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Abstract. We considerthe problemof all-weatheridentification of airbornetamgets. We
shaw thatstructuralelementf thetamgetcorrespondo identifiablefeaturesof theradardata.
Our approachs basedon high-frequeng scatteringnethodsbut is notlimited to the standard
weak-scattereapproximation:we also analyzemultiple scatteringand structuraldispersion
(situationsnormally interpretedin termsof poorly-behaed image “artifacts”). This work
suggests methodfor targetidentificationthatcircumventsthe needto createanintermediate
radarimagefrom which the objects characteristicareto be extracted. As such,this scheme
may be applicableto efficient machine-baserhdaridentificationprograms.

PACSnumbers41.20.Jb42.30.Wb

1. Introduction

Objectidentificationfrom reflectedradio wavesis an inverseproblemwith a long history.
This challengingproblemis still mostly unsohed but the impetusfor the work is high
becauseif perfectedsuchmethodswould allow for reliablerecognitionof non-cooperating
targetsin all typesof weatherandat greatdistances Radarbasedargetrecognitionefforts
sharea greatdealin commonwith other problemsof remotesensingand currentpractice
attemptsto performtarget identification/classificatiorirom fully formedradarimages. Of
course constructinganimageof a target from radardatais a very difficult taskall by itself
sincethe reflectedfield dataare noisy and are usually collectedfrom a very limited set of
(generallyunknawn) targetorientationg 19, 29]. Additional complicationsarisein thereal-
time implementatiorof imagingalgorithmsin realizableradarsystems.

Automatic classificationsystems,however, should be able to skip this imaging step
becausea fully-formed imageis probablynot requiredfor machine-basethrgetrecognition.
This obsenation, of course begsthe questionof “what component®f the raw datasetare
relevantto targetidentification?”In this papemwe examinea systematianethodfor extracting
structure-releant information directly from measuredadar datawithout the needto first
constructanimageof thetamet.

Our approaclrelatesthe singularstructure(suchas edges)of the targetto the singular
structureof the dataset. Restrictingour attentionto the singularstructure—specificallyto a
certainsetin phasespacecalledthe wavefont set—allows usto usethe tools of microlocal
analysis[9, 13, 32]. This strateyy wasfirst appliedto imaging problemsin [1]; its usesin



Microlocal Structue of ISARData 2

seismicprospecting[2, 6, 10], X-ray tomography[11, 16], and Synthetic-ApertureRadar
[23] areactive areaof researchAn approactsimilar to the onewe pursuehere,in whichwe
usemicrolocalanalysisotto doimagingbutinsteado studytheconnectiorbetweerfeatures
of thetargetandthe data,wasconsideredor the X-ray tomographyproblemby Quinto[25].

We begin in section2 by examining the generalpropertiesof radar scatteringand
developing mathematicalmodels for the measureddata. Thesemodelsinvolve Fourier
Integral Operatorswith kernelsthat are oscillatoryintegrals; consequentlyhesemodelscan
be studiedwith the techniquesf microlocalanalysis. Next we presentan overview of the
microlocal conceptsandtheoremshatarerelevantto our investigation(section3.1). These
two sectionssene to introduceour notationanddefineour terminology Section3 contains
our main resultsand calculatesthe wavefront setsassociatedvith several importantradar
scatteringsituations:weakscatterersmultiple scatterersandstructuraldispersion(all cases
arelimited to targetswhoserotationalacceleratioris negligible). We concludeour discussion
in sectiond by consideringseveralconnectiondetweerour resultsandexisting practicesand
problemsof radarimagingsystems.In particular we briefly discusstargetswhosebehaior
is not well modeledby our assumptionsnd suggestpotentially fruitful pathsfor further
research.

2. Radar data

Traditional radarsystemdransmitan electromagnetievaveform (a puls@ and measurehe
time delay andfrequeng shift of the correspondingvaveformreflectedfrom atargetso as
to estimatethat target’s rangeand speed. When very short-durationpulsesare used, it is

possibleto accuratelydetermineherangeto individual targetsubstructuresSuchhigh range

resolution(HRR) radarsystemscan be usedto obtain a target’s local integratedscattering
strengthasa functionof its range.

Theseone-dimensionatimages” are known as range profiles and are usedby mary
all-weathertarget recognitionsystems. But target-identificationproceduresdasedon range
profiles suffer from a lack of target information in dimensionsorthogonalto rangesince
range-onlyradardatamapsthe reflectedenegy from all equidistanttarget substructureso
the samepoint. Suchambiguitycanbe partially removedby consideringmultiple pulsesthat
interrogatethe target from differentdirections. The differenttarget views, which are also
known astarget aspects collectively definea syntheticaperture and more completetarget
imagescan be recoreredfrom multi-aspectdataby, for example, backprojectionrmethods.
In principle, thereare two basicschemedor creatingsyntheticapertures:either the radar
measuremengystemcan move relative to the target (a configurationknown as synthetic-
apertureradar or SAR); or the target canrotate and sequentiallypresentdifferentaspects
to the radar (a situationknown asinversesynthetic-apertureadar or ISAR). In practice,
of course,one usually seesa combinationof theseidealizedcasesand the terminologyis
somavhatartificial.

Evidently, cross-rangeesolutiondepend®n the sizeof the syntheticapertureIn ISAR
systemsthis meanghat cross-rangeesolutionwill alsobe relatedto the lengthof thetime
interval over which thesedataare collectedbecausehe obsener mustwait for an aperture
to be establishedby the rotating target. For a well-behaed taget (i.e., one rotating at
constantate),cross-rangeesolutionthereforedepend®n the durationof the measurements.
Rotationaltarget motion alsoinducesa differential Doppler shift in the target’s cross-range
dimension. This obsenationis the reasonwhy ISAR imagingis sometimesalled“range-
Dopplerimaging” (althoughjn HRR systemgheDopplershift associatedvith targetrotation
is usuallytoo smallto bedirectly measuredn a pulse-by-pulsdasis).
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Ultimately, the behaior of radardatais determinedoy scattered-fieldsolutionsto the
wave equation. Sinceradarsystemdransmitandreceve radio waves, we shouldgenerally
examine the electromagnetiqvector) wave equation. For simplicity, however, we will
examinethe scalarwave equationand assumethat the componentof the electromagnetic
field eachsatisfy

(V2> —c2(t,x) 8}) u(t,z) = 0. (1)

We write the total field asa sum of the incidentand scatteredields u = 4i"¢ + 45¢; the
resultingequationfor +*¢ is

(V2 = c287) u(t,x) = =V (t, ) Ofu(t, z), )

whereV (t,z) = ¢ 2—c (¢, z) is thetargetscatteringlensityattime + andpositionz € R®.
We canwrite (2) asanintegral equation

uSC(t, m) = /g(t - tl7 T — y)v(tl7 y) 8152’/“(#7 y) dtldy ) (3)
where[31]
5(t — |z|/c) / e (t=la| /<)
= = 4

satisfies(VZ — 87) g(t,z) = —4(t)d(x).

In section 2.1, we develop a mathematicalmodel for radar data and explain the
fundamentakole playedby the weak scatteringapproximation. We examinethe multiple-
scatteringcasdn section2.2,wherewe constructinexactscatteringsolutionfor two isotropic
point scatterersin section2.3, we considera modelfor scatteringfrom areentranstructure
suchasaductor engineinlet.

