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The focus of this paper is to review hybridrecursive-complementarity formulations for multibody systems characterized
by a large number of bilateral constraints which are frequently encountered in robotics. Here, hybrid implies the use of
complementarity contact models with recursive forward dynamics schemes. Such formulations have a common underlying
structure which can be applied to multibody systems with a constrained tree-type topology. These common steps are
pointed out. Theoretical formulation is given for systems using three important classes (O(n3), O(n) andO(log(n)))
of multibody algorithms. Further, numerical comparison for the efficiency is given for rigid multibody systems. The
paper makes recommendations on the choice of hybrid complementarity formulations which would result in the most
efficient simulation. The paper further gives a non-iterative approach to allow the use of explicit higher order integrators
for frictionless contacts. The difficulties in extending this approach to allow for frictional contact are also discussed.
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1 Introduction

Modeling intermittent contact for systems characterized by a large number of bilateral constraints is an important problem
especially in areas such as robotics and gait analysis. There are two important classes of contact models. The first class
involves modeling the deformation at the point of contact while the other focuses on kinematic and impulsive changes in
the state [5, 30, 35, 37, 47]. The complementarity contact models fall in the later class and are of primary interest in this
paper.

A significant body of literature already exists on describing complementarity contact models and their applications in
multibody simulations, a representative of which can be found in [3, 5, 6, 23, 32, 36, 38–40, 40, 45, 47]. The majority of
this literature is devoted to modeling contact for rigid multibody systems. [7, 13, 14] describe the contact modeling for
deformable bodies using a complementarity approach. The deformation in each body is modeled as a superposition of
appropriate mode shape functions. However, the majority ofthese methods are not optimal for systems characterized by a
large number of bilateral constraints.

In this paper, the keywordhybrid implies a combination of complementarity contact models with recursive forward
dynamics algorithms. The resulting hybrid formulation, unsurprisingly, derives the benefits of the underlying forward
dynamics algorithm and the complementarity contact model.Some of the existing hybrid formulations are combinations of
complementarity contact models with theAssembly-Disassembly-Algorithm [48, 49],Articulated-Body-Algorithm [18, 28]
andDivide-and-Conquer Algorithm [7, 9, 16, 17]. Indeed, there are several other efficient forward dynamics algorithms to
simulate rigid and flexible multibody systems some of which can be found in [11, 12, 25–27, 33, 42]. A comparison of the
efficiency of some of these schemes is given in [43,50].

No matter what method one uses, there are certain common steps which one must follow to implement the complemen-
tarity contact models resulting in a hybrid scheme. In this paper, these common steps are pointed out. This allows the
combination of the complementarity contact models with anyrecursive forward dynamics method. This paper gives the
theoretical development of the hybrid formulation for three important classes (O(n3), O(n) andO(log(n))) of forward
dynamics algorithms, wheren denotes the number of generalized coordinates associated with bilateral constraints in the
system. The efficiency of the three methods is compared numerically for rigid multibody systems. The paper further makes
recommendations for the choice of hybrid formulations which would result in the most efficient simulation. Addition-
ally, the paper also describes a non-iterative explicit higher order integration approach to simulate intermittent frictionless
contact.
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2 Underlying mathematical structure

Before proceeding to the hybrid-recursive formulation, the contact model for bodies with no bilateral constraints is dis-
cussed. Further, the common steps in formulating the contact constraints are pointed out.

A linear complementarity problem (LCP) can be defined as follows. Givenm × m matrixA andm × 1 vectorB, find
a m × 1 vectorx ≥ 0 such thatAx + B ≥ 0 andxT (Ax + B) = 0. The goal is to formulate the contact constraint as an
LCP.

2.1 Contact model

The complementarity model consists of a set of conditions which enforce the contact constraints. The intermittent contact
models discussed here are described in [3,45] and briefly included here for the sake of completeness.

Figure 1 shows two bodies which are separated. The least distance between the two bodies is denoted bygN and is
measured between pointsP andQ. Indeed, for most 3D objects, computing points at least distance itself could potentially
be a numerically intensive problem. Some of the possible approaches useful in finding points at least distance can be found
in [39] and chapter 2 of [31]. For the current purposes, it is assumed that the points at least distance are directly available
from existing software libraries.

