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Abstract

In this letter we present a simple and straightforward support vector machine
formulation to the problem of PCA analysis in dual variables. By considering a
mapping to a high dimensional feature space and application of the kernel trick
(Mercer theorem) kernel PCA is obtained as introduced by Schélkopf et al. While
least squares support vector machine classifiers have a natural link with kernel Fisher
discriminant analysis (minimizing the within class scatter around targets +1 and -1),
for PCA analysis one can take the interpretation of a one-class modelling problem
with zero target value around which one maximizes the variance. The score vari-
ables are interpreted as error variables within the problem formulation. In this way
primal-dual constrained optimization problem interpretations to linear and kernel

PCA analysis are obtained in a similar style as for (LS)-SVM classifiers.
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1 Introduction

Support Vector Machines (SVMs) as originally introduced by Vapnik within the area of
statistical learning theory and structural risk minimization [20] have proven to work suc-
cessfully on many applications of nonlinear classification and function estimation. The
problems are formulated as convex optimization problems, usually quadratic programs, for
which the dual problem is solved. Within the models and the formulation one makes use
of the kernel trick which is based on the Mercer theorem related to positive definite ker-
nels. One can plug in any positive definite kernel for a support vector machine classifier or
regressor with as typical choices linear, polynomial and RBF kernels. The work on SVMs
has also stimulated the research on kernel based learning methods in general in recent
years [15]. The conceptual idea of generalizing an existing linear technique to a nonlinear
version by applying the kernel trick has become an area of active research. One important
result in this direction is the extension of linear Principal Component Analysis (PCA) [8]
to kernel PCA, shown by Schélkopf et al. [13, 14].

The aim of this paper is to present a new simple and straightforward formulation to

PCA analysis and its kernel version. The formulation is in the style of SVMs, in the



sense that one starts from a constrained optimization problem in primal weight space with
incorporation of a regularization term and one solves the dual problem after application
of the kernel trick. The nonlinear version of the formulation yields a solution which is
equivalent to kernel PCA.

The formulation is made in a similar fashion as least squares support vector machine
classifiers (LS-SVMs) [16]. For classification there is a close connection between LS-SVMs
and kernel Fisher discriminant analysis [1, 9, 15, 19] as the within class scatter is mini-
mized around targets 4+1 and -1. The PCA analysis problem is interpreted as a one-class
modelling problem with target value zero around which one maximizes the variance. This
results into a sum squared error cost function with regularization. The score variables are
taken as additional error variables. As a result this paper shows an extension of LS-SVM
formulations to the area of unsupervised learning. The LS-SVM approach is closely related
to regularization networks, Gaussian processes, kernel ridge regression and reproducing ker-
nel Hilbert spaces (RKHS) [3, 11, 12, 21, 22]. On the other hand, the formulations are
more closely related to standard SVMs with explicit primal-dual interpretations from the
viewpoint of optimization theory. Extensions of LS-SVMs have been given also to recurrent
networks and control [18]. Issues of robustness and sparseness have been discussed in [17].

This paper is organized as follows. In Section 2 we briefly state the classical and well-
known problem of linear PCA analysis. In Section 3 we present the new support vector
machine formulation to linear PCA in dual variables. We also discuss the issue of taking
into account an additional bias term and the link with centering. Finally, in Section 4 the

nonlinear version is given which leads to kernel PCA.

2 Classical principal component analysis formulation

Consider a given set of data {z;}~_, with 2, € R* and N given data points for which one

aims at finding projected variables w”z; with maximal variance [7, 8, 10]. This means

N
max Var(w'z) = Cov(w’z,w'x) Z wlzy,)?
w

k=1

(1)

= wlCw



where C' = Zlivzl zrxt by definition. One optimizes this objective function under the

constraint that w?w = 1. This gives the constrained optimization
L 7 T
L(w;A) = S Cw— AMw w-—1) (2)

with Lagrange multiplier A where the solution follows from L£/0w = 0, L£/0X = 0 and is
given by the eigenvalue problem

Cw = \w. (3)

The matrix C' is symmetric and positive semidefinite. The eigenvector w corresponding to
the largest eigenvalue determines the projected variable with maximal variance. Efficient

and reliable numerical methods are discussed e.g. in [5].