2.1.Weakscattering

Therearea variety of situationswhenthe approximatiorknown asthe Born approximation
single-scatteringapproximation or weak-scatteringapproximationis appropriate[15, 17].
Underthis approximationwe replacethe full field » on theright sideof (2) and(3) by the
incidentfield »'™¢, which corverts(3) into

W€t z) / gt =t @ — ) V(' y) Rum(#, y) d'dy )

Thevalueof this approximations thatit removesthe nonlinearityin theinverseproblem: it
replaceghe productof two unknavns (V' andu) by a singleunknownn (V) multiplied by the
known incidentfield.

For radarmeasuremensystemsthe single scatteringapproximationis the basisfor a
crucial methodfor estimatingthe scatteredield in the presenceof systemnoise. This is a
seriousissue,becausdahe enengy of the scatteredield at the recever will be reducedby at
leasta factorof R—* (where R denotegthe distancebetweenthe radarandthe target and
typically rangesfrom ten to one hundredkilometers). Thus the signal measuredoy the
radarwill typically be smallin comparisorwith the thermalnoisevoltage. This difficulty
canbe overcomeby correlatingthe received signalwith a modelof the expectedreflection
signal; by this meansyadarsystemscansignificantlyreducethe effectsof systemnoiseand
extendthe effective rangeR without having to increasehe enegy of the transmittedsignal
to impossiblelevels[4, 8]. The signalmodelgenerallyusedfor suchmeasurements based
on the single scatteringapproximation: the scatteredield is presumedo be a time- and
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frequeng-shiftedreplicaof «'"¢. The term “radar data” usuallyrefersto thesecorrelation-
recevermeasurements.

We assumehatthe incidentfield is a seriesof pulsesbeginningattimest = 6,,,n =
1,2,... from anisotropicpoint radiatorat positionz, sothat

ine (g1 S (W e~ 1w (t' —0n—|z—yl/c) W’ 5
un ( 5y)_/ 1nC(w) 87r2|:l:—y| w Y ( )
where
1 . !
Sincl) = Fsinc} ) = o [ smel®) e ot ™

is the Fourier transformof the signalusedto establishthe interrogatingfield transmittedto
thetarget. We alsoassumehatthetargetis translatingwith velocity v androtating,sothatat
timet', wehave V(t',y) = Q(O~*(#')(y — vt')), whereO(t') denotesa rotationoperator
(anorthogonamatrix).

We considerthe monostaticcase,in which the transmitterandrecever are co-located.
At theradar thefield dueto the nth transmittedpulseis thusw$¢ (¢, ). This field inducesa
systemsignalwhoseBorn-approximatedaluewe denoteby sg.(z,n, t):

e—iw(t—t'—|z—y|/c) 1 .
sel@n ) = [ QWO () — v1)

e—iw' (' —On—|z—y|/c)

x (iw")?Sine(w") dw'dwdt'dy . (8)

82| — y|
In (8), we neglectthe overalltargetvelocity (setv = 0), lett” = t' — 6,,, andmake the
changeof variablesz = O~1(t" + 6,,)y. This approximatiorcorverts(8) into

efiw(tft”fan7|w7(9(t"+0")z\/c)
t) = w
ssc(@,n,%) / s e 7 Y R O

—iw' (" —|2=—O(t"+0,)z|/c)
82|z — O(t" + 6,)z|
We usethefarfield approximationz — w| = |z| — & - w + O(|z|~!) (with the hatdenoting
unit vector)andthenotationR = |z|, R(t) = —OT (t)# to rewrite (9) as

]_ . = g _ (4! .z
ssc(T,m,t) = (872R)? /QW(Z)(lwl)2Sinc(wl) e Wl =0n ~ (R R 40n)-2) /]

x e i I —(RARW400)-2)/e] uudodt"dz . (10)

Next we correlatethe scatteredsignal with a signal of the form sy,c(a(t' — t)) =
J S(w") exp(—iw"a(t' — t)) dw” to obtaintheoutputof the correlationrecever:

(O, @) = / 5ac (@, 1, ) Fine ((t! — £)) dt

€ dw'dwdt"dz . 9)

x (iw")?Sine(w')

— ]- . 2 — —iw tl—t”—an— R Rt” 9.)2)/c
- (8772R)2/QW(Z)(15‘)I) Sinc(wl)Sinc(wu)e [ (R+R(t"+0n)2)/c]

x 1 (RER(400)-2)/e] i o' D) Qo " d ez (11)

wherethe bardenotesomplex conjugation.In (11) we carry out the integrationsover w and
t' to obtain

1 . b — —i gt (411 .z
N (On, t, ) = W/Qw(z) (iw")2Sine(w') Sine (w') e 71 [F = (R R(7+0n)-2) /<]

% e~ iw" a(t—0n—t" —(R+R(t"+6n)-2)/c] 4./ d" dt"dz . (12)
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For theremainderof this sectionwe assumehat(6,,) is sufficiently smallthatwe can
expandO(t" +6,,) asafunctionlinearin t". We usethisapproximatiorin section3 to explore
the “usual” imagingradarsituationcorrespondindo a signal sin.(t) madeup of a seriesof
shortpulses.In sectiord we alsobriefly consideithelimiting caseof amonochromatisignal
madeup of asinglelong-durationpulse.

Whenrotationalacceleratioris negligible (O(6,,) = 0) we canexpand®(t" + 6,,) in
a Taylor seriesaboutt” = 0, sothatO(t" + 8,) = O(6,) + O(6,)t". We introducethe
notation

R, = R(0,) = -0"(0n)&, 7n(z)=R+R,-2, and
vn(z) = R, - 0T (0,)006,)z = -0 (8,)% - 2. (13)

The quantityv is the down-rangecomponenbf velocity at the point z dueto rotation. With
the notation(13) we canusetheorthogonalityof O to write theterminvolving R(t" 4+ 6,,) in
theexponentof (12)asR(t" + 6,) - z = Ry, - z + t" v, (2).

Usingthis expansiorfor R(t" + 6,,) - z in (12), we find

1 : < —iw" a[t—0,—t" —(rn+vat’)/c
nw(ﬁn;t;a) = m/@w(z) (1w')25inc(w')5mc(w")e [t=0n—t"—(rntvnt")/c]

x e W' I =(rntvat™) /el ' quw" dt" dz . (14)
Performingthet andw" integrationsin (14)yields

iw")2 Sine (W) Sine (a’n (z)a’lw’)

1 (
N (On, t, ) = m/Qw(Z)

1+wvp(2)/c
x @ie [0 (R)(E=0) = (1ol (D (2)/e] Gyl dy (15)
where
1—wvn(2)/c 2vp,(2)
! =—FF—F=1——F . 16
on(2) 1+ wn(2)/c ¢+ vp(2) (16)

We interpreta], asthe Doppler scalefactor. Equation(15) is our modelfor the radardata
in the weak-scatteringase. We notethat (15) expresseghe datan,, asa Fourier Integral
Operatoractingon @, .

We remarkalsothatthew’ integral of (15),

At =t o) = / (iw")2 Sine (') Sine (aya~tw') e/ (@nt=t) 4y 17)
is an imaging kernel related to the radar ambiguity function and, in the presenceof
measurememoise,determineghe resolutionto which Qv (z) canbeestimated8].