Q P
Body 1Body 2

gN

Fig. 1 Proximal points between two convex bodies

If λN denotes the contact force acting on each body at the point of contact, then the non-penetration constraint can
simply be stated as0 ≤ gl+1

N ⊥ λl+1
N ≥ 0, where the superscriptl denotes the current time. For intermittent contact, it

is necessary to impose the non-penetration constraint at position level. The non-penetration constraint can be expressed at
velocity level for the case of a continual contact withgN = 0. Another possibility is that of expressing the non-penetration
constraint at acceleration level provided that the conditionsgN = 0 andġN = 0 are satisfied. The strongest condition of
the three is the complementarity relationship expressed onposition level, since physically the non-penetration constraint
is expressed asgN ≥ 0 and is of primary interest for the rest of this paper. The other contact constraint is to ensure that
the frictional force is dissipative and with a maximum magnitude ofµλN , whereµ denotes the coefficient of friction. In
order to avoid a non-linear complementarity problem, a linear approximation of the friction cone is used which results in
the frictional force taking the form

F = {λNn + DcλF |λN ≥ 0, λF ≥ 0, eT λF ≤ µλN}, (1)

whereDc is a matrix whose columns consist ofη unit vectors positively spanning the possible directions of frictional
force at the point of contact.n is the normal at the point of contact,e = [1, 1, · · · , 1]T ∈ ℜη andλF ∈ ℜη. Then, the
complementarity conditions describing the contact constraint can be written as

0 ≤ gl+1
N ⊥ λl+1

N ≥ 0, (2a)

0 ≤ Sl+1e + DT
c vl+1

r ⊥ λ
l+1
F ≥ 0, (2b)

0 ≤ µλl+1
N − eT λl+1

F ⊥ Sl+1 ≥ 0. (2c)

In equation (2),S is an approximation of the relative tangential contact speed andvr is the relative contact velocity vector.
Equation (2b) sets the direction of the frictional force while equation (2c) ensures that the magnitude of the frictional force
does not exceedµλN . In equation (2a), the expression forgl+1

N is obtained via a first order discretization of the velocity
equation and can be written as

gl+1
N = gl

N + h n · vl+1
r + ǫ, (3)
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whereh is the time step for the scheme andǫ is the error introduced due to discretization.
The complementarity conditions in equation (2) describe aninelastic contact. It is straightforward to include restitution

based models by incorporating new complementarity conditions after the first impact. The overall process is divided into
two phases. In the first phase, sufficient impulse is applied at the point of contact so thatgN = 0. During the next time-step,
a modified set of complementarity conditions is used depending upon the restitution condition. It is possible to use velocity
or impulse restitution in both normal and tangential directions. Details of such restitution models can be found in [2,3,24].
The procedure to include these additional complementarityconditions into the recursive scheme is identical to that ofthe
inelastic model. Henceforth, the discussion is limited to the hybrid formulations using an inelastic complementaritymodel
with the understanding that restitution models can be easily incorporated in the same framework.

Using equation (3), equation (2) can be rewritten as

0 ≤ gl
N + h n · vl+1

r ⊥ λl+1
N ≥ 0, (4a)

0 ≤ Sl+1e + DT
c vl+1

r ⊥ λl+1
F ≥ 0, (4b)

0 ≤ µλl+1
N − eT λ

l+1
F ⊥ Sl+1 ≥ 0. (4c)

Thus, the complementarity conditions given by equation (4)are to be solved along with the equations of motion for
the body to obtain the contact forces. If there are multiple contacts on the body, then each contact is given an identical
treatment. A larger LCP must be solved at each time step with the size of the unknown vector dependent on the number of
contacts.

2.2 Kinematics and dynamics of a rigid body

Let O denote the origin of a body with an impending contact at pointP . If ω andvP denote the angular and linear velocity
of pointP , respectively, then the expression for spatial velocity (VP = [ω vP ]T ) of pointP can be written as

VP = (S rP )T VO, (5a)

S rP =





U rP×

Z U





(6×6)

. (5b)

In equation (5),rP× is the skew symmetric matrix for realizing the cross productof the matrix representation of the position
vectorrP . VectorrP locates pointP with respect to the origin of the body.Z andU denote the3 × 3 zero and identity
matrix, respectively. Similarly, ifα andaP represent the angular and linear acceleration of pointP , respectively, then the
expression for the spatial acceleration of pointP (AP = [α, aP ]T ) can be written as

AP = (S rP )TAO + ÂP , (6a)

ÂP =





03×1

ωO × (ωO × rP )





6×1

. (6b)

Next, the equations of motion for this rigid body can be written as

MOAO = γ1 + γ2λN + γ3λF , (7)

where,γi are known from the state of the system.MO is the spatial mass matrix of the body about the originO. With this
background discussion, the common structure for hybrid recursive formulations is next discussed.

