ h 
 ¶ c � � � NO�h - ¶ c � � � NO� $ h 
 i ¶ c � � �� - ¶ c � � � ' (16)

We interpret

¥ Ec asthe Doppler scalefactor. Equation(15) is our modelfor the radardata
in the weak-scatteringcase. We note that (15) expressesthe data © � asa Fourier Integral
Operatoractingon | � .

We remarkalsothatthe ] E integralof (15),º � ¥ Ec �C
H� E � ¥ Ec ¥ �"~ � $.? ��� ] E � � k ( *�+ � ] E � k ( *�+ � ¥ Ec ¥ �"~ ] E � R � ( T I U ¬5In � � � I [ J ] E � (17)

is an imaging kernel related to the radar ambiguity function and, in the presenceof
measurementnoise,determinestheresolutionto which |�� � � � canbeestimated[8].

2.2. Multiple scattering

Multiple scatteringdoesnot fit into the weak-scatteringmodel. In the casewherethereare
only two isotropicpoint scatterers,we usethe exactsolutionderived in AppendixA for the
scatteredfield dueto theincidentwave (6). We considerthecaseof a rotatingtarget; i.e.,we
replace�p» of (A.8) by

}z��� E � ��» :! /0+ �0� ������$ �¼»�½ ~ h\ Q � ? A ���C
D� E � M � 
:}7�0� E � � » M � ¾ » k ( *�+ � ] E �h 
 ¾ ~ ¾ � R ( � T I«¿ N4� P5Q�À � � (18)

�ÂÁ R ( T I V W)�"� U � I [��ÄÃ,V X#YM � 
:}7�0� E � � » M - ¾ » I R � ( T I ¿P5Q�À R ( T I V W)�"� U � I [���Ã I V XZYM � 
:}z��� E � � » I MÆÅ R � ( T I U � I �"m n [ J ] E J � E �
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whereÇ E $ h
if Ç $.i and Ç E $Èi if Ç $ h

. Equation(18) is simplifiedasin section2: we use
the oscillatory-integral representation(4) for A ; make the far-field approximation;apply the
changeof variables

� E E $ � E 
 a�c ; expand

}
in a Taylor series;andusethenotationdefined

above(10). With thesesubstitutionswe obtain! /0+ � ���fe�� � ��$ h� \ Q � _ � � ¼Ã¢É Ê
Ë ÌÃ I�ÍÉ5Ã ?S¾ » k ( *�+ � ] E � R � ( T�� � � � I I �6m n � U�· n U �ÄÃ�[ �¹¸ n U ��Ãf[ � I I [¢X#Y¢¤h 
 ¾ » ¾ » I R ( � T I ¿ N4� P�Q�À � � (19)

�bÎ R ( T I � � I I � U · n U ��Ãf[ �¹¸ n U ��Ãf[ � I I [0XZY¢¤ - ¾ » I R ( T I ¿P�Q�À R ( T I � � I I � U�· n U �ÄÃ I [ �Ï¸ n U ��Ã I [ � I I [¢X#Y¢¤«Ð J4] E J ]jJ � E E �
where

À ³ M ��» 
 �p» I M .
Theoutputof thecorrelationreceiver is©OÑCÒ�Ó Ô � adc6� � � ¥ �s$ h� P�Q _ � � ¥ ¼Ã¢É Ê
Ë ÌÃ I ÍÉ5Ã ? ¾ » k ( *�+ � ] E �� h 
 ¾ » ¾ » I R ( � T I ¿ N�� P�Q�À � � � � h - ¶ c � � » � Nd� � (20)

� Î k ( *�+�Õ ¥ »»ZÖ c ¥ �"~ ] E�× R � ( T I � ¬ ÃÃÙØ n � n � U ~ �Ï¬ ÃÃÙØ n [ · n U ��Ãf[0XZY¢¤- ¾ » IP5Q�À k ( *�+ Õ ¥ » I»ZÖ c ¥ ��~ ] E × R � ( T I � ¬ Ã IÃÙØ n � no� U�U ~ �¹¬ Ã IÃÙØ n [ · n U �ÄÃ�[ � ¿ �Ú�� n�¡ U ��Ã I �)��Ãf[�[¢X#Y¢¤ Ð J ] E �
where ¥ÏÛ»ZÖ c ³ h 
 ¶ c � � Û � Nd�h - ¶ c � � » � Nd� ' (21)

(Observe thatwhen ¾ » ¾ » IrÜ ¾ »7Ý h
, (20) reducesto (15) for | ÑCÒ�Ó Ô � � �Æ$ ¾ ~ K � � 
 � ~ � -¾ � K � � 
 � � � .)

Expandingthe denominatorof (20), retainingonly termscubic and lower in ¾ » , and
simplifying, weobtain© ÑCÒ�Ó Ô � a c � � � ¥ �s^ h� P�Q _ � � ¥ ¼Ã¢É Ê
Ë ÌÃ I�ÍÉ5Ã ? ¾ »h - ¶ c � � » � Nd� k ( *,+ � ] E � (22)

�<Î k ( *�+ Õ ¥ »»ZÖ c ¥ �"~ ] E × R � ( T I � ¬ ÃÃÙØ n � n � U ~ �Ï¬ ÃÃÙØ n [ · n U ��Ãf[0XZY¢¤- ¾ » IP5Q�À k ( *�+�Õ ¥ » I»ZÖ c ¥ ��~ ] E × R � ( T I � ¬ Ã IÃÙØ n � n � U�· n U ��Ã I [ �¹¬ Ã IÃFØ n · n U ��Ãf[ � ¿ [¢X#Y¢¤- ¾ » ¾ » I� P�Q�À � � k ( *�+�Õ ¥ »»ZÖ c ¥ �"~ ] E�× R � ( T I � ¬ ÃÃÙØ n � n � U�U ~ �¹¬ ÃÃFØ n [ · n U ��Ãf[ � � ¿ [0XZY¢¤ Ð J ] E '
Equation(22) is our modelfor radardatain themultiple-scatteringcase.We notethat(22) is
a sumof oscillatoryintegrals,to which thetechniquesof microlocalanalysiscanbeapplied.

Our multiple-scatteringmodel(22) differssignificantlyfrom thatof theweak-scattering
casein that additionalbookkeepingmust be performedto accountfor target substructure
positionrelative to otherscatterers.In addition,the multiple-scatteringexpressiondepends
on theoverall targetorientationandinvolvesmultiplicative termsof theform R�§4¨ ��� ]�Þ À Nd� �
(for someinteger Þ ).
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2.3. Dispersivescatteringby reentrant structures

For reentrantstructureswith openingsthat canbe associatedwith the location � , the most
complicatedaspectof multiple scattering(i.e., the accounting)can be eliminated. This
simplificationis madepossibleby amodel[3] for scatteringfrom suchstructuresthatincludes
wavepropagationwithin theductor cavity. Here,theanalysisis doneby treatingthereentrant
structureasa waveguide:for | in (9), we use|�ß � ]à�fa c � � �s$Èá,â � a c � � � ¼
ãåä ã R ( � ¿ U �d[0Y�æoÊFç T Ì �6è Ìé ' (23)

In this equation, Þ indexes the eigen-solutions(modes)of the waveguide problem, ê ã
denotesthe modecutoff frequency,

ä ã
is the strengthof the mode, á�â is proportionalto

the amountof energy that getscoupledinto the reentrantfeature,and
À � � � is the distance

from themouthof theduct/cavity to a scatteringcenterwithin. We denoteby ë themouth
of thestructureandassumethat

À � � � is constantover ë andzerooff ë . We notethat this
scatteringmodelincludesdependencieson ] and a .

