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0. Introduction
The identity known as Church's Thesis (CT) presents an interesting philo-
sophical puzzle. CT states that a function is effectively computable if and
only if it is Turing computable.1 It is called a 'thesis' and not a 'theorem'
because (most think) it is unproved; and it is not considered to be a mere
definition, for it has substantial content which seems capable of being true
or false. This identity has now been around for some sixty odd years, but
its status is far from settled. There is disagreement about whether it is true
or false; and among those who believe it to be true, there is disagreement
about whether it is improvable, provable, or even proved.2 This paper will
focus on the second disagreement.

The standard conception of CT is that it is improvable but probably
true. CT seems unprovable because it expresses a connection between an
informal, intuitive notion (or, borrowing from Kalmar ([1959], p. 79), a
'pre-mathematical' notion) and a precise mathematical concept.3 This goes
back to Church [1939] himself who did not intend to state a thesis to be
proved but to propose a definition. The proposal was to associate a formal
mathematical definition with an intuitive notion. The intuitive notion is
that of effective computability, which is often explained by appeal to other
informal concepts such as that of a rule or algorithm. In contrast, the con-
cept of Turing computability (that which can be computed by some Turing
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1 This is only one version, though perhaps the most common. On the left 'effective cal-
culability' is sometimes used. On the right a number of notions can be used equivalently,
including partial recursive function.

2 Some of the relevant papers are: Gandy [1988], Mendelson [1990), Shapiro [1993],
Sieg [1994], and Sieg [1997].

3 The contrast for Church is between an intuitive notion and a formal definition. The
contrast for Mendelson, however, is between an 'intuitive notion' and a 'precise mathe-
matical concept' ([1990], p. 229). I do not think that 'formal' and 'precise' are necessarily
equivalent, but they are related; and I will use both terms in the discussion below.
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machine) is well defined and precise.4 Because CT connects an intuitive,
imprecise notion with a precise, well defined mathematical concept, it is
traditional to regard it as unprovable in principle, as Kalmar explains:

Church's thesis is not a mathematical theorem which can be proved or dis-
proved in the exact mathematical sense, for it states the identity of two no-
tions only one of which is mathematically defined while the other is used by
mathematicians without exact definition.5

The assumption behind this view is that in order to have a mathematical
proof connecting two concepts both concepts need to be precisely, mathe-
matically denned.

In fact I think most people regard CT as refutable (if false), if not exactly
mathematically disprovable. What would be needed is a counterexample: a
method w'hich seems clearly effectively computable but which is not Turing
computable. For example, before abacus computability was shown to be
equivalent to Turing computability, it was an open question whether abacus
computation, which was clearly an effective procedure, was going to refute
CT. We seem able to recognize specific instances, or even classes, of effec-
tively computable functions without possessing a sharp or exact account of
the concept.6 But Kalmar is right that the common view about CT is that
it (its truth) is in principle unprovable.

Despite its apparent unprovability, CT is nevertheless commonly ac-
cepted as true. There is a good deal of evidence that it is true. First,
there is intuitive evidence: CT seems true because the Turing analysis
seems to capture the intuitive meaning of 'effective computation'.7 Second,
there is strong inductive support for CT. The various candidates for precise
explications of effective computability have so far all been proved logically
equivalent; this seems good evidence that the central notion has been cap-
tured. Third, CT is needed for some very important logical results.8 Be-
cause of these reasons many people do accept CT as, at least provisionally,
true. So the common view of CT is that it is plausible to regard it as true
in virtue of the intuitive meaning of 'effective computability' and because
of both the inductive and pragmatic support for it.

Opposing the traditional view of unprovability is a host of related, though
not equivalent, arguments. Gandy argues that CT is in fact proved—by
Turing's original analysis. Sieg [1997] clarifies and limits this line of argu-
ment. Mendelson offers two distinct arguments. One—an argument that

4 See Turing [1936] for descriptions of Turing machines.
5 Kalmar (1959], p. 72.
6 As urged in Boolos and Jeffrey [1989], p. 20.
7 Which includes the ideas that only one step is taken at a time, and that what happens

at any step is fully determined by the instructions plus the answer, or 'internal state1,
given in the previous step.

