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0. Introduction
The identity known as Church's Thesis (CT) presents an interesting philo-
sophical puzzle. CT states that a function is effectively computable if and
only if it is Turing computable.1 It is called a 'thesis' and not a 'theorem'
because (most think) it is unproved; and it is not considered to be a mere
definition, for it has substantial content which seems capable of being true
or false. This identity has now been around for some sixty odd years, but
its status is far from settled. There is disagreement about whether it is true
or false; and among those who believe it to be true, there is disagreement
about whether it is improvable, provable, or even proved.2 This paper will
focus on the second disagreement.

The standard conception of CT is that it is improvable but probably
true. CT seems unprovable because it expresses a connection between an
informal, intuitive notion (or, borrowing from Kalmar ([1959], p. 79), a
'pre-mathematical' notion) and a precise mathematical concept.3 This goes
back to Church [1939] himself who did not intend to state a thesis to be
proved but to propose a definition. The proposal was to associate a formal
mathematical definition with an intuitive notion. The intuitive notion is
that of effective computability, which is often explained by appeal to other
informal concepts such as that of a rule or algorithm. In contrast, the con-
cept of Turing computability (that which can be computed by some Turing
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1 This is only one version, though perhaps the most common. On the left 'effective cal-
culability' is sometimes used. On the right a number of notions can be used equivalently,
including partial recursive function.

2 Some of the relevant papers are: Gandy [1988], Mendelson [1990), Shapiro [1993],
Sieg [1994], and Sieg [1997].

3 The contrast for Church is between an intuitive notion and a formal definition. The
contrast for Mendelson, however, is between an 'intuitive notion' and a 'precise mathe-
matical concept' ([1990], p. 229). I do not think that 'formal' and 'precise' are necessarily
equivalent, but they are related; and I will use both terms in the discussion below.
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machine) is well defined and precise.4 Because CT connects an intuitive,
imprecise notion with a precise, well defined mathematical concept, it is
traditional to regard it as unprovable in principle, as Kalmar explains:

Church's thesis is not a mathematical theorem which can be proved or dis-
proved in the exact mathematical sense, for it states the identity of two no-
tions only one of which is mathematically defined while the other is used by
mathematicians without exact definition.5

The assumption behind this view is that in order to have a mathematical
proof connecting two concepts both concepts need to be precisely, mathe-
matically denned.

In fact I think most people regard CT as refutable (if false), if not exactly
mathematically disprovable. What would be needed is a counterexample: a
method w'hich seems clearly effectively computable but which is not Turing
computable. For example, before abacus computability was shown to be
equivalent to Turing computability, it was an open question whether abacus
computation, which was clearly an effective procedure, was going to refute
CT. We seem able to recognize specific instances, or even classes, of effec-
tively computable functions without possessing a sharp or exact account of
the concept.6 But Kalmar is right that the common view about CT is that
it (its truth) is in principle unprovable.

Despite its apparent unprovability, CT is nevertheless commonly ac-
cepted as true. There is a good deal of evidence that it is true. First,
there is intuitive evidence: CT seems true because the Turing analysis
seems to capture the intuitive meaning of 'effective computation'.7 Second,
there is strong inductive support for CT. The various candidates for precise
explications of effective computability have so far all been proved logically
equivalent; this seems good evidence that the central notion has been cap-
tured. Third, CT is needed for some very important logical results.8 Be-
cause of these reasons many people do accept CT as, at least provisionally,
true. So the common view of CT is that it is plausible to regard it as true
in virtue of the intuitive meaning of 'effective computability' and because
of both the inductive and pragmatic support for it.

Opposing the traditional view of unprovability is a host of related, though
not equivalent, arguments. Gandy argues that CT is in fact proved—by
Turing's original analysis. Sieg [1997] clarifies and limits this line of argu-
ment. Mendelson offers two distinct arguments. One—an argument that

4 See Turing [1936] for descriptions of Turing machines.
5 Kalmar (1959], p. 72.
6 As urged in Boolos and Jeffrey [1989], p. 20.
7 Which includes the ideas that only one step is taken at a time, and that what happens

at any step is fully determined by the instructions plus the answer, or 'internal state1,
given in the previous step.

8 See Mendelson [1990], pp. 228-9.
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half of CT is proved—partly allies him with Gandy and Sieg. The other
is quite different: it is a challenge to the standard conception that CT is
an identification between an intuitive and a precise mathematical concept.9

Among other things, Shapiro tries to explicate what concept of proof might
be appealed to by those who regard CT as provable or proved.

I will consider these challenges to the traditional conception of CT in
two groups: (i) the argument that the concepts involved in CT cannot
be classified as precise versus intuitive (Mendelson), and (ii) the argument
that CT—or a part of it—is proved (Mendelson, Shapiro, Gandy, Sieg). I
will argue that the first claim has not been shown; and furthermore, that
there are reasons for thinking it false. Second, I will argue that the various
'proofs' of (all or half of) CT fail to undermine the traditional conception
of CT as improvable. Either they do not conform to the sense of proof
imbedded in the standard conception, or they prove something other than
CT.

1. The Argument against a Distinction
between 'Precise' and 'Intuitive' Mathematical Concepts

Mendelson [1990] explicates the standard conception as based on two
claims. One: that CT connects an intuitive with a precise mathematical
notion; and two: that proofs connecting such things are impossible (p. 229).
Mendelson argues against each of these claims. If he can undermine one or
both of the typical reasons for holding CT to be unprovable, then he will
have undermined the traditional conception of CT.10 Mendelson first argues
against the claim that CT connects an intuitive with a precise mathematical
concept.

If we didn't already know Mendelson's target, a natural thought might
be that he needs to argue that 'effectively computable function' is precise
(well-defined), and not that 'Turing computable function' is imprecise (not
well-defined). If the idea of a proof linking an imprecise concept with a
mathematically precise one is problematic, a proof linking two ill-defined,
or imprecise, concepts should be even more difficult. What is striking is
that rather than follow this more obvious strategy11 Mendelson argues for
a sweeping aside of the very distinction on which the traditional conception
is based.

9 He claims to give a proof for half of CT—the so-called 'easier' conditional. But his
argument is not that CT is proved; so he is only partly aligned with Gandy's position.
Mendelson's argument is instead that the traditional grounds for thinking that CT is
unprovable are wrong. One of these grounds relies on a distinction between precise and
intuitive mathematical concepts, which ho also calls into question. This argument will
be considered in the following section.
10 Or at least the traditional basis for this conception, provided Mendelson is right about
what the basis is.
11 Which is essentially Gandy's strategy concerning Turing's analysis.