We take á,â � a c � � �j$@ì � �í � �� c �Fî>â � � �6� (24)

where

�í
is the(effective)normalto thewaveguideopening,ì is acouplingpatternthatgives

theangulardependenceof thecouplingstrength,and î â is a function that is supportedin a
neighborhoodof ë andis furthercharacterizedin section3.4.Equation(23)modelsonly the
contribution to the scatteredfield from scattererswithin the waveguide;scatteringfrom the
edgesof thewaveguidemouthis handledseparately(asin sections2.1or 2.2).

In thetime domain,(23)correspondstoá�ß ���FE �fa c � � ��$Èá,â � a c � � � ¼ ã ä ã ? R ( � ¿ U �d[0Y�æoÊ�ç T Ì ��è Ìé R � ( T � I J ]$Èá,â � a c � � � ¼
ã ä ã{ï�ã ���FE �6' (25)

Since
À � � � is assumedto beconstanton ë ,ï�ã �0�FE ��$�? R ( � ¿ Y�æoÊfç T Ì ��è Ìé R � ( T � I J ] (26)

is independentof � . This integralcanbeexpressedin termsof theHeavisidefunction ð and
theBesselfunction ñ5ò asï�ã �0�FE ��$�? ð ���FE E�
 i À Nd� � ñ5ò Õ ê ã°ó � E E � 
ô� i À NO� � � ×� ? � ó ] � 
 ê �ã R � ( T�U � I � � I I [ J ]jJ � E E ' (27)

Consequently,

ï�ã �0� � is theconvolutionof ð ���C
 i À NO� � ñ5ò Õ ê ã ó � � 
ô� i À NO� � � × withõ �0� ��$ � t �"~�ö ó ] � 
 ê �ã3÷ ��� �6' (28)

Sincethedownrangedimensionof a typical radarimageis actuallytravel time, we can
seefrom (27) that theimageof scatteringcenterslocatedwithin ducts/cavities thatobey this
modelwill not be localizedto a point. Instead,the associatedimagewill be stretchedand
extendedin the downrangedimension. The “stretching” propertyfollows from the scaling
behavior of ê ã in theargumentof ñ ò . Thisgeneralbehavior is aconsequenceof dispersion—
wavesreflectedfrom suchscatteringcentersexhibit a frequency-dependenttime delay(asin
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equation(25)). In practice,suchnonlocalimageelementscanbedifficult to mapto thelocal
targetstructuresthatcreatedthem,andareusuallyconsideredto beimageartifacts.

To obtaina modelfor radardata,wesubstitutefor | in (9) theexpression| ß � ] E �fadc6� � �j$ ? á ß ��� E �fadc6� � � R ( T I � I J � E ' (29)

We carryout thecomputations(10) through(15) asbeforeand,finally, in (15) we substitute
expression(29). We thusobtainfor theoutputof thecorrelationreceiver© ß � adc"� � � ¥ ��$ ?ªø3ß � adc6� � � ¥ � � � � E �Fá ß ��� E �fadc6� � ��J � E J � � (30)

where ø ß � a c � � � ¥ � � � �FE ��$ h� P5Q _ � � ¥ ? ��� ] E � � k ( *,+ � ] E � k ( *�+ �0¥ Ec ¥ ��~ ] E �h - ¶ c NO�� R � ( T I � ¬�In � n � U ~ �¹¬�In [ · n XZY�� � I ¤ J4] E ' (31)

This equation is our model for radar data from structurally dispersive target elements.
Again, this result involvesoscillatoryintegralswhich canbe studiedwith the techniquesof
microlocalanalysis. Although equation(30) is not quite in the form of a Fourier Integral
Operator(becauseit involves mutliplication in the adc variableas well as integration), it
couldbeconvertedinto oneby introducinganothervariableandmodifying thephaseof (31)
appropriately.

3. Wavefront sets for radar data

We focus on localizedscatteringcenterssuchas corners,specular“flashes” from smooth
surfaces,andre-entrantstructuressuchasductsandengineinlets. Thesetarget featureswe
characterizeby thesingularstructureof | , whichwe describein termsof its wavefrontset.

3.1. Wavefront sets

Mathematicallythe singularstructureof a function can be characterizedby its wavefront
set, which involves both the location � and correspondingdirections ù of singularities
[9, 13, 30, 32].

Definition. Thepoint

� � ò � ù ò � is not in thewavefrontset úÈû � õ � of thefunction
õ

if there
is a smoothcutoff function ü with ü � � ò �3ý$þ% , for which theFourier transformt � õ ü � �¢ÿ ù �
decaysrapidly (i.e., fasterthanany polynomial)as

ÿ�� � for ù in a neighborhoodof ù ò .
This definition saysthat to determinewhether

� � ò � ù ò � is in the wavefront set of
õ

,
oneshould1) localizearound � ò by multiplying by a smoothfunction ü supportedin the
neighborhoodof � ò , 2) Fourier transform

õ ü , and 3) examine the decayof the Fourier
transformin thedirectionù ò . Rapiddecayof theFouriertransformin directionù ò corresponds
to smoothnessof thefunction

õ
in thedirection ù ò [16].

Example:a point scatterer. If | � ���>$ K � ��� , then úÈû � |8��$Âu � � � ù ��� ù ý$ � x .
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Example: a specularflash. Suppose| � ���3$ ð � �ô���C� , where ð denotesthe Heaviside
function.Then úÈû � |8�j$ u � ��� ¥ �>����� �	��$È%p� ¥ ý$@% x .

Wavefrontsetscanbespecifiedclosedsets([14], p. 255):

Theorem 1 If k $ u � ��� ù � x is a closedsubsetof ; c � � ; c�
 %o� , thenthere is a functionon; c whosewavefront setis k .

Our strategy is to work out explicitly how thewavefrontsetof | corresponds(via (12))
to thewavefrontsetof © . We take thewavefrontsetof | to beúÈû � |8��$�u � � �
�6�����Dý$ � x ' (32)

To computethewavefrontsetof © , weusethefollowing four theorems[9].

Theorem 2 (Wavefront setof anoscillatoryintegral) Supposeø is definedbyø � ����$.? R ( T���U W [�� � ���F]s��J ]à� (33)

where

�
satisfiesthefollowing condition: there is some¾ and ë for which, on anycompact

set � , theestimateM � c Ê� Ê � c Ì� Ì�� � c��� � � ãT � � ���F]s� M Ý������ c � ã � h - M ] M ��� ��� ã � U ~Z����[FV  CV
(34)

holds,with

M !8M $#" e » . Thenthewavefront setof ø satisfiesúÈû � ø ��$@u � ��� 	&% �'� %C�)( �s$È% x ' (35)

Theorem 3 (Wavefront setof a product)SupposeúÈû � õ � - úÈû � A�� ³ u � ��� ù�* - ù�+ ��� � ��� ù,* �r9 úÈû � õ � � � ��� ù�+ ��9 úÈû � A4� x (36)

containsno pointsof theform

� ��� � � . Thenthewavefront setof theproduct
õ A satisfiesúÈû � õ A4�-$ � úÈû � õ � - úÈû � A4���/. úÈû � õ �/. úÈû � A��6' (37)