2.2. Multiple scattering

Multiple scatteringdoesnot fit into the weak-scatteringnodel. In the casewherethereare
only two isotropic point scatterersye usethe exact solutionderivedin AppendixA for the
scatteredield dueto theincidentwave (6). We considerthe caseof arotatingtarget;i.e.,we
replacez’ of (A.8) by O(t')27:

2
sC _ 1 / _ ! _ ! .] /vLjSinC(wl)
u (tJ m) - ]:Zl 871'2 g(t t ’ |m O(t )Z |) 1— L o eiz“"L/(47rL)2 (18)

(eiw'|:r_—(9(t')zj|/c 2w’ L giw'[m—0(t)z"" | /c
X

i ., _ —iw'(t'=0n) 4" d#'
z— 02| M TIL [z 0@)] )e v
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wherej’ = 1if j = 2andj’ = 2if j = 1. Equation(18) is simplifiedasin section2: we use
the oscillatory-integral representationf4) for g; make the far-field approximation;apply the
changeof variablest” = t' — 0,,; expandO in a Taylor series;andusethe notationdefined
above (10). With thesesubstitutionsve obtain

e—iw[t—t" —0n—(rn (27 )+va (z7)t") /]
,U/] mc
t) 19
u*(z,n, 87T2R 2 3212/ 1 — ;g i2'L /(47 L)? (19)
i'#i

P

X X iw' L . )
y eiw'[t”—(T‘n (29)tva (29) ") /] + i € eiw'[tn_(rn (27 )+ (27 )t")/c] dw'dwdt”’
AL

whereL = |27 — 27'|.
Theoutputof the correlationreceveris

/J’JSIHC( I)
n ult( n 04 47TR 20& Z / ]__Njuj,eﬂw L/(47FL) )(1+VH(ZJ)/C) ( )
.7 #J
< |5 (aj a_1w/) e—iw'{a;,ntn—(1+a§,n)rn(zf)/c]
inc iim ’ ’
Mj i =11 gmiw' el tn—((14ad, Yra(29)+ Lt Ry-(27 —27)) /c] '
+ —47rLSm° (ajma w ) e dw

where

= (22)

(Obsere thatwhenp;pj < p; < 1, (20) reducedo (15) for Qmuit(z) = p1d(z — 21) +
u2d(z — 22).)

Expandingthe denominatorof (20), retainingonly termscubic and lower in y;, and
simplifying, we obtain

O 0) % s 3 [ G ) 22)
.7 #J

x [ginc (Oé; aflw') o iw'[od tn—(14a]  )rn (27)/c]

Af;Lginc (oﬂ: na‘lw') e i [0 tn—(ra(2” ) 0], rn (27)+L)/c]

- (ﬂj); Sinc (oz; R 1w') e W ogmtn = ((IFag)ra (=) +2L) /el | gyt
Equation(22) is our modelfor radardatain the multiple-scatteringcase We notethat(22) is
asumof oscillatoryintegrals,to which thetechnique®f microlocalanalysiscanbe applied.
Our multiple-scatteringnodel(22) differs significantlyfrom thatof the weak-scattering
casein that additional bookkeepingmust be performedto accountfor target substructure
positionrelative to otherscatterers.In addition, the multiple-scatteringexpressiondepends
on the overall target orientationandinvolvesmultiplicative termsof the form exp(iwmL/c)
(for someintegerm,).
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2.3. Dispeisivescatteringby reentant structues

For reentrantstructureswith openingsthat can be associatedvith the location z, the most
complicatedaspectof multiple scattering(i.e., the accounting)can be eliminated. This

simplificationis madepossibleby amodel[3] for scatteringrom suchstructureghatincludes
wave propagatiomwithin theductor cavity. Here, theanalysids doneby treatingthereentrant
structureasa waveguide:for Q in (9), we use

Qa(@, 01, 2) = (0, 2) Y pm & 2LET VIl (23)

In this equation,m indexes the eigen-solutiondmodes)of the waveguide problem, w,,
denotesthe mode cutoff frequeng, p,,, is the strengthof the mode, ¢\ is proportionalto
the amountof enegy that getscoupledinto the reentrantfeature,and L(z) is the distance
from the mouthof the duct/caity to a scatteringcenterwithin. We denoteby M the mouth
of the structureandassumethat L(z) is constanver M andzerooff M. We notethatthis
scatteringnodelincludesdependenciesnw andd.

We take

QM(emz) = A(N : ﬂn)SOM(z) ) (24)

whereN is the (effective) normalto thewaveguideopening,A is acouplingpatternthatgives
the angulardependencef the couplingstrength,andyy; is afunctionthatis supportedn a
neighborhooaf M andis furthercharacterizeéh section3.4. Equation(23) modelsonly the
contritution to the scatteredield from scatterersvithin the waveguide; scatteringfrom the
edgesf thewaveguidemouthis handledseparatelyfasin section2.1or 2.2).

In thetime domain,(23) correspond$o

qd(t',Hn,z) — QM(en;z) me /ei2L(z)c—1 fw?—w?2, e—iwt/ dw
m

= qu(0n,2) Z pmIm(t') - (25)

SinceL(z) is assumedo beconstanbn M,
Im(tl) _ ei2Lc_1,/w27w,2n e 1wt 4., (26)

is independentf z. Thisintegral canbeexpressedn termsof the Heaviside function H and
theBesselfunction Jy as

Ln(t') = / H(t" —2L/e)Jo (wn /0 — (2L]P )
x / iv/w? — w2, e W) gudt” . (27)
Consequentlyl,, (t) is thecorvolutionof H (¢t — 2L/c)Jy (wm 12 — (2L/c)2) with

1) =iF { V= b @) (28)

Sincethe downrangedimensionof a typical radarimageis actuallytravel time, we can
seefrom (27) thattheimageof scatteringcenterdocatedwithin ducts/caities thatobey this
modelwill not be localizedto a point. Instead,the associatedmagewill be stretchedand
extendedin the downrangedimension. The “stretching” propertyfollows from the scaling
behaior of w,, in theargumenf J,. Thisgenerabehaior is aconsequencef dispesion—
wavesreflectedfrom suchscatteringcentersexhibit a frequeng-dependentime delay(asin
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equation(25)). In practice,suchnonlocalimageelementxanbe difficult to mapto thelocal
targetstructureghatcreatedhem,andareusuallyconsideredo beimageatrtifacts.
To obtaina modelfor radardata,we substitutefor @ in (9) the expression

Qu(w, 0, 2) = / qa(, 0, 2) €0 d. (29)

We carry out the computationg10) through(15) asbeforeand,finally, in (15) we substitute
expression29). We thusobtainfor the outputof thecorrelationrecever

nd(eTut;a) = /Kd(6n7t7aazatl)qd(tl70n7z) dtle, (30)
where
1 (iw")? Sine(w') Sine (e, a~1w)
Kq(0,,t ) = . n
a(0n:t 0, 2,1) (47TR)204/ 1+wv,/c

% e—iw'[a'ntn—(1+a;)rn/c—t’] dw'. (31)

This equationis our model for radar data from structurally dispersve target elements.
Again, this resultinvolvesoscillatoryintegralswhich canbe studiedwith the techniquesf

microlocal analysis. Although equation(30) is not quite in the form of a Fourier Integral

Operator(becausdt involves mutliplication in the 8,, variable as well as integration), it

couldbe corvertedinto oneby introducinganothewvariableandmodifying the phaseof (31)

appropriately

3. Wavefront setsfor radar data

We focus on localized scatteringcenterssuch as corners,specular‘flashes” from smooth
surfaces,andre-entrantstructuressuchasductsandengineinlets. Thesetargetfeatureswe
characterizdoy the singularstructureof ), whichwe describan termsof its wavefrontset.