2.3 Common structure for hybrid complementarity formulations

It is clear from the equation (4) that an expression forvl+1
r is needed as a function of the unknown contact forces to set

up an LCP. Here, a useful fact is that the acceleration of any point on the multibody system can always be represented as
a linear function of an applied force acting on any point of the system. This statement is true for both rigid and flexible
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multibody systems. Noting this fact, the expression forvl+1
r is then obtained via a first order discretization of the expression

for acceleration of the point of interest.
For example, consider a body with an impending impact at point P . Assume that the body does not have any bilateral

constraints acting on it. Then the expression for the spatial acceleration (AO) of the origin “O” can be written as

AO = ξ1 + ξ2λN + ξ3λF . (8)

In equation (8), the matricesξi are completely known based on the state of the system at timetl. The next step is to use the
kinematic relationship given in equation (6) to obtain an expression for linear acceleration of pointP as

aP = Ξ1 + Ξ2λN + Ξ3λF . (9)

The first order discretization of equation (9) gives the expression for the velocity of pointP (vr) as

vl+1
p = Ξ̃1 + Ξ̃2λ

l+1
N + Ξ̃3λ

l+1
F . (10)

It should be noted that equation (10) has a first order discretization error. Further, the inverse of the matrixMO is embedded
in the expressions for̃Ξi. This expression can now be substituted in the complementarity conditions given by equation (4)
to obtain a linear complementarity problem (LCP) in the form

0 ≤









χ11 χ12 0
χ21 χ22 χ23

χ31 χ32 0





l 



λN

λF

S





l+1

+





α1

α2

α3





l


 ⊥





λN

λF

S





l+1

≥ 0. (11)

In equation (11),χij andαi are completely known based on the state vector of the system at time tl. This is now in the
standard LCP form and can be solved using any of the availableLCP solvers, e.g. PATH solver described in [19]. The
other possibility is to use a scheme based on Gauss-Seidel iterations described in [21]. At this point, it is worth mentioning
that the LCP could be side-stepped completely by using a proximal point formulation as described in [21,29]. However, it
has been pointed out in [13] that such alternative formulations are comparable in speed and accuracy to the LCP methods.
Henceforth the discussion is limited to formulating and solving an LCP of the form of equation (11). The solution to this
LCP gives the contact forces acting over the time-steptl to tl+1 and can be substituted in equation (8) to obtainAO. From
this expression, a first order Euler integration can be used to obtain the state of the system at timetl+1 and the procedure
repeats itself.

Thus, the general procedure to formulate the complementarity conditions in the form of equation (11) can be summarized
as follows.

• Step 1: As a first step, the expression for the spatial acceleration of the center of massAO (or the origin) of the body
is written as a linear function of the unknown contact forcesusing any appropriate procedure.

• Step 2: Next, using the kinematics of the body, the expression for acceleration of the point of impending contactP is
derived. This expression is again a linear function of the unknown contact forces.

• Step 3: A first order discretization of this equation gives the expression forvl+1
r as a linear function of the unknown

normal and tangential contact forces. This expression is substituted back into the complementarity conditions given
by equation (4) to obtain an LCP in the standard form as given in equation (11).

The procedure described above is unique for a rigid or flexible body which does not have any additional bilateral
constraints acting on it. However, for a multibody system with several bilateral constraints, different procedures could be
followed to obtain equation (8) resulting in hybrid formulations which are discussed next.
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3 Hybrid recursive formulation

The forward dynamics algorithms for rigid multibody systems without algebraic constraints can be broadly classified into
three categories,O(n3), O(n) andO(log(n)), wheren denotes the number of generalized coordinates associated with the
bilateral constraints in the system. In the following discussion, the development of a hybrid LCP for each of these methods
is described.

Irrespective of the chosen forward dynamics method, the three steps described in section 2.3 must be applied for each
contact in the multibody system. All forward dynamics methods yield the identical LCP. Consequently, the cost of solving
the LCP is identical in each hybrid formulation. Thus, the overall computational cost is governed by the step 1. In the
following discussion, it is assumed that there arenb bodies in the system and there is a potential contact on each body.