3 A support vector machine formulation to linear prin-

cipal component analysis

3.1 PCA analysis as a one-class modelling problem

Let us now reformulate the PCA problem as follows:
N
max Z(O —wlxy)? (4)
k=1

where 0 is considered as a single target value. While for Fisher discriminant analysis
one considers two target values +1 and -1 that represent the two classes, in the PCA
analysis case a zero target value is considered. Hence, one has in fact a one class modelling
problem, but with a different objective function in mind. For Fisher discriminant analysis
one aims at minimizing the within scatter around the targets, while for PCA analysis one
is interested in finding the direction(s) for which the variance is maximal (Fig.1).

This interpretation of the problem leads to the following primal optimization problem

maxJpwe e——ww
@ 75 Zk

such that e =wlzy, k=1,...,N.

(5)



This formulation states that one considers the difference between wlx; (the projected

data points to the target space) and the value 0 as error variables. The projected variables

correspond to what one calls the score variables. These error variables are maximized for

the given N data points while keeping the norm of w small by the regularization term.

The value 7 is a positive real constant. The Lagrangian becomes
1 1 al
L(w,e;a) = 75 Zei — inw — Zak (ek — wTa:k)
k=1 k=1

with conditions for optimality given by

( N
9L —( — wzg LTy

ow
k=1
\
g_eizo — o = Yeg, /{;Zl,...,N

oL T
\ M:o — e —wxp=0, k=1,...,N.

By elimination of the variables e, w one obtains
1 N
—oy — Zal:rlTxk =0, k=1,..,N.
v 1=1

By defining A = 1/ one has the following dual symmetric eigenvalue problem

@: solve in o :

LE?.’El .’L‘?Z‘N (03] (675}

ThT ... TNTN an oN

(6)

which is the dual interpretation of (3). The vector of dual variables o = [ay;...; an] is an

eigenvector of the Gram matrix and A is the corresponding eigenvalue. In order to obtain

the maximal variance one selects the eigenvector corresponding to the largest eigenvalue.

The score variables become

N
2(z) =wlr = Z ol
=1

(10)



where « is the eigenvector corresponding to the largest eigenvalue for the first score variable.
Note that all eigenvalues are positive and real because the matrix is symmetric and positive
definite. One has in fact N local minima as solution to the problem for which one selects
the solution of interest. The optimal solution is the eigenvector corresponding to the largest

eigenvalue because in that case

N N N 1
2:(wak)2 = Zei = Z _QQI% = /\gna:w (11)

where lecv:l a2 = 1 for the normalized eigenvector. For the different score variables one
selects the eigenvectors corresponding to the different eigenvalues. The score variables
are decorrelated from each other due to the fact that the « eigenvectors are orthonormal.
According to [8], one can also additionally stress within the constraints of the formulation
that the w vectors related to subsequent scores are orthogonal to each other.

PCA analysis is usually applied to centered data. Therefore one better considers the

problem
N
max 3 (o (a — ) (12)
k=1

where 1, = (1/N) YN | x. The same derivations can be made and one finally obtains
a centered Gram matrix as a result. One also sees that solving the problem in w is
typically advantageous for large data sets, while for fewer given data in huge dimensional
input spaces one better solves the dual problem. The approach of taking the eigenvalue

decomposition of the centered Gram matrix is also done in principal co-ordinate analysis

[6, 8].

3.2 Including a bias term

While in PCA analysis one usually centers the data, the new interpretation to PCA analysis
also offers a way to analyse the use of a bias term.
The score variables are then

z(z) =w'z +b (13)



and one aims at optimizing the following objective

max » [0— (w'z + b))%

w,b
k=1

Therefore, one formulates the primal optimization problem

with Lagrangian

N 1 N

L(w,e;a) = 'y% Zei — inw - Zak (e;c —wlzy, — b)

k=1 k=1

giving the conditions for optimality

f

N
oL _ _
w=0 - w—g QT

k=1

oL
6ek

N
oL _ —
6ek_0 — Zak—o
k=1

=0 — o= ve, k=1,..,.N

\ gTLk:O — e—wlzy—b=0, k=1,..,N.