3.1. Wavefont sets

Mathematicallythe singular structureof a function can be characterizedy its wavefont
set which involves both the location z and correspondingdirections & of singularities
[9, 13,30, 32.

Definition. Thepoint (zg, &) is notin the wavefrontsetWF(f) of thefunction f if there
is a smoothcutoff function« with (o) # 0, for which the FouriertransformF(f1)(\&)
decaysapidly (i.e., fasterthanary polynomial)asA — oo for £ in aneighborhooaf &,,.

This definition saysthat to determinewhether(xzo,&,) is in the wavefront setof f,
oneshould1) localize aroundx, by multiplying by a smoothfunction ) supportedn the
neighborhoodof xq, 2) Fourier transform f1, and 3) examine the decayof the Fourier
transformin thedirectiong,,. Rapiddecayof theFouriertransformin directiong, corresponds
to smoothnessf thefunction f in thedirectiong, [16].

Example:a pointscatteer. If Q(x) = d(x), thenWF(Q) = {(0,€) : £ # 0}.
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Example: a specularflash. Supposel(x) = H(x - v), where H denoteshe Heaviside
function. ThenWF(Q) = {(z,av) : - v = 0, # 0}.

Wavefrontsetscanbe specifiedclosedsets([14], p. 255):

Theorem 1 If S = {(«, &)} is aclosedsubsebf R™ x (R™ \ 0), thenthere s a functionon
R™ whosewavefont setis S.

Our strata@yy is to work out explicitly how the wavefrontsetof () correspondgvia (12))
to thewavefrontsetof 7. We take thewavefrontsetof @) to be

WF(Q) ={(2,¢): ¢ # 0} . (32)

To computethe wavefrontsetof 5, we usethefollowing four theoremg9].
Theorem 2 (Wavefiont setof an oscillatoryintegral) Suppose is definedby
K(z) = /eiwd’(“’)a(w,w) dw, (33)

whete a satisfieghe following condition: there is someu and M for which, on any compact
setX, theestimate

|01 052 - OpN O a(@, w)| < Cxpm (1 + ]y~ Mt (=Din (34)
holds,with |n| = >~ n; . Thenthewavefontsetof K satisfies

WF(K) C {(z,V¢) : ¢(x) = 0}. (35)
Theorem 3 (Wavefiont setof a product)Suppose
WE(f) + WF(g) = {(=,&; +&,) : (=,§;) € WE(f), (%,£,) € WF(g)} (36)
containsno pointsof theform (x, 0). Thenthewavefont setof theproduct f g satisfies

WE(fg) € (WE(f) + WF(g)) U WF(f) UWEF(g). (37)

Definition. SupposeP isamappingfrom X toY, whereX andY areassumedo besmooth
manifolds,and f is a function definedon Y. Thenthe pull-bad P* f is a functionon X
definedby P* f(z) = f(P(z)).

We can also extendthis notion to apply to distributions f definedon Y, provided the
wavefrontsetof f avoidsthe“bad” set

{(y,n) :y = P(z), DPYn = 0 for somex eX}. (38)

Theorem 4 (Pull-badk of a wavefontset)SupposeP is a smoothmappingfrom X toY’, and
f is a distribution on Y whosewavefont setavoidsthe set(38). Thenthe wavefont setof
P* f is containedn

WE(P*f) C {(z,€) : ¢ = DP, n for somen suchthat(P(z),n) € WF(f)}. (39)

Application to embeddinga functionin a larger space If we have a function f of the
variablex, andwe wantto considerit to be a function of the variablesz andy, thenwe
canwrite f asthe pull-back P* f for themappingP : (z,y) — z. Then,sincethe Jacobian
of Pis DP = (1,0), thewavefrontsetof P* f is

WE(P*f) = {((z,y); DPT¢) : (z,£) € WF(f)}
={(=,9);(£,0)) : (,€) € WF(f)} . (40)
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Definition. If g is a distribution definedon X, the push-forwad P, g of g satisfiesP.g =
(P*)Tg, wherethe superscripfl denotedransposein otherwords, for ary testfunction f,

(Peg, f) = {9, P" ).

Theorem 5 (Push-forwad of a wavefont set)SupposeP is a smoothmappingfrom X to Y,
andg is a distribution definedon X. Then

WF(P.g) C {(y,n) : y = P(z) with (z, DP"n) € WF(g)}. (41)

Application to calculating wavefont sets of integrals. We use push-forvards in the
following way. Supposewe have a distribution g in the variablesz andy. Thenwe can
interpret [ g(z,y) dy asthe push-forvard P, g for the mappingP : (z,y) — z, because

J9(z,9)f(x) dzdy = (g, P* f)ay = (Pag, fla = [(Pug)(2) f () da.

3.2. Wavefont setfor the (traditional) weakscatteringcase

In (15),welett,, = t — 8,, denotethe fasttime (similarly, 8,, is theslowtime). Thenwe can
write (15) as

e (B 1, 2) = / Ko (Bt 0 2)Qu (2) dz (42)

where

1 / (iw")%Sine(w') Sine(al,a 1w')
(47R)2%a 1+wv,/c
x e—iw'[a'nt"—(l—i-a;)rn/c] dw' . (43)

Kw(orn t? a? Z) =

Underthe assumption®n Si,. of Theorem2, equation(42) expressesy,, in termsof
a Fourier Integral Operatorappliedto @, and thereforethe wavefront set of 7, canbe
calculatedin terms of that of @), by standardmeans[9, 13, 32]. We illustrate here an
alternatve methodfor calculatingthe wavefrontsetthatwe will usein section2.3.

This alternatve approactconsiders, to beapush-forvardof theproductK,,Q.,,, and
we usethe theoremsof section3.1. More specifically 7y, is formedfrom two operations:
first we multiply @, by K, andthenpushforwardthe productby meansof the projection
operatorP : (0,,t,a,z) — (0,,t,a). In the procesf multiplying @, by K,, we needto
consider®,, to beafunctionof the samevariablesas K, ; for this we considerthe pull-back
of Q. Calculationof the wavefrontsetof #,, canthereforebe carriedoutin the following
steps:a) calculatethe wavefrontsetof K, from theorem?2; b) calculatethe wavefrontsetof
K, Q. from theorem&t and3; andc) calculatethe wavefrontsetof ny, = P. (K Q) from
theoremb.

Stepa) We assuméhat (iw')2Sinc(w')Sine(a),a'w') satisfiesthe hypothesisof theorem
2. Thephaseof Ky, is

¢ = —w'[on(2)tn — (1 + & (2))ra(z)/d] (44)
andso
WF(KW) g {(Gn,t,a,z;a, T;’Y:C) : (45)

ap(2)tn — (1 + o, (2))rn(2) /e = 0,
0= 0,0 =0 [a(2) = (1+ ()07 (Bn)a - 2/¢]
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T =0 = —w'a,(2),
Y= 6a¢ = 07

C=V.d= o 207 (6,2

c(l+ I/n(Z)

I 1
Jc)? (tn —Tn(2)/c) + E(l + O‘In(z))OT(an)ﬁ] } )
where(asbefore)we have taken O(6,,) ~ 0. Someof the detailsof the calculationscanbe
foundin AppendixB. (Notethatfor theseshort-duratiorsignals,¢ will beindependentf «
andso~y = 0 for all casesconsideredn theremaindeiof section3.)