3.1 Traditional approach

It is possible to write the equations of motion for an unconstrained multibody system in the form

Mu̇ = F + GNΛ
1:nb
N + GF Λ

1:nb
F , (12a)

=⇒ u̇ = M−1F + M−1
GNΛ

1:nb
N + M−1

GF Λ
1:nb
F , (12b)

whereu̇ denotes the unknown time derivatives of the generalized speeds of the system. The other unknowns in equation
(12) are the normal (Λ1:nb

N ) and tangential (Λ1:nb
F ) contact forces. All other terms in equation (12) are known from the state

of the system. There are several ways to obtain equation (12)which are collectively referred to asO(n3) methods.
Equation (12b) is equivalent to the step 1 described in section 2.3. The kinematic relationship described in equation

(6) is then used for each body to obtain the expression for acceleration of the point of impending contact in the form
ak

P = Ξk
1 +Ξ

k
2Λ

1:nb
N +Ξ

k
3Λ

1:nb
F . Here the superscriptk refers to the representative bodyk in the multibody system. A first

order discretization of this equation gives the required expression ofvl+1
r for bodyk in a form identical to that of equation

(10). This expression can now be used in equation (4) for eachbody to obtain an LCP in the form

0 ≤











χ11 χ12 0

χ21 χ22 χ23

χ31 χ32 0





l 



Λ
1:nb
N

Λ
1:nb
F

S
1:nb





l+1

+





α1

α2

α3





l





⊥





Λ
1:nb
N

Λ
1:nb
F

S
1:nb





l+1

≥ 0. (13)

A significant portion of the literature on the subject (e.g. [2, 3, 40, 45]) follows a procedure similar to the one described
above. Such an approach, however, is inefficient for systemscharacterized by a large number of bilateral constraints which
are common in the robotics. This is because there is aO((n)3) cost involved in formulating equation (12b) from equation
(12a). This additional computational cost is avoided on using more efficient forward dynamics algorithms as will be seen
in the following discussion.

3.2 Articulated body algorithm (ABA)

There are severalO(n) methods for efficient simulation of multibody systems. A majority of these methods follow a
common underlying structure which has been described in [25]. A detailed derivation of the ABA for rigid multibody
systems is beyond the scope of this paper and the relevant literature is cited in section 1. Here the part relevant to formulating
a complementarity problem is discussed.

ABA requires a backward and forward sweep at each time step asshown in figure 2. In absence of contact, the equations
of motion for bodyk during the backward sweep can be written as

0 = IkAk + Fk, (14a)

u̇k = G̃kAk + F̃k. (14b)

In equation (14), the unknowns areAk andu̇k. Ak represents the spatial acceleration of the origin of bodyk. u̇k denotes
the time derivative of the generalized speeds associated with the joint between bodiesk andk +1 as shown in figure 2. The
rest of the quantities in equation (14) are known and recursively calculated during the backward sweep.

Next, if it is assumed that each body in the system has a potential impending contact, then equation (14) can be modified
as
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Backward Sweep

Forward Sweep

uk

k+1k

Root K Leaf

Fig. 2 Articulated Body Algorithm

0 = IkAk + Fk + G
k:nb
N Λ

k:nb
N + G

k:nb
F Λ

k:nb
F , (15a)

u̇k = G̃kAk + F̃k + G̃
k:nb

N Λ
k:nb
N + G̃

k:nb

F Λ
k:nb
F . (15b)

In equation (15),Λk:nb
N andΛ

k:nb
F denote the list of normal and tangential contact forces acting on bodiesk to nb, respec-

tively. On completing the backward and forward sweep, the expression of the spatial acceleration of origin of each body is
obtained as a linear function of the unknown contact forces.This is equivalent to step 1 described in section 2.3. Following
the remaining two steps, one obtains an LCP for the system in aform similar to that of equation (13).

For ABA, the procedure one needs to follow to complete step 1 of section 2.3 is identical to that of imposing algebraic
constraints on the system at acceleration level at points ofimpending contact. This is hardly surprising since the goalin
both the cases is to obtain the expression of acceleration ofappropriate locations as a linear function of an unknown applied
constraint force. The primary advantage of using ABA over the more traditional methods is that the cost of this step is
linear in the number of joint variables. Indeed, there is an additional cost associated with propagating the unknown contact
forces from the body to the root node and back to the body. However, this cost is also linear in the number of intermediate
relative joint coordinates encountered. This makes the hybrid ABA-complementarity approach superior to the traditional
complementarity approach for multibody system with many bilateral constraints.