8 See Mendelson [1990], pp. 228-9.
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half of CT is proved—partly allies him with Gandy and Sieg. The other
is quite different: it is a challenge to the standard conception that CT is
an identification between an intuitive and a precise mathematical concept.9

Among other things, Shapiro tries to explicate what concept of proof might
be appealed to by those who regard CT as provable or proved.

I will consider these challenges to the traditional conception of CT in
two groups: (i) the argument that the concepts involved in CT cannot
be classified as precise versus intuitive (Mendelson), and (ii) the argument
that CT—or a part of it—is proved (Mendelson, Shapiro, Gandy, Sieg). I
will argue that the first claim has not been shown; and furthermore, that
there are reasons for thinking it false. Second, I will argue that the various
'proofs' of (all or half of) CT fail to undermine the traditional conception
of CT as improvable. Either they do not conform to the sense of proof
imbedded in the standard conception, or they prove something other than
CT.

1. The Argument against a Distinction
between 'Precise' and 'Intuitive' Mathematical Concepts

Mendelson [1990] explicates the standard conception as based on two
claims. One: that CT connects an intuitive with a precise mathematical
notion; and two: that proofs connecting such things are impossible (p. 229).
Mendelson argues against each of these claims. If he can undermine one or
both of the typical reasons for holding CT to be unprovable, then he will
have undermined the traditional conception of CT.10 Mendelson first argues
against the claim that CT connects an intuitive with a precise mathematical
concept.

If we didn't already know Mendelson's target, a natural thought might
be that he needs to argue that 'effectively computable function' is precise
(well-defined), and not that 'Turing computable function' is imprecise (not
well-defined). If the idea of a proof linking an imprecise concept with a
mathematically precise one is problematic, a proof linking two ill-defined,
or imprecise, concepts should be even more difficult. What is striking is
that rather than follow this more obvious strategy11 Mendelson argues for
a sweeping aside of the very distinction on which the traditional conception
is based.

9 He claims to give a proof for half of CT—the so-called 'easier' conditional. But his
argument is not that CT is proved; so he is only partly aligned with Gandy's position.
Mendelson's argument is instead that the traditional grounds for thinking that CT is
unprovable are wrong. One of these grounds relies on a distinction between precise and
intuitive mathematical concepts, which ho also calls into question. This argument will
be considered in the following section.
10 Or at least the traditional basis for this conception, provided Mendelson is right about
what the basis is.
11 Which is essentially Gandy's strategy concerning Turing's analysis.
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The concepts find assumptions that support the notion of partial-recursive
function are, in an essential way, no less vague and imprecise than the no-
tion of effectively computable function; the former are just more familiar and
are part of a respectable theory with connections to other parts of logic and
mathematics, (p. 232)12

Now, in the above quote Mendelson does not compare the two concepts
involved in CT. Instead he compares 'effectively computable function' with
' the concepts and assumptions that support the notion of partial recursive
function' (p. 232, my emphasis). I suppose the idea here is that any concept
supported by imprecise concepts is itself imprecise. (I will not address this
assumption.)

Mendelson's claim is that there is nothing special about 'partial recur-
sive function': it is just an accident of mathematical history which has
made it and its supporting concepts more entrenched, and therefore more
apparently precise, than 'effectively computable function'. In so arguing
Mendelson is urging that it is an illusion to suppose that there is a clear
boundary between mathematical and non-mathematical concepts with all
the mathematical ones falling into the 'precise' category. 'Partial recur-
sive function' is not particularly precise, yet there are perfectly acceptable
proofs which rely on this concept anyway. It is thus a mistake to suppose
that the apparent imprecision (or informality) of 'effective computability'
prevents it from playing a role in mathematical proofs.