We cansimplify the expressiondor o and¢ in (45) asfollows. First, a straightforvard
computatiorshovs that

! ! 2Vn(z) !
= —— | =uw. 4
c=w (an(z) + cton(z) w (46)
Then, to simplify ¢, we usethe fact that from the criticality conditionwe have r,c=! =
alt,(1 + o!)~t. Substitutionof this relationinto the resultfor ¢ togetherwith the facts
1-[o,/A+a,)]=1+v/c)/2andl +a), =2/(1 +v/c) yields
co [OT(o )a + O (8,)@ Lt ]
c+vn(z) " noTan

2w’

¢+ vp(2)

. dR
The Taylor seriesexpansionfor R(t) obeys R(Lt,) ~ R,, + 1t, dR,/dé, andsowe can
write

2w’ .

— 1
C - c + Vn(z) R(ztn) - (48)
Stepb) By theorem3, thewavefrontsetof the productof K, and@,, obeys
WF(KwQw) € (WF(Ky) + WF(Qw)) UWF (K,) UWF(Qw) . (49)
We write thewavefrontsetof Q,, in RS asWFé(Q,,) = {(2;&) ¢ # 0}; pulledback
(via Theoremd) to R!? it is

WE(Qy) = { (0, t,2,20,0,0,0) : 6n,t,0 € R, (2,8) € WF'(Qu) } - (50)
Consequentlywe canwrite
WF (Kw) + WF?(Quw) C {(Gn,t, @,2;,6,7,7=0,C) : (51)
ah ()t — 1+ al,(2)rn(2)/c=0 and Z =z,
F=u', F=—-w'al,(2),
c=¢+¢= c-;-sz(z)ﬂ(%t”) + ¢ for some (2,5) € WF(QW)} ,

wherez and( aredefinedby (50). Notethat (5, 7,%,¢) # 0 becauses’ = 0 is excluded
(sinceSinc(w') hasno DC component).
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Stepc) TheJacobiammatrix of theprojection® : (0,,,t,a, z) — (O,,t, @) is
DP = (I3x303x3) (52)

(assuming € R3).

From theorem5, the wavefrontsetof ,, = P.(KyQ) obeys WF(P.(K,Qw)) C
{(On,t, 050", 7",4") : (On, t,c,z; (DP)T (0", 7",7")) € WF(KwQw)}. In order to
determinewhen(DP)* (", 7",7") € WF(KwQw), we notethat

" " a"
T U// I3xs 0'” T
(DP) 7'” = | 0aes T = " . (53)
"
Y Y 0

In otherwords,contritutionsto WF(7,,) comefrom elementf (49) with ¢ = 0. Thereare
nosuchelementsn WF (K ) becausefl(%tn) # 0in (48). Similarly, thereis nocontribution
from WF(Q) becauselementswith ¢ = 0 donotappeaiin (50). Comparisorof (53) with
(51), ontheotherhand,yields

- —2w'

¢= mR(%tn)- (54)

This relationdescribespeculareflection.

Summary For aweaklyscatteringarget,the wavefrontsetof %, is containedn theset}

{(On,t,a; o', A" =0): al,(E)tn — (L + ) (2))rn(2)/c=0, 0" =, (55)
n_ 0.1 (3 inh o — —2w' (1 5
"= —w'al (2), for which{ = "y un(Z)R(zt") for some (2,¢) € WF(Qw) ¢ -

In particular thewavefrontsetcorrespondingo asinglepointscattereat z° will bethecurve
o (2%)t, — (14 al,(2°))rn(2%)/c = 0 whosenormalvectoris (¢”,7"") « (1, —aZ, (29)).

3.3. Wavefiont setsfor multiple scattering

In the caseof the two isotropic point scattershat we modeledin section2.2, the targetis
simply asumof two deltafunctions@Qmuis(2) = d(z — 2!) + §(z — 2?). Thecorresponding
wavefrontsetis
WF(Qmu) = {(2",¢) : all¢ #0}U{(2*,¢): all¢ #0} . (56)
We seefrom (22) that multiple-scatteringlatacanbe expressedisa sumof oscillatory

integralsnmuiy = m1 + 172 + n3; to eachwe cansimply apply Theorem2. The corresponding
phasesre

$1 = —wl(a;:;ntn _ (1 + a;j;n)rn(zj)/c) (57)
o = —w'(agzntn — (ra(27) + a;:nrn(zj) +L)/o)
¢3 = —w' (&, tn — (L + a2, )rn(2?) +2L)/c).

1 Wehave constructeaxplicitly theactionon WF(Q+,) of thecanonicalrelationfor the FourierIntegral Operator
givenby (42).
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Thewavefrontsetof n; is the sameasdeterminedor theweakscatterercase:
WF(n1) C U {(On,t,0;0",7",4" =0) : aj:mtn —(1+ a;:m)rn(zj)/c =0,

j=1,2
(0", ") =w'(1,—a! )} (58)

Jin
Thewavefrontsetof n, is
WF(12) € |J {0n,t,050",7",4" = 0) : ol tn — (ra(27) + o, ra(z?) + L) [ = 0,

j=1,2

(", 7" =w'(1, —ozg:;n)} i (59)
Thewavefrontsetof n; is
WF(n3) C U {(On,t, 050", 7", 4" =0) : aﬁmtn —((1+ a;:m)rn(zj) +2L)/c =0,

j=1,2

(0.”5 T”) = I(]‘ﬂ _agyn)} * (60)
Finally, the wavefront setof our three-termapproximationto 7,,,; is the union WF () U
WF(’I?Q) U WF(’I?;;).

We notethatthecritical curvesin thed,,—t,, planearesomeavhatdifferentfor thesingle-,

double-,andtriple-scatteringontritutions.In particular single-scatteringurvesare

_R-0T0)¢-2

" — (61)
c+0T0,)z- 2
double-scatteringurvesaredescribedy
(1 +LOT(0,)2 - (2 — z)) (R —OT(0,) - z') —LLOY0,)8-z+ 1L
tn = 2 0 9
c+ 0T, - 2
(62)

andtriple-scatteringurvesobey

L—-0Y0,+L/c)z -
:2R+ (9‘ ( n+A Je)& z 63)
c+ 0T (0,)% - 2
Multiple scatteringrom pairsof scatteringcenterscanpotentiallybe recognizedn the data
by the occurrencef collectionsof suchcurves.

n

3.4. Wavefont setsfor scatteringby reentantstructues

The dispersve-scatteringnodel of equation(23) links the downrangeartifactsof equation
(27) to the targetimagethroughthe o (2) factor We choosepy by Theoreml sothatit is
supportedn aneighborhooaf M andits wavefrontsetis

WF(pu) = {(2,0): 2 € M,AC-N) >0} . (64)

We compute WF(5q) in several steps: a) compute WF(¢y) from Theorem3; b)
computeWF(I,,,); ¢) compute WF(K4) from Theorem2; d) compute WF(K4Qq4) =
WF(Kq4l,qu) from Theorem3; andfinally e) considemy asthe push-forvard P, (K4Q4)
for P : (0,,t,a,2,t') — (6,,t,a), andcomputethewavefrontsetof 4 from Theorenb.
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Stepa) Thewavefrontsetof gy (6,,2) = A(N - R,,)¢wm(z) is obtainedrom Theorens3:
WF(qm) C [WF(A) + WF(pm)] U WF(A) U WF (pu) - (65)

The coupling pattern A, however, is assumedo be smooth;its wavefront setis therefore
empty Consequentlythe wavefrontsetof gy is simply the pull-backof WF(py) to R® by
Theoremd:

WF(qu) = {(é,z; 5,8):2€ M, 5=0, AC-N)>0andA(N - 0T ()&) > o} . (66)

Stepb) The wavefront setof I,,, canbe calculatedby cutting out a small interval about
w = wy, in thedefinition (28) of f, andthenusingstandardheory[9, 13, 32] to conclude
thatthewavefrontsetof I,,, is thesameasthatof H Jy. Alternatively, onecanapplytheorems
2, 3,4, and5 to draw the sameconclusion. Accordinglywe have

WF(I,,) = {(f',7) : T = 2L/c, 7 = a, anarbitrarynonzerorealnumbet} . (67)
We notethatthis wavefrontsetis independendf m.