3.3 Divide-and-conquer algorithm (DCA)

ABA is optimal for serial implementation but is not well suited for parallel implementation. For several applications
(e.g. biped simulation), it is desirable to use parallel algorithms for analysis to achieve increased computational speeds.
The DCA presented in [16, 17] achieves aO(log2(n)) complexity onO(n) processors for tree type topologies. The
previous efforts on developing logarithmic complexity algorithms were limited to chain topologies [20] or were iterative [1].
Subsequently, there are other methods (e.g. [11, 34, 49]) which follow the DCA framework with some differences in the
actual implementation. A hybrid complementarity formulation is possible with each of these methods. However, here the
discussion is limited to the structure of equations for rigid multibody systems with contact. A more detailed description of
hybrid DCA-complementarity methods can be found in [7,9,48].

DCA consists of two processes,Assembly andDisassembly which must be carried out at each time step. Figure 3 shows
the assembly of two bodiesk andk + 1 of a multibody system. The handle equations for bodyk can be written following
the procedure described in [34] as

Ak
1 = ζk

11F
k
1 + ζk

12F
k
2 + ζk

13 + ζk
14λ

k
N + ζk

15λ
k
F , (16a)

Ak
2 = ζk

21F
k
1 + ζk

22F
k
2 + ζk

23 + ζk
24λ

k
N + ζk

25λ
k
F . (16b)

In equation (16),Fk
1 andFk

2 are the spatial constraint forces acting on handlesHk
1 andHk

2 , respectively. The handle
equations can be written for all the bodies in the system in this form. On performing theAssembly-Disassembly operation
(see [7,9] for details), one obtains
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k+1

1

H k

1

H k

2 H k+1

1

H k+1

2

Jk

Fk+1

2

Fk

2

Fk

1

H k+1

1

H k+1

2

H k

1

H k

2

Fk

1

Fk+1

2

Body k Body k+1

Joint Motion Subspace

Body k+1Body k

F

Fictitious assmebled body

Fig. 3 Divide-and-Conquer Algorithm

Ak
1 = Gk

11 + G
k
12Λ

1:nb
N + G

k
13Λ

1:nb
F , (17a)

Ak
2 = Gk

21 + G
k
22Λ

1:nb
N + G

k
23Λ

1:nb
F . (17b)

Equation (17) completes step 1 as described in section 2.3. Following the procedure described in steps 2 and 3, it is
possible to obtain an LCP for the system in a form identical tothat of equation (13). As was the case with ABA, the
procedure to obtain the LCP for contact constraints in DCA issame as the procedure which needs to be followed to impose
algebraic constraints. Each point of contact is treated as an additional handle and on performing theAssembly-Disassembly
operation, the expression for spatial acceleration of the point of contact on each body is obtained as a linear combination of
the unknown contact forces. Thus, the order of method remains unchanged for formulating the LCP.

3.4 Numerical comparison of hybrid complementarity methods

In the previous section, the procedure for hybrid complementarity methods was given along with the theoretical computa-
tional complexity in formulating the LCP. In this section a numerical comparison is given for the three classes of methods.
All the methods are serially implemented. The system consists of annb rigid body planar chain which is released from rest
under the influence of gravity as shown in figure 4. All the bodies in the system are initially held in a horizontal position
at a height of 1 above the ground and are identical with mass and length equal to 1. Each simulation is performed for the
duration of 2 seconds with a fixed time step of10−3. The number of bodies selected for timings studies are 1,2,4,8,16,32,64
and 128.

Y ’

X ’

g

P Q

X

Y

Fig. 4 System simulated for time comparison

Figure 5 shows the timing comparison for the three methods inabsence of any contacts. The simulations are performed
in Matlab and the average time taken for 5 runs are reported infigure 5. The plot of efficiency of the methods was as
expected. Although DCA and ABA are bothO(n) methods for serial implementation, DCA is slower than ABA due to the
excess matrix manipulations required as compared to ABA.
Next, the efficiency of each method is tested in presence of contacts. Two different cases are simulated. An inelastic contact
is defined, first between point pointP and liney = 0 and then between pointsP andQ and the liney = 0. Figure 6 gives
the comparison of the efficiency of the hybrid complementarity methods. The plots can be explained as follows.
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Fig. 5 Computational efficiency of three different methods in absence of contact

In each hybrid method, the three steps discussed in section 2.3 are followed. The computational cost of steps 2 and 3
are comparable in all hybrid formulations. Consequently, the overall cost of the hybrid methods is dictated by step 1. The
additional computational cost of solving the LCP is identical in all hybrid formulations.

The overall cost of the traditional method is, unsurprisingly, O(n3) as is clearly seen in figure 6(a). The vertical shift in
the efficiency curve in presence of contacts corresponds to the additional time required to solve the LCP.