This is an interesting thought whose force depends on (i) whether we
agree that the concepts underpinning 'partial recursive function' are not
especially precise as compared with 'effective computability', and (ii) if so,
whether we agree that this shows that 'partial recursive function' is also
less precise than ordinarily thought. An important question, then, is why
specifically does Mendelson think that 'partial recursive function', or its
supporting concepts, is not especially precise? Mendelson's argument for
this claim is by examples. He cites other cases where he regards it as a
mere accident of mathematical history that one concept is less entrenched
than a second, in terms of which the first is defined. In each case he denies
that the second is any clearer than the first. These cases are three out of
four mathematical 'theses' which he discusses earlier in the paper. I list
the four theses for convenience.

First, 'Peano's thesis' is the account of function in terms of ordered
pairs which replaces the intuitive account of function which was, in classical
mathematics, something tied to a means of calculation. Second, 'Tarski's
thesis' is the set-theoretic definition of truth in a structure which replaces

12 Substituting 'partial recursive function' for 'Turing computable function' is harmless.
As Mendelson explains in the paper, the partial recursive functions have been proved
identical with the Turing computable functions; and CT is sometimes stated in terms of
the former rather than the latter for reasons of technical convenience (p. 228).
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our intuitive understanding of truth in a structure. The third thesis is the
model-theoretic definition of logical validity, that logical validity of first-
order sentences is to be thought of as what is true in all structures. The
model-theoretic account is supposed to replace whatever intuitive account
people like Frege, Russell, and Whitehead understood by the notion of va-
lidity (which was perhaps something like unconditionally true). Fourth is
'Weierstrass's thesis', the standard 'e-<5' definition of a limit of a function
or sequence which replaces the informal understanding of limit and (by
way of limit) of continuity. Each of these 'theses' involves the identification
of a prior, intuitive notion with a later, better defined, mathematical ac-
count. Some are well accepted as correct explications of the prior concepts
(pp. 230-2).

The point of these examples is to show that when one concept is defined
in terms of others, it does not entail that the first is inherently less clear
or less useful than the others. The inference would then be: just because
we may think of effective computability in terms of Turing computability,
or partial recursive function, does not mean that effective computability is
inherently less clear or less precise than the other concepts.

Functions are defined in terms of sets, but the concept of set is no clearer
them that of function and a foundation of mathematics can be based on a
theory using function as a primitive notion instead of set. Tarski's definition
of truth is formulated in set-theoretic terms, but the notion of set is no clearer
than the notion of truth. The model-theoretic definition of validity is based
ultimately on set theory, the foundations of which are no clearer than our
intuitive understanding of logical validity, (p. 232)

Obviously Mendelson does not regard the concept of set or the foundations
of set theory as especially clear. So he is not impressed with the set-theoretic
definitions of these other concepts. But why does he think this; and what
is his argument that the concept of set, as well as any concept defined in
terms of sets, is no more precise or useful than pre-set-theoretic concepts
of validity, truth, and the like?

Unfortunately, Mendelson does not actually argue for any of the claims
he makes about the concept of set, and this severely undermines the force
of his examples. Nor is it clear exactly what his point is. Is he aiming
to denigrate the concept of set or elevate the pre-set-theoretic concepts to
which it is compared? Perhaps a bit of both. And which concept of set is
he referring to: the concept denned by the ZF axioms, or the pre-axiomatic,
intuitive concept of set? If the former, then there is good reason to think
his claims are simply false. The fact that the set-theoretic definitions are so
useful is some evidence that set-theoretic concepts are found to be clearer
and more precise than the former intuitive concepts now defined in terms of
sets. If the latter—if it is the intuitive concept of set which is Mendelson's
target—then this simply seems beside the point.
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The question of whether the axioms of ZF (or some other axiomatization
of set theory) are true might depend on what the concept of set really means
outside of any axiomatic system. And if we were worried about justifying
the truth of the axioms of ZF, say, we would probably have to work at
sharpening the pre-axiomatic concept of set. Without some relatively clear
account of the pre-axiomatic concept of set it would be difficult to make a
case that the axioms capture it.