Stepc) K4 hasaphasdunctiondependingontheadditionalvariablet’:
¢ =—w(atn—(1+al)r,/c—1t) (68)
andso,by Theoren?2,

WF(Kq4) C {(HH,t,a,z,t';a, 7,7=0,¢,7"): a,(2)tn, — (1 +al,(2))rn(2)/c—t =0,

!
o=w,7=-wa,(z), = %R(%(tn+t')), T = w'}. (69)

Stepd) As before,weuseTheorem3to obtainWF(K3Qq) = WF(Kqlqm):

WF(KdIqu) C (WF(Kd) + WF(Im) + WF(qM)) @] WF(KC]) @] WF(Im) @] WF(qM) .
(70)

Thesumtermis
WF(Kq) + WF(I,) + WF(qm) C {(9n,t,a,z,t’; G,7,9=0,{,7) : (71)

an(2)tn — (1 + ap(2))rn(z)/c =t =0,
wherez = 2,2 € M,t' = %, andA(N - 0T (0)z) > 0,

F=w +0+0,

7F=—w'al(2)+0+0,

. 20! ~ ~ ~ A
E=—"" _R(L(ty+1t))+0+¢, whered(¢- N) >0,

¢+ vp(2)
m"=uw4+a+ 0} ,
wherew’ anda arearbitrarynonzerorealnumbers.

We computéWF (K41, qm) by (70),whereWF (K,) is givenby (69), WF(I,,,) is given
by (67) (pulledbackto R'* by Theorem¥), andWF (qu ) is givenby (66) (pulledbackto R!*).
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Stepe) The radar data (30) can be written as the push-forvard ng = P.(KqQ4) =
P.(Kalngu) whereP : (0,,,t, a, z,t") — (0,,t,a). TheJacobiarof this projectionis

DP = (I3x303x4) - (72)
Thewavefrontsetof ng canthereforebe calculatedrom Theoremb:
WF(Ud) = WF(P* (KdIqu)) c {(ana t,q; UII) 7-”3 ’7”) : (73)

(P(6n,t,0, 2,8); (DP)" (0", 7",7"")) € WE(Kalmau) }

where the wavefront set of Kyl,.qv is given by (70). From (72) we see that
(DP)T(o",7",4") = (a",7",4",0,0); in otherwords, we considerelementsof (70) for
which ¢ = 0 and7’ = 0. Fromtheserequirementsye seethatthe elementfrom WF(1,,,)
do not contribute because” = a # 0. Similarly, WF(K4) andWF (qu) do not contribute
becaus€ # 0.

ConsequentlyWF(nq) is containedn theset

WEF(na) C {(Omt,a; o', 7", 9" =0) 1 ap(2)tn — (1 + ap(2))ra(z) +2L)/c =0,
wherez € M, A(N - O (6)&) > 0, andA (ﬁ(%tn + L/c) -N) >0,

(0", 7") = w'(1, —a;(Z))} : (74)

We seethatthecritical curve in the 8,,—t,, planeis the sameas(63), andis associateavith
scatteringcenterdying within the duct/cavity at distanceL from the mouth. The point z in
the critical setcorresponds$o a point at the mouthof the reentranstructure.ln addition,the
critical curveis presenin thedataonly atanglesfor which enegy couplesinto thedispersie
structure andfor timesafterwhich thewave hasreachedhe scatteringcenterwithin.

4. Examples and interpretation

4.1. Ordinary ISAR

“Ordinary ISAR” [3, 4, 28] considerghe targetto be composedentirely of weakscatterers
andis describedby the discussiorof section2.1. In addition, ISAR traditionally considers
thetargetto berotatingat a constantate abouta fixed axis, andthat this rateis sufficiently
slow to ensurethatv, (2) < ¢ for all z in thetarget's support.(More accuratelytraditional
ISAR is usually constiainedto usedatacollectedover a sufliciently small time interval that
aconstanrotationratecanbe consideredh goodapproximation.)in practice,datacollection
timesareonthe orderof secondssothattypical aperturesreseveraldegrees.

Toillustratetheideaswe assumehatthetargetis rotatingat a constantate(2 aboutthe
axis(0,0,1), sothat

cosdt sinQ2t 0O
Ot)=| —sinQt cosQt 0 | . (75)
0 0 1
Further we assumethat the radaris locatedin the 2 = (1,0,0)T direction. In this

case,we canwrite r,(z) = R — z, - 1(Q6,), wherez, = (z1,22) and (Q0,) =
(cos Q6,,,sin Q6,,). Substituting(75) into (15), performingthe integrationover the rotation
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axis, writing Qsum(z1) = [ Qw(2)dz3, anddroppingtermsin w’(v/c)? in the phaseand
v/cin the modulusylelds

1 —i[(w'+wh., (= —(2w' +wh., (2 —z [ c
O s 0) W/qum(me [+ ()b = (26" 40 (2)) (B2 -£2(26)) /]

X (iw')? Sinc (@) Sine (@™ (@' + wp,,)) dw'dzy (76)
wherewe have written w'a’(z1) = w' + wp;p(z1), With wpp(21) = —2vp(z1)w'/c
denotingthe Doppler frequeng shift We note that droppingtermsof orderw(v/c)? and
higherinvolvesa narrowbandassumptior{3, 8], i.e., Sinc is negligible outsidean interval
(wl,wQ) with we — w1 <€ wq.

Equation (76) demonstrateshat standardiISAR imaging can only recover the axis-
integratedtarget scatteringdensityfunction. In high rangeresolution(HRR) ISAR imaging,
equation(76) canbefurtherreducedsincesuchsystemsises;y.(t) thatwill bestapproximate
equation(17) as A(a(t — t'),a) = §(t — t’). For HRR signals, S, (w) will be a slowly
varying function of w and Sinc(w)Sine (@™ (w + éw)) will also be slowly varying when
|ow| < |w| ConsequentIyHRR systemswill have poor frequeng resolutioncapabilities
and (iw")2Sinc (W) Sine (@~ (w' + wp, ,)) is often approximatedas being constantover
Supp Sinec = (w1, w2). In this Case;equatlor(76) reduceso

e (B ) / " Quum(21) eI by (1))t = 2"+ (=) (R=2L 200/l 4oy |
! (77)

wherewe have suppressethe (now formal) a-dependencen the left sidebecausehe right
sideis independentf a.

Systemswith coarsefrequeny resolutionare also insensitve to local Doppler shift
wp;n(21). Thesefrequeny shifts are actually quite small; typical valuesfor maneuering
aircraft targetsare wp,, /w < 10~7 and we can make the approximationwp., /w < 1.
In otherwords, we assumethat the target is effectively stationaryfor the durationof the
fast-timemeasurementThis simplificationis known asthe start-stopapproximation.Such
measurementsre Dopplerfree and, in this case, the term “range-Doppler”imaging is
somethingof a misnomefr—the methodsusedare really closerto tomographictechniques.
Whenwp,, = 0, equation(77) becomes

nw(on;tn) x /qum(zJ_)/ efiw'[tn72(szj_'ﬁ(99n))/c]dwldzJ_ . (78)

We seethatif w; — —oo andws — oo, thenequation(78) is preciselya Radontransform
of Qsum: for eachd,,, oneintegratesQsum overtheline t, = 2(R — z, - 1(Q0,,))/c. For
real systems,(78) is a bandlimitedversionof the Radontransformand ISAR imagesare
traditionally producedby Radoninversionmethodqsuchasfilteredbackprojectiorf20, 21]).