Definition. Suppose0 is amappingfrom � to 1 , where� and 1 areassumedto besmooth
manifolds,and

õ
is a function definedon 1 . Then the pull-back 0�2 õ is a function on �

definedby 0�2 õ �3( �j$ õ � 0 �3( �f� .
We canalsoextendthis notion to apply to distributions

õ
definedon 1 , provided the

wavefrontsetof
õ

avoidsthe“bad” set4 ��G �65���� G $ 0 � �����
7 0 �W 5�$ �
for some� 9 �98 ' (38)

Theorem 4 (Pull-back of a wavefrontset)Suppose0 is a smoothmappingfrom � to 1 , andõ
is a distribution on 1 whosewavefront setavoidsthe set(38). Thenthe wavefront setof0�2 õ is containedinúÈû � 0 2 õ ��$ 4 � ��� ù ��� ù $:7 0 �W 5 for some5 suchthat

� 0 � �����65���9 úÈû � õ � 8 ' (39)

Application to embeddinga function in a larger space. If we have a function
õ

of the
variable

(
, andwe want to considerit to be a function of the variables

(
and ; , then we

canwrite
õ

asthepull-back 0�2 õ for themapping0 � �)( � ; �=<�>(
. Then,sincetheJacobian

of 0 is 7 0 $ � h �#%�� , thewavefrontsetof 0�2 õ isúÈû � 0 2 õ ��$ 4 �f�)( � ; �@?A7 0 �CB �'� �)( � B ��9 úÈû � õ � 8$ u �3( � ; �D? � B �#%������ �)( � B ��9 úÈû � õ � x ' (40)
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Definition. If A is a distribution definedon � , the push-forward 0 2 A of A satisfies0 2 AD$� 0�2 � � A , wherethesuperscriptT denotestranspose;in otherwords,for any testfunction
õ

,E 0 2 A�� õ�F $ E A6� 0 2 õ�F .
Theorem 5 (Push-forward of a wavefrontset)Suppose0 is a smoothmappingfrom � to 1 ,
and A is a distribution definedon � . ThenúÈû � 0 2 A���$@u ��G �
5>��� G $ 0 � ���HG �JIAK8� ���A7 0 � 5���9 úÈû � A4� x ' (41)

Application to calculating wavefront sets of integrals. We use push-forwards in the
following way. Supposewe have a distribution A in the variables

(
and ; . Then we can

interpret
¦ A �)( � ; �4J ; as the push-forward 0 2 A for the mapping 0 � �)( � ; ��<�L(

, because¦ A �3( � ; � õ �)( ��J ( J ; $ E A6� 0�2 õ�F � � M $ E 0 2 A6� õ�F � $ ¦ � 0 2 A4� �)( � õ �)( �4J ( .

3.2. Wavefront setfor the(traditional)weakscatteringcase

In (15),we let

� cv³ �>
 a c denotethe fast time(similarly, a c is theslowtime). Thenwe can
write (15)as © � � a c � � � ¥ �j$@? ø � � a c � � � ¥ � � ��|�� � � �4J � � (42)

where ø3� � adc6� � � ¥ � � �j$ h� P5Q _ � � ¥ ? ��� ] E � � k ( *,+ � ] E � k ( *�+ �0¥ Ec ¥ �"~ ] E �h - ¶ c NO�� R � ( T I � ¬�In � no� U ~ �Ï¬5In [ · n5XZY¢¤ J ] E ' (43)

Under the assumptionson k ( *�+ of Theorem2, equation(42) expresses© � in termsof
a Fourier Integral Operatorapplied to |�� , and thereforethe wavefront set of © � can be
calculatedin terms of that of |�� by standardmeans[9, 13, 32]. We illustrate here an
alternativemethodfor calculatingthewavefrontsetthatwewill usein section2.3.

This alternativeapproachconsiders© � to bea push-forwardof theproduct ø �>|Æ� , and
we usethe theoremsof section3.1. More specifically, © � is formed from two operations:
first we multiply | � by ø3� , andthenpushforward theproductby meansof theprojection
operatorN � � adc"� � � ¥ � � ��<� � a�c�� � � ¥ � . In theprocessof multiplying | � by ø°� , we needto
consider| � to bea functionof thesamevariablesas ø°� ; for this we considerthepull-back
of | � . Calculationof the wavefrontsetof © � canthereforebe carriedout in the following
steps:a) calculatethewavefrontsetof ø°� from theorem2; b) calculatethewavefrontsetofø �>|Æ� from theorems4 and3; andc) calculatethewavefrontsetof © � $ 0 2 � ø ��|��>� from
theorem5.

Stepa) We assumethat

��� ] E � � k ( *,+ � ] E � k ( *�+ �0¥ Ec ¥ �"~ ] E � satisfiesthe hypothesisof theorem
2. Thephaseof ø � is% $ 
 ] EPO ¥ÏEc � � � � c 
ô� h - ¥CEc � � ���Ù´ c � � � Nd�RQ (44)

andsoúÈû � ø ����$ S � a c � � � ¥ � � ?
T6�6Up��V>�
�6��� (45)¥ÏEc � � � � c 
g� h - ¥ÏEc � � �f�Ù´ c � � � Nd� $@%��T�$@� mFn % $g] EXW ¥CEc � � � 
ô� h - ¥CEc � � �f� ±} � � a c � ��D� � NO�RY �
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 ] E ¥ Ec � � ���V�$&� ¬ % $@%���z$ 	[Z\% $ 
 ] E Î i ±} � � a c � ���O� h - ¶ c � � � NO� � � ��� c 
 ´,c � � � Nd� � - h� � h - ¥ÏEc � � ��� } � � adcp� �� Ð'] �
where(asbefore)we have taken ®}z� adcp�{^ % . Someof thedetailsof thecalculationscanbe
foundin AppendixB. (Notethatfor theseshort-durationsignals,

%
will beindependentof

¥
andso V�$@% for all casesconsideredin theremainderof section3.)

We cansimplify theexpressionsfor T and � in (45) asfollows. First, a straightforward
computationshows thatT<$&] EC^�¥CEc � � � - i ¶ c � � �� - ¶ c � � �`_ $g] E ' (46)

Then, to simplify � , we usethe fact that from the criticality condition we have ´ c � ��~ $¥ Ec � c � h - ¥ Ec � ��~ . Substitutionof this relation into the result for � togetherwith the factsh 
aO ¥ Ec N4� h - ¥ Ec � Q $ � h - ¶ NO� � N i and
h - ¥ Ec $Èi N4� h - ¶ NO� � yields�z$ 
 id] E� - ¶ c � � � W�} � � a c � �� - ±} � � a c � �� ~� � c Y

$ i�] E� - ¶ c � � � Î �� c - J �� cJ4adc ~� � c Ð ' (47)

TheTaylor seriesexpansionfor

�� ��� � obeys

�� � ~� � c���^ �� c - ~� � c�J �� c N J4adc andsowe can
write �z$ i�] E� - ¶ c � � � �� � ~� � c��6' (48)

Stepb) By theorem3, thewavefrontsetof theproductof ø � and |�� obeysúÈû � ø°� | � ��$ � úÈû � ø3� � - úÈû � | � �f�/. úÈû � ø3� �/. úÈû � | � �6' (49)

We write thewavefrontsetof | � in ;cb as úÈû b � | � �j$ ö>�\d� ? d�)��� d��ý$ � ÷
; pulledback