In DCA and ABA, the efficiency curves shown in figures 6(b) and 6(c) for no contact and one contact are exactly parallel.
This was also anticipated and can be explained as follows. The pointP is chosen as the root node in both the methods.
Consequently, the unknown contact forces appear in the equation only on reaching the root node. At this point an LCP can
be set up and solved to obtain the contact forces. Thus, the backward and forward sweeps (assembly anddisassembly for
DCA) are identical with one contact and with no contacts. However, the situation is different in presence of two contacts.
In that case, the unknown contact forces from pointQ are propagated back to the root node. At this stage, the expression
for the acceleration of pointP can be obtained as a linear function of unknown contact forces at pointsP andQ. This
however, is not sufficient to set up an LCP. Consequently, theforward sweep must be completed to obtain an expression
for acceleration of pointQ as a linear function of the unknown contact forces at pointsP andQ. At this point an LCP can
be set up in the usual manner and solved for to obtain the contact forces. The additional cost of propagating the unknown
contact force from pointQ to the root node and back is alsoO(n) in both DCA and ABA for serial implementation. This
additional cost is reflected in the change in slopes of the efficiency curves for two contacts in both DCA (figure 6(b)) and
ABA (figure 6(c)). Figure 6(d) gives a comparison of all the three hybrid methods in presence of two contacts.

These results can now be extrapolated to the more general case of annb body chain with an arbitrary number of contacts.
The efficiency of hybrid complementarity methods is primarily dictated by step 1 of section 2.3. In each hybrid formulation,
the cost of formulating an LCP for each additional contact iscomparable. As a result, the choice of forward dynamics
algorithm for efficiently formulating an LCP is independentof the number of potential contacts in the system. This implies
that if a forward dynamics algorithm for a given system topology is most efficient in absence of any contact, the same
method would also be the best in presence of an arbitrary number of contacts. The results from existing literature for the
efficiency of forward dynamics algorithms are briefly summarized here.

For serial implementation withn > 7, theO(n) method is faster than the traditionalO(n3) approach [43]. The order
of anO(n) method is the same for a chain and branched topology for unconstrained systems. However, anO(n) method
incurs an additionalO(nm2 + m3) cost associated withm independent algebraic constraints. A better approach for such
constrained systems is to useRecursive-Coordinate-Reduction (RCR) [10] which results in anO(n + m) formulation.

For parallel implementation, a DCAe-complementarity [11]approach would achieve the fastest results when used for
larger systems. Other parallel algorithms such as DCA [16, 17], ADA [49] and ODCA [34] are also expected to achieve
an improved performance over traditional methods when usedwith the complementarity contact models. However, the
obtainable speedups for branched topologies are highly dependent on the structure of theassembly tree. A more detailed
discussion on the subject can be found in section 2 of [17]. A comparison of some of the parallel forward dynamics
algorithms is given in [50].

Based on the above discussion, a suitable method for an efficient simulation may be selected depending upon the system
under consideration and the computational architecture available.
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(a) O(n3) Kane’s method
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Fig. 6 Computational efficiency of the hybrid complementarity methods

4 Accuracy of Complementarity Time-Steppers

It is possible to formulate an LCP following the procedure described in section 2.3, solution to which yields the contact
forces. In this section, the accuracy of the complementarity based time-steppers is discussed along with several practical
issues pertinent to simulation of multibody systems frequently encountered in robotics.

Recall that the complementarity formulation is dependent on the first order discretization of the acceleration equation
of the point of contact. Here it is worth mentioning that the contact force and acceleration are theoretically infinite and
cannot be calculated at the exact time of impact. However, the way around this was to look at the impulse (Ic =

∫

δt
Fc dt)

instead of the contact forceFc at each contact. In all the complementarity time-stepping schemes, the contact impulse is
approximated using a first order decretization asIC ≈ ∆tFc, where∆t = tl+1 − tl is the fixed time-step of integration.
This allows the expression of acceleration, also referred to as ‘pseudo-acceleration’ in [29], to be written as described
before. The set of contact forces obtained from solving the LCP are such that the contact constraints are satisfied as longas
a first order Euler integration is employed for the integration of the equations of motion. However, a first order integration
is rarely used in any multibody simulation.