But the truth of the axioms is not what is in question. Mendelson
wants to dislodge the common thought that the set-theoretic definitions
of concepts like validity, truth, etc., are clearer or more useful than the
original concepts themselves. But if we look at the fourth 'thesis', 'Weier-
strass's Thesis' (which Mendelson does not actually cite for this part of
the argument), we see that sometimes the set-theoretic definitions are defi-
nitely clearer and more useful than the original concepts. What is especially
problematic here is that Mendelson's argument implies a re-visioning of the
recent history of mathematics. The point of defining continuity in terms
of sets of numbers was to incorporate it into set-theoretic approaches to
arithmetic, which were already in standard use. Appealing to 'geometric
evidences' in arithmetic was thought to be 'unscientific'. A scientific ap-
proach, therefore, would have all parts of the proofs refer only to arithmetic
concepts. A 'perfectly rigorous foundation for the principles of infinitesi-
mal analysis' would therefore be purely arithmetic.13 As Dedekind puts
it, the aim ' . . . is to indicate a precise characteristic of continuity that can
serve as the basis for valid deductions'.14 If Mendelson is right, the step-
by-step rigorization of intuitive concepts into more precise ones is arbitrary
and unnecessary. So what were Cauchy, Weierstrass, Dedekind, Peano, etc.
doing?

Consider the intuitive notion of continuous function: that drawable by
a smooth line, without picking up the pen, with no gaps in principle. The
Cauchy-Weierstrass 'e-<5' analysis resolved some serious uncertainties about
this intuitive notion of continuity. It is not that the intuitive notion was
useless; the problem was it had uncertain boundaries. The point of making
those boundaries precise is exactly to make the concept more useful in
proofs. Set theory provided the general tool. Even if the (intuitive) concept
of set is not especially clear, this does not inform us about the definitions
enabled by (axiomatic) set theory.

To recap, these examples revolving around set-theoretic definitions of
other concepts are intended by Mendelson to persuade us that 'the notion
of effectively computable function could have been incorporated into an ax-
iomatic presentation of classical mathematics...' (p. 232). In other words,

13 Dedekind [1924], pp. 1-2.
14 Dedekind [1924], p. 11. Thanks to Emily Carson and Michael Hallett for helping me
with this point, and for pointing out this passage.
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he is arguing that 'effective computability'—though it may be thought of, or
elucidated, in terms of Turing computability, or partial recursive function—
is not inherently less clear or less mathematically useful than 'partial re-
cursive function'. So there is nothing preventing it from playing a role in a
mathematical proof.

It is not clear how to understand this claim in a way that does it jus-
tice. It is tempting to take the following approach. Even if 'the notion of
effectively computable function could have been incorporated into an ax-
iomatic presentation of classical mathematics...', in fact it isn't. Even' if
'effective computability' is inherently no less clear or less useful than any
other foundational mathematical notion, that does not make it a precise
mathematical concept. Whether or not a concept is mathematically pre-
cise depends on the role it actually plays in mathematics. Mendelson claims
that certain concepts are 'in an essential way, no less vague or imprecise...'
than others. And he complains that the only difference between concepts
considered precise and those considered intuitive is that 'the former are
just more familiar and are part of a respectable theory with connections to
other parts of logic and mathematics' (p. 232). I am not sure what 'in an
essential way' means, but I would argue that the connectedness of a math-
ematical concept matters a great deal. The very entrenchment of some
concepts and their (precise) connections to other useful concepts is what
makes them both more understandable and more mathematically precise.