(via Theorem4) to ; ~F� it isúÈû ~F� � | � �j$ ö�� adc6� � � ¥ � d� ?�%��#%��#%�� d���'�Oadc6� � � ¥ 9�;r� � � � d�>�r9 úÈû b � | � � ÷ ' (50)

Consequently, we canwriteúÈû � ø ��� - úÈû ~f� � |�����$ S � a c � � � ¥ � � ?feT��HeU¹��eVÚ$@%�� e����� (51)¥ÏEc �\d� � � c 
ô� h - ¥CEc �\d� ���Ù´ c �\d� � Nd� $È% and

d� $ � �eT�$&] E �geUz$ 
 ] E ¥ Ec �	d� � �e�z$:� - d�z$ id] E� - ¶ c �\d� � �� �Ä~� � c � - d� for some

� d� � d���r9 úÈû � |���� ] �
where

d� and

d� aredefinedby (50). Note that

� eT��heU"��eVC� e�)�vý$ �
because] E $l% is excluded

(since k ( *�+ � ] E � hasno DC component).
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Stepc) TheJacobianmatrixof theprojectionN � � adc"� � � ¥ � � �-<� � adc6� � � ¥ � is7 N $ �ji =\k4= � =\k4= � (52)

(assuming� 9Ú; = ).
From theorem5, the wavefront setof © �l$ N 2 � ø �>|���� obeys úÈû � N 2 � ø ��|����f�l$4 � a c � � � ¥ ?AT E E �
U E E �6V E E ��� � a c � � � ¥ � � ? � 7 N � � � T E E �6U E E ��V E E �f��9 úÈû � ø �>|���� 8 . In order to

determinewhen

� 7 N � � � T E E �6U E E ��V E E ��9 úÈû � ø �>|���� , wenotethat� 7 N � �nmo T E EU E EV E Egpq $ ^ i =rk�=� =\k4= _ mo T E EU E EV E Egpq $ msso T E EU E EV E E� puttq ' (53)

In otherwords,contributionsto úÈû � © � � comefrom elementsof (49) with e�Ú$ �
. Thereare

nosuchelementsin úÈû � ø �>� because

�� � ~� � c ��ý$ �
in (48). Similarly, thereis nocontribution

from úÈû � |��>� becauseelementswith

d�v$ �
do not appearin (50). Comparisonof (53)with

(51),on theotherhand,yieldsd�z$ 
 id] E� - ¶ c �\d� � �� ��~� � c �6' (54)

This relationdescribesspecularreflection.

Summary For aweaklyscatteringtarget,thewavefrontsetof © � is containedin theset
�S � a c � � � ¥ ?
T E E �6U E E ��V E E $&%o��� ¥CEc � d� � � c 
g� h - ¥CEc � d� �f�F´ c � d� � NO� $@%��cT E E $&] E � (55)

U E E $ 
 ] E�¥ÏEc �\d� � � for which

d�v$ 
 i�] E� - ¶ c �\d� � �� �Ä~� � c � for some

�\d� � d�)�r9 úÈû � |Æ��� ] '
In particular, thewavefrontsetcorrespondingto asinglepointscattererat � ò will bethecurve¥ Ec � � ò � � c 
ô� h - ¥ Ec � � ò �f�Ù´Äc � � ò � NO� $@% whosenormalvectoris

� T E E �6U E E �wv � h � 
à¥ Ec � � ò � � .
3.3. Wavefront setsfor multiplescattering

In the caseof the two isotropicpoint scattersthat we modeledin section2.2, the target is
simply asumof two deltafunctions| ÑÏÒ,Ó Ô � � �s$ K � � 
 � ~ � - K � � 
 � � � . Thecorresponding
wavefrontsetis úÈû � | ÑCÒ�Ó Ô ��$ 4 � � ~ �
�6��� all �Dý$ � x . u � � � �
����� all �Dý$ � 8 ' (56)

We seefrom (22) thatmultiple-scatteringdatacanbeexpressedasa sumof oscillatory
integrals © ÑCÒ�Ó Ô ^ © ~ - © � - © = ; to eachwe cansimply applyTheorem2. Thecorresponding
phasesare % ~ $ 
 ] E �¢¥ »»ZÖ c � c 
g� h - ¥ »»ZÖ c �F´ c � � » � NO� � (57)% � $ 
 ] E¢�¢¥ » I»ZÖ c � c 
g� ´ c � � » I � - ¥ » I»ZÖ c ´ c � � » � - À � NO� �% = $ 
 ] E¢�¢¥ »»ZÖ c � c 
g�f� h - ¥ »»ZÖ c �Ù´Äc � � » � - i À � NO� �6'�

Wehave constructedexplicitly theactionon x�y�z|{~}/� of thecanonicalrelationfor theFourierIntegral Operator
givenby (42).
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Thewavefrontsetof © ~ is thesameasdeterminedfor theweakscatterercase:úÈû � © ~ ��$��»�½ ~ � � 4
� a c � � � ¥ ?AT E E �
U E E �6V E E $@%��-� ¥ »»ZÖ c � c 
ô� h - ¥ »»ZÖ c �Ù´ c � � » � Nd� $&%p�� T E E �6U E E �j$ô] E � h � 
à¥ »»ZÖ c � 8 ' (58)

Thewavefrontsetof © � isúÈû � © � ��$ �»�½ ~ � � 4
� a c � � � ¥ ?AT E E �
U E E �6V E E $@%��-� ¥ » I»ZÖ c � c 
ô� ´ c � � » I � - ¥ » I»ZÖ c ´ c � � » � - À � Nd� $@%��� T E E �6U E E �j$ô] E�� h � 
à¥ » I»ZÖ c � 8 ' (59)

Thewavefrontsetof © = isúÈû � © = ��$ �»�½ ~ � � 4
� a c � � � ¥ ?AT E E �
U E E �6V E E $@%��-� ¥ »»ZÖ c � c 
ô��� h - ¥ »»ZÖ c �F´ c � � » � - i À � Nd� $&%p�� T E E �6U E E �j$ô] E � h � 
à¥ »»ZÖ c � 8 ' (60)

Finally, the wavefront setof our three-termapproximationto © ÑCÒ�Ó Ô is the union úÈû � © ~ ��.úÈû � © � ��. úÈû � © = � .
Wenotethatthecritical curvesin the adc –

� c planearesomewhatdifferentfor thesingle-,
double-,andtriple-scatteringcontributions.In particular, single-scatteringcurvesare� c3$.i _ 
 } � � a c � �� � �� - ±} � � a c � �� � � � (61)

double-scatteringcurvesaredescribedby� c $.i Õ h - ~�#Y ±} � � a c � �� � � � E 
 � � × Õ _ 
�} � � a c � �� � � E × 
 ~�#Y À ±} � � a c � �� � � - ~� À� - ±} � � adc�� �� � � E �
(62)

andtriple-scatteringcurvesobey� c $.i _ - À 
�} � � adc - À NO� � �� � �� - ±} � � a c � �� � � ' (63)

Multiple scatteringfrom pairsof scatteringcenterscanpotentiallyberecognizedin thedata
by theoccurrenceof collectionsof suchcurves.