While ISAR imaging schemesireusuallybasedn equation(78), theanalysisof section
3 shavs thatthe wavefrontsetof the datacontainsconsiderablénformationaboutthetamet,
which can be extractedwithout forming animage. The wavefront analysisof section3.2
S|mpI|f|essomewhatW|th the start- stopapproxmatlon In partlcular since@(t) = 0 during
thefasttime intenal, o, = 1 andwe cantake R( ») = R(6,) in the expressiorfor ¢ of
(55). Moreover, for (78) we have dR/dHn = 1= (6,) = (sinb,, — cosb,), which implies
that(55) reducego

WF(n,) C {(Gmtn;a, 7)o~ 2rn(20) /0, (0,7) = (2zJ_ L(6,) /¢, —1)
wherel | = —2wR(6,)/c forsome (£.,¢,) € WF(QW)} . (79)
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Itis easyto seethatr = —w(1+22, -fo /) = —w(1+2v(21)/¢) = —(w+wp) encodesn
inferred Dopplershift acrosghe syntheticaperturecollectioninterval (eventhoughno local
frequeng shiftsaremeasured).

A pointscattere{whosewavefrontsetcontainsall directionst) locatedat z corresponds
tothecurvect, = 2R—2z, - 1(926,,) in thedatadomain.Thecoordinate®f this scattereare
usuallyestimatedrom theintersectiorof thebackprojectionsonstructedrom data(i.e., lines
orientedwith angle26,, andoffset2z, - 1(Q6,)). But the wavefront-setanalysissuggests
anotherpossibility: find the range2z, - 1(Q6,,) from knowledgeof ¢,, and estimatethe
cross-rang@ositionfrom thedirections(o, 7) = —w(2z, - 1™ /¢, —1).

Strictly speaking,of course,bandlimiteddataare smoothand thereforethe wavefront
setis empty Our analysis,however, views the bandlimitedcaseasan approximationto the
infinite-bandwidthproblem.

4.2. High Dopplerresolution

In the situationwherethe incidentsignalis chosersothat Sinc(w') ~ d(w' — wp), theradar
becomeshighDopplerresolutionsysten{26]. Of coursejn thissituationwe cannotactually
correlatewith sinc(at) sincesucha signalwould be infinitely long. Instead we setd; = 0
andconsidera “long-durationpulse”approximatiornto F {Sinc } (w"):

T
Seml) = [ et gy, (80)
-T
whereT is “large” Substitutioninto equation(12) yields
]_ T . " ’ A 5 (411
m(t:0) = s [ Qula) ()00 —ap)e e W R
X e—iw”a(t—9 —t”—(R-‘rR(t”)-z)/c] dt dw'dw”dt”dz

W —iwo (' —t'— "yez)/c
:70/ Qur(2) o= 0t ¢ ~(R+R(")-2)/0)

(47)2R?
x 8t + a(t —t" — (R+ R(t") - z)/c)) dt'dt"dz
(4:;01%2/Qw o iwo(atH(1—a)t” —(1+a) R(E") /) gyl (81)

ThesetT = {(t",z) : -T/a < t —t' — (R + R(t") - z)/e < Ta} in the
last equationof (81) consistsof thosevaluesof ¢’ and z for which the agumentof the
delta function in the previous line canvanish. When R > R(#") - z, we can usethe
fact that high Dopplerresolutionsignalsyield coarsetime resolutionto approximate7 by
Tr{t: -T/la<t—t"—R/c < T/a}. In equation(81) we thenmale the changeof
variablest’ =t — (¢t — R/c) to obtain

_ 42 a—iwg[t—(1—a)R/c] T .
o “Wo¢e —iwo[(1—a)t' —(14+a)R(t'+t—R/c)-z/c] q4!
nD(taa) (47T)2R2 /‘/_T QW(z)e dt'dz.
(82)

We would like to carryout awavefront-setanalysisfor (82) aswe did in section3. Here
thetimevariablet’ shouldcorrespondo thefrequeng variablew in section3. Unfortunately
for rotating targets, the phaseof (82) is not generallyhomogeneousf degreeonein the
integration variable ¢/, and a more traditional approachis required (e.g., the method of
stationaryphase).
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We canapply the wavefront-setanalysisof section3, however, whenthe rotationrate
Q is small. In this case,we usethe fact that for rotationsof the form (75), we canwrite
O®' +t—R/c) = Ot — R/c)O(t'), sothat R(t' + t — R/c) = O(t')R(t — R/c). When
Q is sufficiently slow that the small-angleapproximationcan be usedover the whole data
collectioninterval, i.e., cos Qt' = 1 andsin Qt' ~ Q' for all ¢’ in theinterval [-T', T, then
(82) becomes
_wg efiwo[tf(lfa)R/c]

T
—iwge T (1+a)z L - (Qt—R/c))
e J] Ot )

% efiwot'[lfafﬂc_1(1+a)zJ_-ﬁ.J‘(Q(tfR/c))] dtldzL ,

D (ta a) R

where,asbefore, i (t) = (sint,—cost). The wavefrontsetof 5 canbe calculatedin
the samemanneras donein section3.2, wherew is replacedby ¢ and @, is replacedby
Qsum(z1) exp[—iwoc 1 (1 + a)z1 - 1(2(t — R/c))]. In this casethe phasés
¢=—wo[l —a—Qc (1+a)zy -t — R/c))]. (84)
For thewavefrontsetwe obtain:
WEG) € { (i) s 1o = Sa Ot = /o).
T=0ip = —woQc (1 + @)z - (Ut — R/c)),
v =8a = t'wo[l + Q¢ 2y - pH(Qt — R/c))
= 1t'[2wo + wp(z,t — R/c)],

(p = —Qc 1+ a)a™ (2t — R/0))
for some(z,,¢ ) € WF(qum)} : (85)

We seethatknowledgeof thewavefrontsetagainenablesisto estimatehe locationof point
scatterersthecritical curve (or ) givesus z, - 1, andknowledgeof  givesus z, - .

4.3. Accelenting targets

The casewhere |Q| is not vanishinglysmall can be even more difficult. In this situation,
the approximationO(t" + 6,,) ~ O(8,) + O(8,,)t" may not be valid and, consequently
equation(12) cannotbe simplified to the form of equation(14). The manifestationof this
failureis progressie phaseerrorin n anddegradationof ISAR imagesconstructedinderthe
assumptiorthat (2 is constant—sucimagesaresaidto be“de-focused.

When O(t) is smoothand thereare no abruptchangesn O(t), thenit is possibleto
considerthesedataas having beencollectedover a collection of subinterals (0, ,6xn.)

whoselengthsare sufficiently small sothat 1 (t)20(6,,) = 0 for 6,, € (6n,,0n,). Over

eachsuchsubintenal, © canbeconsideredo beconstanin amannersimilarto thestart-stop
approximatiordiscussedh sectiond.1. Within eachsubintenal the analysisof this papercan

beapplied;but overthe collectionof subintenalsthecritical pointswill notform sinecurves.
The normaldirections(o, ) = (0, ¢, s, ¢) track thesenon-sinusoidalariationsin HRR

data.