A higher order method for simulating frictional contact problems is given in [44, 46]. This approach assumes some
information about the nature of solution and the discontinuities resulting from thestick-slip phenomenon in presence of
friction. [29] describes a four-stage Runge-Kutta method for contact problems which achieves fourth order accuracy during
the smooth parts of the motion and a first-order accuracy if animpact is encountered during the time-step. These methods
are still inadequate for several important systems which encounter an impact at every time-step, e.g. bipeds and tracked
vehicles. An iterative higher order integration scheme fordeformable bodies undergoing intermittent contact is described
in [13, 15]. The derivation is given for both explicit and implicit higher order integration. This approach requires that gN

be expressed as a linear function of the generalized coordinates. To achieve this, absolute coordinates are used to describe
the position and orientation of each body and a Taylor seriesexpansion is employed. This, however, is rarely possible for
3D systems employing internal coordinates. A second order method for frictional contact which requires the solution of
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a single LCP per time step is described in [22, 41]. This method does not make any restrictive assumption to achieve the
second order convergence and hence differs from those citedbefore.

In the following discussion, a non-iterative scheme for frictionless contact is described which allows the use of any
explicit higher order integration method along with the complementarity solver. The difficulties in extending this method
to include frictional contacts are also discussed.

4.1 Explicit Higher Order Integration for Frictionless Contact

As stated before, although the contact forces are infinite, their effect is approximated (Ic = ∆tFc) in the time-stepping
scheme using a first order discretization. This practice is common for all complementarity time-steppers and the solution
to the LCP yields the contact impulseIc. The contact impulse is further used to compute the state of the system at time
tl+1 without computing the acceleration. However, the state of the system at timetl+1 can also be computed by assuming
that a constant forceFc = Ic

∆t
acts on the system from timetl-tl+1 as long as a first order integration is used to integrate

the equations of motion. This idea is further extended to allow for any higher order explicit integration scheme as follows.
First, calculate the contact impulses (Ic) acting over the time-step∆t using the standard LCP procedure. Next, equivalent

constant contact forcesFc are computed usingFc = Ic

∆t
. At this point the state of the system is known at timetl. All the

forces acting on the system are known for the time-steptl-tl+1. As a result, any higher order integration scheme can be
utilized to integrate the system from timetl to tl+1. This simple modification however has some other numerical effects on
the contact problem. The first and most obvious problem is that the complementarity conditions given in equation (4) are
no longer exactly satisfied. The complementarity conditions would be satisfied only if a first order Euler integration was
used to advance the simulation. Indeed, on using a first orderintegration, the complementarity conditions can be satisfied
to a user defined precision. However, the resulting simulation would be of little practical use because of the large errors
present in the system as a consequence of using a first order integration for a highly non-linear system.

To demonstrate this point, a simple 8 planar body pendulum asshown in figure 4 is simulated using a forward Euler
integration and a Runge-Kutta 4th order integration with a fixed time step of10−3s. There are no contacts defined in the
system and the pointP is connected to ground via revolute joint. The system is released from a horizontal position with
zero initial velocity and allowed to move under the influenceof gravity. The system is expected to conserve energy since
there are no dissipative forces acting on it. As can be clearly seen from figure 7, the first order integration introduces
errors of magnitudeO(106) higher than the explicit Runge-Kutta integration. This result easily shows that even if the
complementarity conditions are exactly satisfied to a high degree of precision, the first order Euler integration introduces
significant errors in the simulation. This is especially true for highly non-linear systems frequently encountered in robotics.
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Time

 

 

∆ E (First order Euler)
∆ E (Fourth order Runge−Kutta)

O(10−6)

Fig. 7 Drift in total energy,∆t = 10−3 s.

Thus, in the modified higher order time-stepper, some errorsare certainly introduced in satisfying the complementarity
conditions. It is numerically demonstrated that such errors are still of an acceptable magnitude. The system shown in
figure 4 is simulated for 3 bodies with a frictionless inelastic contact defined between pointsP, Q and liney = 0. In the
initial state, the center of mass of the first body is located at point (x, y) = (0, 2.3) and it’s orientation angle with respect
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to ground fixed reference frame is−π
6 . The other relative angles are set to0. Since the chosen system does not have any

frictional force acting on it, it is expected that the centerof mass of the system should not change in thex direction. Further
the complementarity conditions should enforce a non-penetration constraint at pointsP andQ. The results are shown in
figure 8 and the drift in center of mass inx direction is denoted byδCM .
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(b) Fourth order Runge-Kutta
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(c) Fourth order Runge-Kutta withgNǫ = 0
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Fig. 8 Accuracy of complementarity time-steppers.∆t = 10−3, µ = 0.

Figure 8(a) shows that a first order integration causes a significant drift in the center of mass of the system. This drift is
magnified by an order of magnitude for a 3D system as has been shown in [9]. The error in inter-penetration constraint is
of O(10−5) which is acceptable.