3.4. Wavefront setsfor scatteringby reentrantstructures

The dispersive-scatteringmodelof equation(23) links the downrangeartifactsof equation
(27) to thetargetimagethroughthe î>â � � � factor. We chooseî>â by Theorem1 sothat it is
supportedin aneighborhoodof ë andits wavefrontsetisúÈû � î â ��$ öC�\d� � d�)��� d� 9 ë ��ì � d� � �í ���g% ÷ ' (64)

We compute úÈû � © ß � in several steps: a) compute úÈû � á â � from Theorem3; b)
compute úÈû � ï ã � ; c) compute úÈû � ø3ß � from Theorem2; d) compute úÈû � ø3ß | ß �.$úÈû � ø3ß ï ã á â � from Theorem3; andfinally e) consider© ß asthepush-forward 0 2 � ø7ß | ß �
for N � � a�c6� � � ¥ � � � � E ��<� � adc"� � � ¥ � , andcomputethewavefrontsetof © ß from Theorem5.
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Stepa) Thewavefrontsetof á â � adc"� � �j$Èì � �í � �� c��fî â � � � is obtainedfrom Theorem3:úÈû � á â ��$ O úÈû � ì�� - úÈû � î â � Q . úÈû � ì{�/. úÈû � î â �6' (65)

The coupling pattern ì , however, is assumedto be smooth; its wavefront set is therefore
empty. Consequently, thewavefrontsetof á â is simply thepull-backof úÈû � î â � to ;~� by
Theorem4:úÈû � á â ��$ öC� da)� d� ? dT�� d�)��� d� 9 ë � dT�$È%��Ïì � d� � �í ���ô% and ì � �í � } � � dao� ������ô% ÷ ' (66)

Stepb) The wavefront set of

ï ã
can be calculatedby cutting out a small interval about]Â$ ê ã in the definition (28) of

õ
, andthenusingstandardtheory[9, 13, 32] to conclude

thatthewavefrontsetof

ï ã
is thesameasthatof ð�ñ ò . Alternatively, onecanapplytheorems

2, 3, 4, and5 to draw thesameconclusion.AccordinglywehaveúÈû � ï ã ��$ 4 � d�FE � dU E ��� d�FE $.i À Nd� � dU E $ � � anarbitrarynonzerorealnumber8 ' (67)

We notethatthiswavefrontsetis independentof Þ .

Stepc) ø3ß hasa phasefunctiondependingon theadditionalvariable

� E
:% $ 
 ] E �0¥ Ec � c 
ô� h - ¥ Ec �Ù´Äc Nd�r
D� E � (68)

andso,by Theorem2,úÈû � ø ß5�'$ S � a c � � � ¥ � � � �FE ?
T6�6Up��V�$È%��
�¹�6U E ��� ¥CEc � � � � c 
ô� h - ¥CEc � � ���Ù´ c � � � NO��
H�FE $È%p�
T<$&] E �cU3$ 
 ] E ¥ÏEc � � �����z$ i�] E� - ¶ c � � � �� � ~� �0� c - �FE �f���XU E $g] E ] ' (69)

Stepd) As before,weuseTheorem3 to obtain úÈû � ø3ß | ß ��$ úÈû � ø3ß ï ã á â � :úÈû � ø3ß ï ã á â ��$ � úÈû � ø3ß � - úÈû � ï ã � - úÈû � á â �f�/. úÈû � ø3ß �/. úÈû � ï ã �/. úÈû � á â �6'
(70)

ThesumtermisúÈû � ø3ß � - úÈû � ï ã � - úÈû � á â ��$ S � adc6� � � ¥ � � � �FE ?HeT��HeU"��eV�$È%�� e��� eU E ��� (71)¥CEc � � � � c 
g� h - ¥CEc � � �f�F´ c � � � NO��
H�FE $@%��
where � $ d� � d� 9 ë � � E $ i À� � and ì � �í � } � � da � ������g%��eT�$ô] E - % - %��eUz$ 
 ] E«¥CEc � d� � - % - %p�e�v$ i�] E� - ¶ c � � � �� � ~� ��� c - � E ��� - % - d�Ï� where ì � d� � �í ���ô%��eU E $g] E - � - % ] �

where] E and

�
arearbitrarynonzerorealnumbers.

WecomputeúÈû � ø7ß ï ã á â � by (70),whereúÈû � ø3ß � is givenby (69), úÈû � ï ã � is given
by (67)(pulledbackto ; ~F` byTheorem4),andúÈû � á â � is givenby (66)(pulledbackto ; ~Ù` ).
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Stepe) The radar data (30) can be written as the push-forward © ß $ N 2 � ø7ß | ß � $N 2 � ø7ß ï ã á â � whereN � � adc6� � � ¥ � � � � E ��<� � a�c�� � � ¥ � . TheJacobianof this projectionis7 N $ �ji =\k4= � =\k ` ��' (72)

Thewavefrontsetof © ß canthereforebecalculatedfrom Theorem5:úÈû � © ß ��$ úÈû � N 2 � ø3ß ï ã á â �f��$ ö � adc6� � � ¥ ?AT E E �
U E E �6V E E ��� (73)� N � a c � � � ¥ � � � �FE �@? � 7 N � � � T E E �
U E E �6V E E � � 9 úÈû � ø ß ï�ã á,â�� ÷ �
where the wavefront set of ø ß ï�ã á,â is given by (70). From (72) we see that� 7 N � � � T E E �
U E E �6V E E �°$ � T E E �6U E E ��V E E � � ��%o� ; in otherwords,we considerelementsof (70) for
which � $ �

and U E $ % . Fromtheserequirements,we seethat theelementsfrom úÈû � ï�ã �
do not contributebecauseeU E $ � ý$b% . Similarly, úÈû � ø ßo� and úÈû � á,âÆ� do not contribute
because�Dý$ �

.
Consequently, úÈû � © ß � is containedin thesetúÈû � © ßo��$ S � a c � � � ¥ ?AT E E �
U E E �6V E E $@%���� ¥ Ec � � � � c 
ô��� h - ¥ Ec � � �f�F´ c � � � - i À � Nd� $È%p�

where � 9 ë �Cì � �í � } � � dao� ������ô%�� and ì Õ �� � ~� � c - À Nd� � � �í × �ô%��� T E E �6U E E ��$g] E � h � 
à¥ Ec � � �f� ] ' (74)

We seethat thecritical curve in the a c –

� c planeis the sameas(63), andis associatedwith
scatteringcenterslying within theduct/cavity at distance

À
from themouth. Thepoint � in

thecritical setcorrespondsto a point at themouthof thereentrantstructure.In addition,the
critical curveis presentin thedataonly atanglesfor whichenergy couplesinto thedispersive
structure,andfor timesafterwhich thewavehasreachedthescatteringcenterwithin.

4. Examples and interpretation

4.1. Ordinary ISAR

“Ordinary ISAR” [3, 4, 28] considersthe target to be composedentirely of weakscatterers
andis describedby the discussionof section2.1. In addition,ISAR traditionally considers
the target to berotatingat a constantrateabouta fixedaxis,andthat this rateis sufficiently
slow to ensurethat ¶ c � � � Ü �

for all � in thetarget’s support.(More accurately, traditional
ISAR is usuallyconstrainedto usedatacollectedover a sufficiently small time interval that
a constantrotationratecanbeconsidereda goodapproximation.)In practice,datacollection
timesareon theorderof seconds,sothattypical aperturesareseveraldegrees.