In the high-Dopplefresolution case, the small-angleexpedientusedin section 4.2
(approximatinghe phaseasa degree-onehomogeneousunctionof ¢') will generallyfail to
accuratelycapturethe aspectdependencef datacollectedfrom acceleratingargets. The
usual plan of attackfor this problemis to identify (—7,T) with (6y,,6n,) and choose
time-domainsignalsthatareshortenoughfor Q2 to be consideredpproximatelyconstanon
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(0n,,0n,) but arealsolong enoughto enablegoodestimationof theinstantaneousequeny
(for retrieval of 22(8,,)). Theseconsiderationgarethe sameasthosenormally encounteredh
time-frequenyg signalprocessing7].

Alternatively, it is possiblethatthe analysisof this papercould be extendecto treatthe
accelerating-tayetcasethis we leave for futurework.

5. Conclusions and Future Work

Our discussionhasnot actually beenaboutradarimaging. Instead,it hasfocusedon the
structureimposeduponmeasuredadardataby a classof imagefeaturesassociatedvith the
singularsetof theradartarget. Standardadarimagingschemesttemptto estimateprecisely
this classof featureshowever, andso our approacthas“imaging” atits heart. In particular
we have shovn that when the weak-scatteringapproximationis valid, the location of the
target’s scatteringcenterscanbe estimatedirectly from the datawavefrontset.

We have also showvn that the mappingfrom targetto datafor the importantcasesof
structuraldispersiorandmultiple scatteringlisplaysfundamentatlifferencegrom theweak-
scatterercase. In particulay we demonstratedhat the wavefront setfor multiple-scattering
eventscanbe distinguishedrom single-scatteringlata. We also shaved that the wavefront
setfor scatteringfrom ductsand cavities is similar to that of a triply-scatteredvave. Both
theseobsenationsarepotentiallysignificant:they mayleadto schemesor eliminatinglSAR
imageartifactsby first isolatingthe wavefront setof the measurediataandthenconstructing
animagefrom this reduceddataset(this is anareaof futureresearch).

The caseof three-dimensiondlSAR imaging—whichrelieson a moregeneralversion
of O(¢) than consideredn equation(75)—alsofits neatly into this framework. For non-
cooperatye targets,a principal problemlies in discovering the variousroll/pitch/yaw data
variationsdueto targetmaneuersfrom the datathemseles. Thesedependenciemustbe
separatelysolatedif anaccuratadmageis to be formed,andwavefront-setanalysisoffersa
systemati@pproacHor investigatinghetargetbehaior.

We leave for the future the questionof how knowledgeof the singularstructureof the
radardatacanbestbe exploited for targetimagingandidentification. Therearea numberof
issueshere. For image formation, the wavefront-setanalysissuggestghat reconstruction
methodsrelatedto local tomography[11, 16] may be useful. In particular analysisof
wavefront setscan determinewhetherbackprojectionwill provide animagefree of certain
artifacts[22, 24]. In addition, wavefront-setanalysissuggestsan approachfor producing
artifact-free,superresolgd images:remove all component®f the datasetexceptthosethat
correspondo well-understoodarget features,and form an imagefrom thosecomponents
only.

Practicalimplementatiorof the analysisin this paperrequiresthatwe be ableto extract
the wavefrontsetfrom noisy, band-limitedanddiscretelysampledradardata. The problem
of extracting wavefront setsunder such conditionsis closely relatedto image processing
problemssuchasedgedetection,andtheseare active areasof currentresearch We explore
onepossibleapproachin [5], wherewe provide numericalexamplesof syntheticradardata
andshowv how the wavefrontsetanalysisenablesusto estimatetarget parametergérom very
noisydata.

Our ultimate goal, of course,is to identify targetsunderall weatherconditions. For
targetidentification,it maynotbenecessaryo form animage.We have shovn thatwavefront
setanalysisdistills the datasetinto a setof primitivesthat are easily relatedto a target’s
structuralproperties.As such,this approachconstitutesa promisingnew tool thatdeseres
furtherinvestigation.
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Appendix A. Multiple Scattering

For a time-harmonidncidentwave U'"¢(z), the frequeng-domainfield U scatteredrom
N “point” scatterersan be obtainedfrom the Foldy-Lax [33] equationstogetherwith the
assumptiorthatthescatteredield from asingle“point” scatterers proportionako theGreens
functionG [27]:

N

U(@) = >_Glle = 2/ iUy (/) (A1)

Uj(m) = Uinc(m) + Z G(|$ - Zzl)ulU’t(zz)a .7 = 17 27 RS N7 (A2)
i#]
whereG(r) = (4rr) ! exp(iwr/c). Equation(A.1) saysthatthescatteredield is the sumof
thefields scatteredrom eachscatterermoreawer, thefield scatteredrom the jth scattereis
proportionalo thefield U; thatis incidentuponthe jth scattererEquationgA.2) saythatthe
jth local incidentfield is the overall incidentfield plus the field scatteredrom all the other
scattererslIf the scatteringstrengthsu,, us, - . ., ux areknown, the equationgA.2) canbe
solvedfor theU;; thenthetotal field canbefoundfrom (A.1).
In the caseof two “point” scatterersequationgA.2) are
Ui(z) = U™ () + G(lx — ' ) u2Ua(2%) (A.3)
Uz(x) = U™(2) + G|z — 2*[)u Ur (2") (A.4)
Evaluating(A.3) at z! and(A.4) at 22 givesriseto the systemof equations
L =mG(D) ) (Ui ) _ (U A5)
—mG(L) 1 Ua(2%) )~ \ U™(z%) )~ '
whereL = |2? — 2'|. Theseequationshave the solutions
Une(29) + py GILU™(27)
1 — ppueG? (L) ’
wherej’ = 2if j = 1andj’ = 1if j = 2. Using(A.6) in (A.1) yields

N . . . !
) iy, Lo (#)) + pp GL)U™(27)
sc — _ ] .
U (:B) = G(|$ z |)NJ 1 _H1N2G2(L) )

Uj(2’) = =12, (A.6)

(A7)
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The time-domainscatteredield due to the incidentfield (6) can be found by taking
G(lz — 27|) = [exp(iw'(t —t")g(t — t', |z — 2%|) dt' andU™¢(27) = Sinc(w') (872 |z —

exponentialsnvolving ¢ cancelandwe obtain

4 Sinc(w')

N
sC(t, x) = t—t |z —2
w(t, x) ;:1/9( e —2))5

eiw' ‘mfzj |/c

i €29'L [ (A7 L)?

ei2w'L eiw'|m7zj’ |/c

27|)Lexp(iw'|z — 27|/c) exp(iw'8,) in (A.7) and Fourier transformingfrom «’ to t. The

., —iw' (t'—0n) 1341
8o — 29| M anL 3lw—27] ) © dwd’. - (A8)
Appendix B. Some Formulas
9 (4 — AT i Y —
0. (Rn . z) =—0"(0,)E -z =v,(2) (B.1)
ooy, -2
= B.2
un() 0+ ()]0 (8:2)
Ovn(z) T .
Vaovn(z) = =0T (6,)i (B.4)
Vaern ==V, (OT(Hn)aA: z) = _OT(Hn)aA: (B.5)
_ Oap _ 20%(0n)2
Vaan = 5oy V=) = S ) o (B-6)
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