I do not know how Mendelson could show that 'effective computability'
is just as useful as the better defined, more entrenched, concepts here dis-
cussed. The claim Mendelson is trying to argue against is that 'effective
computability' is in fact merely intuitive and 'partial recursive function' is
in fact mathematically precise. That 'effective computability' could have
been just as clear or useful as 'partial recursive function' if only mathemat-
ics had turned out differently seems irrelevant.

Even if the intuitive notion of set is no clearer than that of function,
for example, it seems obvious that, in fact, both the axiomatic concept of
set and that of Turing computability are clear. The latter is both clearer
and more useful in proofs than the concept of effective computability. It is
clearer because we have a precise, codifiable description of what it means
for a function to be Turing computable. We have no such description for
the notion of effectively computable, nor for the accompanying notion of
an algorithm. Our current notion of effective computability is informal and
intuitive; it does not lie within any one mathematical system. Although it
is an interesting and surprising approach, Mendelson's first argument has
not made its case. It seems simply false to suppose that just because two
notions axe equally precise and useful in some 'essential' or potential sense,
the actual concepts, as employed in mathematics, are equally well defined,
useful and precise.
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Though Mendelson raises an interesting question regarding the sharpness
of the boundary between precise mathematical and intuitive pre-mathema-
tical concepts, he does not show that the boundary does not exist. Nor
does he show that the concepts in question fall on the boundary. So he does
not succeed in arguing either that 'partial recursive function' is imprecise
or that 'effective computability' is (sufficiently) precise. Thus, he fails to
undermine the traditional idea that CT connects an intuitive with a precise
mathematical notion.

2. Further Thoughts
This is a tempting, and perhaps the correct, conclusion to make about
Mendelson's first argument, but there may be a further, deeper, question
to consider. Let us remind ourselves that Mendelson's overall target is the
conception of CT as in principle unprovable. Perhaps he is not claiming
that 'effective computability' is sufficiently precise (or no less well-defined
than 'partial recursive function'), but that it might be made precise—that
its role in mathematics could change. This is in opposition to Kalmar who
argues:

There are pre-mathematical concepts which must remain pre-mathematical
ones, for they cannot permit any restriction imposed by an exact mathematical
definition. Among these belong, I am convinced, such concepts as that of
effective calculability, or of solvability, or of provability by arbitrary correct
means, the extension of which cannot cease to change during the development
of Mathematics.15

So perhaps Mendelson's real thought is that 'effective computability' might
be made sufficiently precise (someday), rather than that it currently is
sufficiently precise for use in proofs (since this is an artificial boundary
anyway). If so, then although he has failed to undermine the claim which
he actually identifies as part of the traditional conception of CT, this is
perhaps a better, more interesting argument. For his point would be that
someday there might be a more precise account of 'effective computability'.

There are two objections to this line of thought. One is that this does
not solve anything. Any new, formal or precise, definition of 'effective
computability' would raise the same question now raised by CT.16 So a new
definition of 'effective computability' would not eliminate such questions
about the accuracy of associating a precise account with an intuitive notion.
The second objection is that if 'effective computability' were given a more
precise, or more formal, articulation, then it wouldn't be the same concept
which we have now. The current concept does not he within any one theory.
And this is part of its basic nature: its role in mathematics and computer

15 Kalmar [1959], p. 79.
16 Shapiro [1993] points this out, p. 68.
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science is that of an intertheoretic concept. (I take it that this is more or
less Kalmar's line of thinking.) Any definition within a single theory would
inevitably change it.

The second objection may be somewhat unfair. When intuitive notions
are mathematically defined they are probably always changed. Consider
again the concept of continuity. The Cauchy-Weierstrass definition did not
merely make the intuitive concept clearer, it changed it. Certain well known
results which follow from the new definition actually contradicted one of
the standard beliefs about the intuitive concept which was connected with
the idea of 'smoothness' or 'flow' (the existence of 'e-6' continuous func-
tions which are nowhere differentiable). Yet we accept the precise defini-
tion as yielding results about continuity (or continuous functions). Perhaps
Mendelson is arguing that something similar could happen with the con-
cept of effective computability. If a mathematical definition about which
most everyone could agree were found, then it is conceivable that we could
prove some new results about effective computations. If one of the new
results could be CT, it might well be wrong to think of CT as in principle
improvable.