To illustratetheideas,weassumethatthetargetis rotatingataconstantrate � aboutthe
axis

� %p��%�� h � , sothat}z��� �s$ mo �D�h� � � � ��� � � %
 � ��� � � �u��� � � %% % h pq ' (75)

Further, we assumethat the radar is located in the

��µ$ � h ��%��#%�� � direction. In this
case,we can write ´ c � � �&$ _ 
 �,� � �� � � a c � , where �,� $ �3� ~ � � � � and

�� � � a c �g$� �u��� � a c � � ��� � a c � . Substituting(75) into (15), performingthe integrationover the rotation
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axis, writing | / Ò�Ñ � � � � ³ ¦ | � � � �fJ � = , anddroppingtermsin ] E � ¶ Nd� � � in the phaseand¶ Nd� in themodulusyields© � � a c � � c � ¥ �j^ h� P�Q _ � � ¥ ?ª| / Ò�Ñ � ��� � R � (�� U«T I�� T I� Ø n U �\��[�[ � n � U � T I«� T I� Ø n U �r�)[�[ U � �)�r�/� �� U�� mFn5[�[0XZY¢¤� ��� ] E � � k ( *,+ � ] E � k ( *�+ � ¥ �"~ � ] E - ] E� Ö c � � J ] E J ��� � (76)

wherewe have written ] E ¥ E � �,� � $ ] E - ] � Ö c � ��� � , with ] � Ö c � ��� � $ 
 i ¶ c � ��� �
] E Nd�
denotingthe Doppler frequency shift. We note that droppingtermsof order ] � ¶ Nd� � � and
higher involvesa narrowbandassumption[3, 8], i.e., k ( *,+ is negligible outsidean interval� ] ~ �F] � � with ] � 
 ] ~ Ü ] ~ .

Equation(76) demonstratesthat standardISAR imaging can only recover the axis-
integratedtargetscatteringdensityfunction. In high rangeresolution(HRR) ISAR imaging,
equation(76)canbefurtherreducedsincesuchsystemsusew ( *,+ �0� � thatwill bestapproximate
equation(17) as

º �0¥r����
g� E � � ¥ �z^ K ����
g� E � . For HRR signals, k ( *�+ � ]s� will be a slowly
varying function of ] and k ( *,+ � ]s� k ( *�+ �¢¥ �"~ � ] - K ]s� � will also be slowly varying whenM K ] M Ü M ] M . Consequently, HRR systemswill have poor frequency resolutioncapabilities
and

�0� ] E � � k ( *�+ � ] E � k ( *,+ �
¥ ��~ � ] E - ] E� Ö c � � is often approximatedas being constantover�6� ¨�¨ k ( *�+ $ � ] ~ �f] � � . In thiscase,equation(76) reducesto© � � a c � � c �wv.?5? T ÌT Ê | / Ò�Ñ � ��� � R � (�� U«T I�� T I� Ø n U �\��[�[ � n � U � T I«� T I� Ø n U �r�)[�[ U � �)�r�/� �� U�� m n [�[0XZY¢¤ J4] E J �,� �
(77)

wherewe have suppressedthe(now formal)

¥
-dependenceon the left sidebecausetheright

sideis independentof

¥
.

Systemswith coarsefrequency resolutionare also insensitive to local Doppler shift] � Ö c � � � � . Thesefrequency shifts areactuallyquite small; typical valuesfor maneuvering
aircraft targetsare ] � Ö c N ]�� h % ��� and we can make the approximation] � Ö c N ] Ü h

.
In other words, we assumethat the target is effectively stationaryfor the durationof the
fast-timemeasurement.This simplificationis known asthe start-stopapproximation.Such
measurementsare Doppler-free and, in this case, the term “range-Doppler” imaging is
somethingof a misnomer—the methodsusedare really closerto tomographictechniques.
When ] � Ö c $@% , equation(77)becomes© � � adc6� � c��wv ? | / Ò�Ñ � � � � ? T ÌT Ê R � ( T I � � n4��� U�� �)�\��� �� U�� mfnO[�[0XZY¢¤ J4] E J � � ' (78)

We seethat if ] ~ � 
 � and ] � � � , thenequation(78) is preciselya Radontransform
of | / Ò,Ñ : for eacha c , oneintegrates| / Ò�Ñ over the line

� c $Bi � _ 
 ��� � �� � � a c ��� NO� . For
real systems,(78) is a bandlimitedversionof the Radontransformand ISAR imagesare
traditionallyproducedby Radoninversionmethods(suchasfilteredbackprojection[20, 21]).

While ISAR imagingschemesareusuallybasedonequation(78), theanalysisof section
3 shows thatthewavefrontsetof thedatacontainsconsiderableinformationaboutthetarget,
which can be extractedwithout forming an image. The wavefront analysisof section3.2
simplifiessomewhatwith thestart-stopapproximation.In particular, since ±}z��� �2$ % during
the fasttime interval,

¥ Ec $ h
andwe cantake

�� � ~� � c��{$ �� � adcp� in theexpressionfor � of

(55). Moreover, for (78) we have d

�� N J4adc:$ �� � � a�c�� $ � � ��� adc6� 
 �D�h� adc�� , which implies
that(55) reducestoúÈû � © � ��$ öC� adc"� � c�?AT6�6Up��� � c3^@id´Äc �\d� � � Nd� � � T6�6Up�r$ 
 ] Õ i d� � � �� � � adcp� NO� � 
 h × �

where

d� � $ 
 i�] �� � a c � NO� for some

� d�,� � d� � �r9 úÈû � |���� ÷ ' (79)
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It is easyto seethat U7$ 
 ] � h - i d� � � �� � Nd� ��$ 
 ] � h - i ¶ � � � � Nd� �j$ 
8� ] - ]c�à� encodesan
inferred Dopplershift acrossthesyntheticaperturecollectioninterval (eventhoughno local
frequency shiftsaremeasured).

A pointscatterer(whosewavefrontsetcontainsall directionsù ) locatedat � corresponds
to thecurve

� � c7$Èi _ 
 i � � � �� � � a�c�� in thedatadomain.Thecoordinatesof thisscattererare
usuallyestimatedfromtheintersectionof thebackprojectionsconstructedfromdata(i.e.,lines
orientedwith angle � a c andoffset i �,� � �� � � a c � ). But thewavefront-setanalysissuggests
anotherpossibility: find the range i ��� � �� � � a c � from knowledgeof

� c and estimatethe
cross-rangepositionfrom thedirections

� T6�
Up�s$ 
 ] � i d��� � �� � NO� � 
 h � .
Strictly speaking,of course,bandlimiteddataaresmoothandthereforethe wavefront

setis empty. Our analysis,however, views the bandlimitedcaseasan approximationto the
infinite-bandwidthproblem.

