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 Motivation

 Fuzzy Sets Basic Concepts
— Characteristic Function (Membership Function)
— Examples
— Notation
— Semantics and Interpretations
— Related crips sets
» Support, Bandwidth, Core, a-level cut
» Decomposition Theorem
— Features, Properties, and More Definitions
» Convexity, Normality, Fuzzy Singletons
» Cardinality, Measure of Fuzziness, First Moment
— Fuzzy Logic Operations
» |ntersection, Union, Complementation

» T-norms and T-conorms
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Alternative Definitions for Fuzzy-Set Intersection

« Zadeh Intersection:

(A n B)(X) = min [A(X), B(X)]
e Product Intersection:

(A n B)(x) = A(x) B(x)
 Lukasiewicz Intersection

(A n B)(X) = max [A(X) + B(x)-1, O]

Operators that satisfy reasonable axioms for a
truth-functional definition of intersection are
called triangular norms (or T- norms)
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Triangular Norms

(A n B)(X) = A(x) O B(X)

T-Norm Axioms :
«[:[0,1]x[0,1] - [0,1],
e Commutativity: apB=pUa,
e Associativity: (aUOB)Uy=al(BLY)
« Monotonicity:

faza', =P, thenaUPB=2a' 0B, aldPBzalf,
e Boundary Conditions

alJl=a, alJO=0
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The Minimum T-Norm
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The Product T-Norm
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The Lukasiewicz T-Norm

Copyright 1995, Dr. Enrique H. Ruspini , All Rights Reserved - used with author’'s permission



Triangular Conorms

(A O B)(x) = A(X) O B(X)

T-Conorm AXioms :

e[1:[0,1] x[0,1] - [O,1],
e Commutativity: apB=pUa,
e Associativity: (aUOB)UOy=alU(BLY)

« Monotonicity:
faza', =P, thenaUPB=2a' 0B, aldBzalf,

* Boundary Conditions:
aldl=1, al0=a .
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The Maximum T-Conorm
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The Product T-Conorm
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The Lukasiewicz T-Conorm
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Fuzzy Complement

N, (a) = (1-a")""




Fuzzy Complement

1-a

Ns(8) =

N, (a)=(@1-a")""

(a) Sugeno's Complements (b) Yager's Complements
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Alternative Definitions for Fuzzy-Set Union

e Zadeh Union:

(A O B)(X) = max [A(X), B(X)]
e Product Union:

(A O B)(X) = AX) + B(X) - A(X) B(X)
 Lukasiewicz Union

(A OB )(x) = min [A(x) + B(x), 1]

Operators that satisfy reasonable axioms for a
truth-functional definition of union are called
triangular conorms (or T- conorms)
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De Morgan Triples

De Morgan Laws for Conventional Sets:
AnB = AL
ALB = An

> >
o i

* Triples consisting of an Intersection operator, Union
operator, and Complement functions that generalize
the DeMorgan Laws are called DeMorgan triples.

Examples:
e Zadeh: {min( a,B), max(a,pB), 1-a}
e Product: {af,a+pB-af, 1-a}
e Lukasiewicz: {max(a + -1, 0), min(a + 3, 1), 1- a}
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Combinations of Operators

e Every combination of intersection, union, and complement
operators fails to satisfy some property of Bumlean
Algebra of conventional sets

* The standard operators fail to satisfy the lafvihe
excluded middleand of contradiction:

AnA =0, AOA =X

e Other combinations fall to satisfy some other properties,
usually those ofidempotence:

AnA =A, AOA = A

Copyright 1995, Dr. Enrique H. Ruspini , All Rights Reserved - used with author’'s permission




Some Basic Limitations

o If [ is continuous and idempotent, th€h=min |,

o If [ Is continuous and idempotent, théh= max

* Triples{ [, O, — } of continuous operators that satisfy the layw
of the excluded middle and contradiction are neither
Idempotent nor distributive

 All T-norms are bound (by above) by then, i.e.,
adB < min(a, B)

 All T-conorms are bound (by below) by theax, i.e.,
aldB = max(a, B)
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