Applying chvzl ar = 0 the last condition delivers an expression for the bias term

NN .
b= —szalﬂil Tk

k=1 [=1

By defining A = 1/ one obtains the dual problem

[D]: solvein a:

(z1 — NI)T(xl —pg) oo (21— Nz)T($N ) ay

(zn — pe) (21 — pe) - (2N — pa)T (TN — i) an

(15)

(18)



which is an eigenvalue decomposition of the centered Gram matrix
Q. = A (20)

with Q. = M. QM, where M, = I — 1,17/N, 1, = [1;1;...;1] and Qp = zfx; for k,l =

1,..., N. This eigenvalue problem follows from

1 N AL
;ak — Z ala:lTxk + N Z Z ozl:clek =0
=1 k=1 i=1

by taking into account the fact that Z,]cvzl ar = 0. One also sees that considering a bias
term in the problem formulation automatically leads to a centering of the matrix.

The score variables equal

N
2(r) =wlz+b= ZalxlTx-l—b (21)
I=1

where « is the eigenvector corresponding to the largest eigenvalue and
N

N N 1
Zw Ty + b)? Zei: —a ar =M\ . (22)
k=1 k=1 =1

3.3 The reconstruction problem

Another interpretation of PCA analysis can be made in terms of the reconstruction error

[2, 8, 10]
N
min' > ok — 3 (23)
k=1

where 7, are variables reconstructed from the score variables. Let us denote now the
data matrix and the matrix with selected score variables as X = [z175...zx] € R**Y and
Z = [z129...25] € R™*N respectively, where n, denotes the number of selected variables
which determines the dimensionality reduction.

In the context of linear PCA analysis one considers a linear mapping from the scores to
the reconstructed variables. In order to be able to handle also the bias term formulation
one can take

T=Vz+0 (24)



and minimize

N
: _ 2
min kz_; 2 — (Vi + 6)|I5. (25)

’

In matrix form this leads to a least squares solution

1

vax| 21121121 %)

AN

for the overdetermined problem

7 |
[V §] [ =X. (27)
]

In Fig.2 an illustrative example is given of linear PCA analysis with bias term in the
problem formulation. Shown are the score variables and reconstructed variables. The
two components are reconstructed by 7 = V;z() 4 §; for i € {1,2} where 29 € R are

one-dimensional variables and

7 —1
(1) 7(1) 7(i)
Vial=x| " R (28)
]"U 1’1} 1’1}

with Z() € RN containing the scores related to the first and second largest eigenvalue,
respectively.

In this cost function one usually considers the error on the given (training) data set.
Of course issues of generalization are also relevant at this point. In [8] e.g. the use of

cross-validation for PCA analysis has been discussed.

4 An LS-SVM approach to kernel PCA

We now follow the usual SVM methodology of mapping the data from the input space to
a high dimensional feature space and applying the kernel trick.

Our objective is the following

max 310 - w (p (k) — )P (29)

9



— R" the mapping to a high di-

with notation p, = (1/N) Z,ivzl ¢(xx) and @(-) : R*
We take here the

mensional feature space which might be infinite dimensional (Fig.3).

centering approach instead of using a bias term in the formulation. The following opti-

mization problem is formulated now in the primal weight space

@ maXJpwe Y= ek——ww
Z 0
such that e =w' (p(zx) — py), k=1,..,N.

This gives the Lagrangian
L(w.eia) =75 Zek——ww Zak e — ' (plan) — 1) (31)

with conditions for optimality

( N
g—gzo — w:Zak((p(xk)—uw)
k=1
k=1,...N (32)

| o
8_ek:0 — o = Ve,

L =0 — ep—wl(p(xg) —py) =0, k=1,..,N

\ Bock

By elimination of the variables e, w one obtains
1 N
o= 3 (@) = ) (o) = ) =0, k=1,.., N. (33)

Defining A = 1/ one obtains the following dual problem

@: solve in « :
(34)
Q.0 = A\
with
(p(@1) = pp) (0(@1) = ) - (1) = o) ((Tn) — 1)
Q. = : : (35)
(p(zn) = ) ((21) — o) -+ (0(@n) — ) (0(TN) — p1)

10



One has the following elements for the centered kernel matrix

Qe = (p(zr) — ,uq,)T((p(xl) — ), k,ii=1,..,N. (36)

For the centered kernel matrix one can apply the kernel trick as follows for given points