4.2. High Dopplerresolution

In thesituationwherethe incidentsignalis chosenso that k ( *�+ � ] E �=� K � ] E 
 ] ò � , theradar
becomesahighDopplerresolutionsystem[26]. Of course,in thissituationwecannotactually
correlatewith w ( *,+ �¢¥¹� � sincesucha signalwould be infinitely long. Instead,we set a ~ $B%
andconsidera “long-durationpulse”approximationto tvu w ( *�+ x � ] E E � :k +��
�)� � ] E E ��$ ?¡ �   R

� ( U«T I I � T�¢ [ � I J � E � (80)

where£ is “large.” Substitutioninto equation(12)yields© � ��� � ¥ �s$ h­ i Q = _ � ?5?¤ �   | �
� � � �0� ] E � � K � ] E 
 ] ò � R � ( U«T I I � T�¢ [ � I R � ( T I � � I I � U�� ���� U � I I [¢¡ �d[0XZY¢¤� R � ( T I I�¬ U � �6mfno� � I I � U�� ���� U � I I [¢¡ �d[0XZY¢¤ J �FE J4] E J ] E E J �FE E J �$ 
 ] �ò� P5Q � � _ � ?5?  �   |��
� � � R � ( T ¢ U � I I � � I � U�� ���� U � I I [�¡ �d[0XZY
[� K ���FE - ¥r���>
H�FE Ep
ô� _ - �� �0�FE E �>� � � Nd� ���4J �FE J �FE E J �$ 
 ] �ò� P5Q � � _ � ?�¥ | � � � � R � ( T�¢�U ¬ � � U ~ � ¬ [ � I I � U ~ �¹¬ [ �� U � I I [¢¡ �OXZY
[ J � E E J � ' (81)

The set ¦ $ u �0� E E � � �§� 
 £ Nd¥ � ��
þ� E E 
ª� _ - �� ��� E E � � � � NO� � £ ¥ x in the
last equationof (81) consistsof thosevaluesof

� E E
and � for which the argumentof the

delta function in the previous line can vanish. When _©¨ �� ��� E E �Æ� � , we can use the
fact that high Doppler resolutionsignalsyield coarsetime resolutionto approximate¦ by¦ ^ u � E E � 
 £ Nd¥ � �j
:� E E 
 _ Nd� � £ NO¥ x . In equation(81) we thenmake the changeof
variables

� E $ � E E 
g���>
 _ Nd� � to obtain© � ��� � ¥ �s^ 
 ] �ò R � ( T�¢ � � � U ~Z� ¬ [ � X#Y¢¤� P�Q � � _ � ?O?¤ �   |��
� � � R � ( T ¢ � U ~Z� ¬ [ � I � U ~ �¹¬ [ �� U � I � � � � XZY
[¢¡ �OXZY¢¤ J �FE J � '

(82)

We would like to carryout awavefront-setanalysisfor (82)aswedid in section3. Here
thetimevariable

� E
shouldcorrespondto thefrequency variable] in section3. Unfortunately,

for rotating targets, the phaseof (82) is not generallyhomogeneousof degreeone in the
integration variable

� E
, and a more traditional approachis required(e.g., the methodof

stationaryphase).
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We canapply the wavefront-setanalysisof section3, however, whenthe rotationrate� is small. In this case,we usethe fact that for rotationsof the form (75), we canwrite}7�0� E - �>
 _ Nd� �r$ }7�0��
 _ NO� � }z��� E � , sothat

�� ��� E - ��
 _ NO� �s$ }z��� E � �� ����
 _ Nd� � . When� is sufficiently slow that the small-angleapproximationcanbe usedover the whole data
collectioninterval, i.e., �D��� � � E ^ h

and � ��� � � E ^ � � E for all

� E
in the interval

O�
 £ � £ Q , then
(82)becomes© � ��� � ¥ �s^ 
 ] �ò R � ( T ¢ � � � U ~Z� ¬ [ � X#Y¢¤� P�Q � � _ � ?O?  �   | / Ò,Ñ

� ��� � R � ( Th¢ Y�æoÊ U ~ �¹¬ [��\��� �� U��"U � � � XZY
[�[ (83)� R � ( T�¢ � I � ~Z� ¬ � � Y�æoÊ U ~ �Ï¬ [��\�/� �� � U��"U � � � XZY
[�[ ¤ J �FE J ��� �
where,asbefore,

�� � ��� �<$ � � ����� � 
 �D�h� � � . The wavefront set of © � can be calculatedin
the samemannerasdonein section3.2, where ] is replacedby

� E
and |�� is replacedby| / Ò,Ñ � ��� � R�§4¨ O«
�� ] ò � �"~ � h - ¥ � ��� � �� � � �0�>
 _ Nd� �f� Q . In thiscasethephaseis% $ 
 ] ò O h 
D¥ 
 � �d�"~d� h - ¥ � � � � �� � � � �0�C
 _ Nd� ��� Q ' (84)

For thewavefrontsetweobtain:úÈû � © � ��$§ª ��� � ¥ ?
U���V���� h 
�¥h - ¥ $ � � � � � �� � � � �0�>
 _ Nd� �f�6�Uz$È� � % $ 
 ] òr� � � ��~ � h - ¥ � ��� � �� � � ���>
 _ NO� �f�"�V�$@� ¬ % $ �FE ] ò O h - � � �"~ ��� � �� � � � �0�C
 _ Nd� ���$ ~� �FE«O i�] ò - ] � � � � �>
 _ NO� � Q �� � $ 
 � � �"~ � h - ¥ � �� � � � �0�C
 _ Nd� ���
for some

� ��� �
� � ��9 úÈû � | / Ò,Ñ �\¬v' (85)

We seethatknowledgeof thewavefrontsetagainenablesusto estimatethelocationof point
scatterers:thecritical curve(or V ) givesus � � � �� � , andknowledgeof U givesus � � � �� .

4.3. Accelerating targets

The casewhere

M ®}zM
is not vanishinglysmall can be even more difficult. In this situation,

the approximation

}z��� E E - a c �Ú^ }z� a c � - ±}7� a c � � E E may not be valid and, consequently,
equation(12) cannotbe simplified to the form of equation(14). The manifestationof this
failureis progressivephaseerrorin © anddegradationof ISAR imagesconstructedunderthe
assumptionthat � is constant—suchimagesaresaidto be“de-focused.”

When ®}7�0� � is smoothand thereareno abruptchangesin ±}z��� � , then it is possibleto
considerthesedataas having beencollectedover a collection of subintervals

� a\­ Ê �fa\­ Ì �
whoselengthsaresufficiently small so that

~� ��� E E � � ®}v� adc��7^¯% for adc.9 � a\­ Ê ��ar­ Ì � . Over
eachsuchsubinterval, ±} canbeconsideredto beconstantin amannersimilar to thestart-stop
approximationdiscussedin section4.1.Within eachsubinterval theanalysisof thispapercan
beapplied;but overthecollectionof subintervalsthecritical pointswill not form sinecurves.
The normaldirections

� T6�6Up�7$ � � � n % �#� mFn % � track thesenon-sinusoidalvariationsin HRR
data.

In the high-Doppler-resolutioncase, the small-angleexpedient used in section 4.2
(approximatingthephaseasa degree-onehomogeneousfunctionof

� E
) will generallyfail to

accuratelycapturethe aspectdependenceof datacollectedfrom acceleratingtargets. The
usual plan of attack for this problem is to identify

�F
 £ � £ � with

� a\­ Ê �fa\­ Ì � and choose
time-domainsignalsthatareshortenoughfor � to beconsideredapproximatelyconstanton



Microlocal Structureof ISARData 19� a\­ Ê �fa\­ Ì � but arealsolongenoughto enablegoodestimationof theinstantaneousfrequency
(for retrieval of � � adc�� ). Theseconsiderationsarethesameasthosenormallyencounteredin
time-frequency signalprocessing[7].

Alternatively, it is possiblethat theanalysisof this papercouldbeextendedto treatthe
accelerating-targetcase;this we leave for futurework.

5. Conclusions and Future Work

Our discussionhasnot actually beenaboutradar imaging. Instead,it hasfocusedon the
structureimposeduponmeasuredradardataby a classof imagefeaturesassociatedwith the
singularsetof theradartarget.Standardradarimagingschemesattemptto estimateprecisely
this classof features,however, andsoour approachhas“imaging” at its heart. In particular,
we have shown that when the weak-scatteringapproximationis valid, the location of the
target’sscatteringcenterscanbeestimateddirectly from thedatawavefrontset.