Now whether or not this is indeed Mendelson's real point, it seems worth
considering. Progress in mathematics usually means change; and some of
the most important changes occur at the very foundations of the discipline.
It is certainly conceivable that mathematicians and logicians could come
to agree on a more precisely defined concept of effective computability,
or at least on some ways to use the concept in proofs (other than via
simply accepting CT). Under such circumstances it might be unreasonable
to regard CT as in principle improvable.

The first objection, however, completely undermines this response. If
the appearance of a precise definition of 'effective computability' were to
solve anything, wouldn't such questions already be solved? Isn't someday
now? Or rather, didn't it come in 1936? Church's 'thesis' was to propose
that we identify the intuitive notion of effectively calculable function with
the mathematical concept of recursive function of positive integers.17 Soon
after, a new, more widely accepted, precise definition of 'effective com-
putability' was proposed by Turing. Turing also proved that his definition
was equivalent to Church's proposed definition. (By the time Church pub-
lished his 'thesis' there were proofs establishing equivalences between the
other mathematical accounts which were 'in the air'.) Isn't this then ex-
actly the scenario outlined above? So why wasn't Church's thesis regarded
as proved by Turing?

The answer is simple: because Church's 'thesis' was not a thesis! As a
mere proposal for a definition it was never thought by any of the people

17 Church [1936], p. 100.
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involved, including Church and Turing, to be the sort of thing which could
be proved. Several definitions were proposed. They were all shown to be
equivalent. The proofs that several mathematical definitions are equivalent
do not prove that the definitions are correct of the original intuitive no-
tion. In a sense nothing could prove that because of the nature of intuitive
notions: their boundaries aren't precise enough to be shown equivalent to
anything.18 And that is the whole point of replacing them. Church's thesis
is the proposal to identify an intuitive notion with a precise, formal, defini-
tion. Substituting a second precise definition for the intuitive one turns it
into something other than Church's thesis. The point that appeared deep is
simply muddy. 'Someday' was in 1936; and then they knew better than to
regard CT as proved. Substituting a definition for 'effective calculability'
does not make CT provable.19

3. Arguments that CT is (in Full or in Part)
Proved, and so Provable

Mendelson's second argument regards the second claim underlying the tra-
ditional conception of CT, that mathematical proofs connecting intuitive
with precise mathematical notions are impossible. The thought behind this
claim is that proofs have to start with something like definitions. Since CT
seems more like a definition (of 'effectively computable') than a proposition
about some previously defined mathematical domains, it seems the sort of
thing which cannot be proved from other, more basic, principles. To show
that, on the contrary, there can be proofs connecting intuitive with precise
mathematical concepts, Mendelson actually gives a mathematical argument
for the so-called 'easier' half of CT (that the partial recursive functions are
effectively computable).

(The so-called initial functions are clearly effectively computable; we can de-
scribe simple procedures to compute them. Moreover, the operations of sub-
stitution and recursion and the least-number operator lead from effectively
computable functions to effectively computable functions. In each case, we
can describe procedures that will compute the new functions.) This simple
argument is as clear a proof as I have seen in mathematics... (p. 233)

Now given that by 'connection' we mean something possibly short of equiv-
alence (for example a conditional connection), and if we were to accept
Mendelson's argument for half of CT as a proof, then we would have to
accept that Mendelson has undermined the traditional conception of CT.
For he will have disproved one of the assumptions on which the traditional
conception is based (that proofs connecting intuitive with precise notions
are impossible).

18 See Shapiro [1981] for a discussion of the issue of 'precisifying' intuitive notions.
19 I will return to this issue when discussing the arguments of Gandy and Sieg below.