Tk, Ty-

= (o) o (m)—pla) 1 3 pe) — o) 3 p(e) + 5z DD ela) ()
= K(xy, 1) — iX:K(xk,a;,«) — %ZK(JH,%«) + WZZK(xT,xs)

(37)
with application of the kernel trick K (xy,x;) = ¢(xx)" ¢(z;) based on the Mercer Theorem.
A typical choice is the RBF kernel K (zy,1;) = exp(—|zx — x;||3/0?). This solution is
equivalent with the kernel PCA solution as proposed by Scholkopf et al. in [13]. The
centered kernel matrix can be computed as Q. = M QM, with Qg = K(z, ;). This issue
of centering is also of importance in methods of principal co-ordinate analysis [8].

The optimal solution to the formulated problem is obtained by selecting the eigenvector

corresponding to the largest eigenvalue. The projected variables become

2(z) = w'(o(@) — )

N N N (38)
= Zal (K(:Cl, z) — %ZK(%«,Z') %ZK(%" )+
| NN
N ;;K(xr,x3)>

For the nonlinear PCA case the number of score variables n, can be larger than the

dimension of the input space n. One selects then as few score variables as possible and

11



minimizes the reconstruction error. In this form of nonlinear PCA the mappings are
nonlinear. The mapping from the score variables to the reconstructed input variables is

done as
Z=h(z) (39)

such that one minimizes the reconstruction error
N
min > [loe — h(a1)] (10)
k=1

This form of nonlinear PCA analysis is common in the area of neural networks [2]. A
different reconstruction method has been discussed by Scholkopf et al. in [14] and illus-
trated on several examples including denoising. Furthermore, the link between kernel PCA
and density estimation has been recently discussed in [4]. In Fig.4 an illustrative example
is given of kernel PCA with RBF kernel applied to a noisy sine function problem. The
intrinsic dimensionality of the problem is 1. Based upon the second score variable a good
reconstruction with denoising of the given data can be made. For the nonlinear mapping
g(-) a MLP with one hidden layer has been taken which was trained by Bayesian learning.

The eigenvalues of the centered kernel matrix are shown in Fig.5.

5 Conclusion

A new formulation has been given to PCA analysis as a support vector machine. The use of
a mapping to a high dimensional feature space leads to the kernel PCA version of Schélkopf
et al. The formulation considers the problem as a one-class modelling problem with zero
target value around which one maximizes the variance. A straightforward comparison can
be made with the problem of Fisher discriminant analysis where the within class scatter
is minimized around target values +1 and -1. Natural links exist with LS-SVM classifiers.

This result also further extends (LS)-SVM methods towards unsupervised learning.

12
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Captions of Figures

Figure 1: Both Fisher discriminant analysis (FDA) (supervised learning) and PCA analysis
(unsupervised learning) can be derived from the viewpoint of LS-SVMs as a constrained
optimization problem formulated in the primal space and solved in the dual space of La-
grange multipliers. In FDA the within class scatter is minimized around targets +1 and
-1. PCA analysis can be interpreted as maximizing the variance around target 0, i.e. as a

one-class target zero modelling problem.

Figure 2: Illustration of PCA analysis with bias term in the problem formulation for given

data points depicted as ‘o’: (Top) reconstructed variables ig) and :E,(f) based upon the

(1) (1)
k

scores 2, ’ and z,(f) depicted as ‘+’; (Bottom) the score variables z; ’ and z,(f) which are

decorrelated.

Figure 3: LS-SVM approach to kernel Fisher discriminant analysis: the input data are
mapped to a high dimensional feature space and next to the score variables. The score
variables are interpreted as error variables in a one-class modelling problem with target

zero for which one aims at having maximal variance.

Figure 4: Illustration of kernel PCA to noisy sine function data depicted by ‘o’ in a
two-dimensional input space. The reconstructed variables Z; are shown as ‘+’ and are
reconstructed based upon one single score variable. This shows that the method is capable
of discovering the intrinsic dimensionality equal to one of the noisy sine function line in

the input space and denoise the noisy sine function.

Figure 5: Eigenvalues of the centered kernel matrix (scree graph) related to the previous

Figure of the noisy sine function.
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‘LS-SVM interpretation to FDA
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LS-SVM interpretation to Kernel PCA‘
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