We have also shown that the mappingfrom target to datafor the importantcasesof
structuraldispersionandmultiplescatteringdisplaysfundamentaldifferencesfrom theweak-
scatterercase. In particular, we demonstratedthat the wavefront setfor multiple-scattering
eventscanbe distinguishedfrom single-scatteringdata. We alsoshowed that the wavefront
set for scatteringfrom ductsandcavities is similar to that of a triply-scatteredwave. Both
theseobservationsarepotentiallysignificant:they mayleadto schemesfor eliminatingISAR
imageartifactsby first isolatingthewavefrontsetof themeasureddataandthenconstructing
animagefrom this reduceddataset(this is anareaof futureresearch).

The caseof three-dimensionalISAR imaging—whichrelieson a moregeneralversion
of

}z��� � than consideredin equation(75)—alsofits neatly into this framework. For non-
cooperative targets,a principal problemlies in discovering the variousroll/pitch/yaw data
variationsdueto target maneuversfrom the datathemselves. Thesedependenciesmustbe
separatelyisolatedif an accurateimageis to be formed,andwavefront-setanalysisoffersa
systematicapproachfor investigatingthetargetbehavior.

We leave for the future the questionof how knowledgeof the singularstructureof the
radardatacanbestbeexploitedfor target imagingandidentification.Therearea numberof
issueshere. For imageformation, the wavefront-setanalysissuggeststhat reconstruction
methodsrelatedto local tomography[11, 16] may be useful. In particular, analysisof
wavefront setscandeterminewhetherbackprojectionwill provide an imagefree of certain
artifacts[22, 24]. In addition, wavefront-setanalysissuggestsan approachfor producing
artifact-free,superresolvedimages:remove all componentsof the datasetexceptthosethat
correspondto well-understoodtarget features,and form an imagefrom thosecomponents
only.

Practicalimplementationof theanalysisin this paperrequiresthatwe beableto extract
the wavefrontsetfrom noisy, band-limitedanddiscretelysampledradardata. The problem
of extracting wavefront setsundersuchconditionsis closely relatedto imageprocessing
problemssuchasedgedetection,andtheseareactive areasof currentresearch.We explore
onepossibleapproachin [5], wherewe provide numericalexamplesof syntheticradardata
andshow how thewavefrontsetanalysisenablesus to estimatetargetparametersfrom very
noisydata.

Our ultimate goal, of course,is to identify targetsunderall weatherconditions. For
targetidentification,it maynotbenecessaryto form animage.Wehaveshown thatwavefront
set analysisdistills the dataset into a set of primitives that are easily relatedto a target’s
structuralproperties.As such,this approachconstitutesa promisingnew tool thatdeserves
furtherinvestigation.
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Appendix A. Multiple Scattering

For a time-harmonicincidentwave ® ( *�+ � ��� , the frequency-domainfield ® /�+ scatteredfrom¯
“point” scattererscanbe obtainedfrom the Foldy-Lax [33] equationstogetherwith the

assumptionthatthescatteredfield from asingle“point” scattereris proportionalto theGreen’s
function ° [27]: ® /�+ � ����$ ­¼»�½ ~ °

�#M � 
 � » M � ¾ » ® » � � » � (A.1)® » � ���Â$ ® ( *�+ � ��� - ¼ ±�²½�» °
�#M � 
 � ± M � ¾ ± ® ± � �

± � � Ç $ h �Zi4�,'�'�' � ¯ � (A.2)

where° � ´O�s$ � P5Q ´O� ��~ R�§4¨ ��� ]�´ NO� � . Equation(A.1) saysthatthescatteredfield is thesumof
thefieldsscatteredfrom eachscatterer;moreover, thefield scatteredfrom the Ç th scattereris
proportionalto thefield ® » thatis incidentuponthe Ç th scatterer. Equations(A.2) saythattheÇ th local incidentfield is the overall incidentfield plus the field scatteredfrom all the other
scatterers.If the scatteringstrengths¾ ~ � ¾ � ��','�'�� ¾ ­ areknown, the equations(A.2) canbe
solvedfor the ® » ; thenthetotal field canbefoundfrom (A.1).

In thecaseof two “point” scatterers,equations(A.2) are® ~ � ����$ ® ( *,+ � ��� - ° �#M � 
 � ~ M � ¾ � ® � � � � � (A.3)® � � ����$ ® ( *,+ � ��� - ° �#M � 
 � � M � ¾ ~ ® ~ � � ~ � (A.4)

Evaluating(A.3) at � ~ and(A.4) at � � givesriseto thesystemof equations^ h 
 ¾ � ° � À �
 ¾ ~ ° � À � h _ ^ ® ~ � � ~ �® � � � � � _ $ ^ ® ( *�+ � � ~ �® ( *�+ � � � � _ � (A.5)

where
À $ M � � 
 � ~ M . Theseequationshavethesolutions® » � � » ��$ ® ( *�+ � �p» � - ¾ » I ° � À � ® ( *,+ � �p» I �h 
 ¾ ~ ¾ � ° � � À � � Ç $ h �#i�� (A.6)

whereÇ E $@i if Ç $ h
and Ç E $ h

if Ç $@i . Using(A.6) in (A.1) yields® /�+ � ����$ ­¼»�½ ~ °
�#M � 
 � » M � ¾ » ® ( *�+ � �p» � - ¾ » I ° � À � ® ( *,+ � �p» I �h 
 ¾ ~ ¾ � ° � � À � ' (A.7)



Microlocal Structureof ISARData 21

The time-domainscatteredfield due to the incident field (6) can be found by taking° ��M � 
 ��» M ��$ ¦ R�§4¨ �0� ] E ���r
:� E �
A ���j
 � E � M � 
 �p» M ��J � E and ® ( *�+ � �p» ��$ k ( *�+ � ] E � � \ Q � M � 
� » M � �"~ R�§4¨ ��� ] E M � 
 � » M NO� � R�§ ¨ �0� ] E adc�� in (A.7) andFourier transformingfrom ] E to

�
. The

exponentialsinvolving

�
cancel,andwe obtain! /0+ �0� ������$ ­¼»�½ ~ ? A �0�>
H� E � M � 
 � » M � ¾ » k ( *�+ � ] E �h 
 ¾ ~ ¾ � R ( � T I«¿ N�� P5Q�À � ��@Á R ( T I V Wp����Ã�V XZY\ Q � M � 
 � » M - ¾ » I R ( � T I ¿P�Q�À R ( T I V W)�)��Ã I V XZY\ Q � M � 
 � » I M0Å R � ( T I U � I �6m n [ J ] E J � E ' (A.8)

Appendix B. Some Formulas���a c Õ �� c�� � × $ 
 ±} � � adc�� ��D� � $ ¶ c � � � (B.1)� ¥ c� ¶ c � � � $ 
 i�5� h - ¶ c � � � NO� � � (B.2)� ¶ c � � ���a c $ 
 ®} � � a c � ��H� � (B.3)	 � ¶ c � � �s$ 
 ±} � � a c � �� (B.4)	 � ´,c7$ 
2	 � ��} � � adc�� ��D� � �j$ 
{} � � a�c�� �� (B.5)	 � ¥ c7$ � ¥ c� ¶ c �3� � 	 � ¶ c � � �j$ i ±} � � a c � ���O� h - ¶ c � � � Nd� � � (B.6)
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