Next, an explicit fourth order Runge-Kutta integrator is employed following the procedure described in the beginning
of this section and the results are shown in figure 8(b). The drift in the center of mass is improved by a factor ofO(104) as
compared to the Euler integration. However, an unexpected bounce is encountered at the points of inelastic contact. This
can be explained as follows. The forces obtained from the LCPare such that the complementarity conditions are satisfied
if a first order integration is used. However, in this case theforces obtained from the LCP solver are used in a fourth order
Runge-Kutta integration. This violates the non-penetration constraint (gl+1

N < 0) to a much higher degree than the case with
forward Euler integration (gl+1

N ≈ 0). If the contact occurred between timetl − tl+1, then the system is under considerable
strain at timetl+1 asgl+1

N < 0 and|ġl+1
N | > 0. If the non-penetration constraint is again imposed at the position level, the

simulation gives incorrect contact forces for the time-step tl+1 − tl+2. This is because the contact force applied between
tl+1 − tl+2 is, by definition, sufficient to reverse the direction of motion of the point of contact so thatgN ≈ 0 at timetl+2

based on a first order discretization. This results in physically incorrect and excessively large forces being applied on the
system during the time-steptl+1 − tl+2.

This problem, however, can be easily resolved by switching the position level complementarity constraint to a velocity
level constraint after the first impact. The new complementarity condition is then simply stated as0 ≤ n · vl+2

r ⊥ λl+2
N ≥

0. Indeed, the actual implementation of this modified condition is trivial and can be achieved by the following simple
conditional statement in the simulation code. If (gl

N < 0), then setgl
N = 0. This automatically ensures that once contact is

established, the position level non-penetration relationship is replaced by complementarity condition at velocity level. The
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12 Kishor D. Bhalerao, Cory Crean, and Kurt Anderson: HybridComplementarity Formulations

additional advantage is that as soon as the contact is lost, the complementarity condition automatically changes to position
level. Figure 8(c), shows that on switching the complementarity constraint to velocity level on impact, the bounce seen
previously (see figure 8(b)) disappears. However, the inter-penetration constraint errors are two orders of magnitudehigher
than those seen in figure 8(a). Another possible drawback of such an approach is the accumulation of position level errors
as the simulation progresses [8].

This problem can be corrected in the following manner. Previously, the complementarity solver was not allowed to
see any inter-penetration by imposing the complementaritycondition at velocity level after the first impact. In order to
correct this, the amount of inter-penetration seen by the complementarity solver is limited explicitly with another small
modification to the conditional statement. If (gN < gNǫ), then setgN = gNǫ, wheregNǫ ≤ 0 is user defined and is
dependent on the time-step of integration and the system chosen. The effect of this modification is that the contact force
applied by the complementarity solver is not exceedingly large. However, care must be taken in selecting the value ofgNǫ

since settinggNǫ < 0 for a certain time-step is equivalent to adding a small amount of energy to the system during this
time step to correct the errors in inter-penetration constraint. Indeed, the value ofgNǫ is not arbitrary and it is possible to
make an intelligent guess. The value ofgNǫ is of the same order as the errors in inter-penetration constraint introduced on
using a first order integration. In this case, the forward Euler integration results in an inter-penetration error of theorder
of O(10−5). Hence,gNǫ = −10−5. With this modification, the errors introduced in the inter-penetration constraint on the
first impact are reduced by two orders of magnitude as seen from figure 8(d). This clearly shows that the errors introduced
in the complementarity condition due to use of the higher order integration can be kept in control. At the same time, the
accuracy of the overall simulation is improved by four orders of magnitude.

Using a higher order integration following the procedure described above has some important disadvantages for frictional
contacts. The frictional force is no longer guaranteed to bedissipative or achieve maximum dissipation. In the traditional
LCP approach, it is possible to prove that the frictional force obtained on solving the LCP achieves maximum dissipationas
long as a first order integration is employed to advanced the simulation. However, it must be pointed out that the maximum
dissipation is limited by the number of directions of friction associated with the polygonal approximation of the friction
cone (the columns of matrixDc is equation (1)) chosen at each contact. In other words, it ispossible to get closer to the
theoretical maximum dissipation by selecting a sufficiently large number of direction vectors. This is not done in practice.
Additionally, the first order integration required to provethe maximum dissipation itself cannot be treated as a truth model
due to the large errors introduced in the integration of equations of motion.

The proposed approach is expected to work well for frictionless contacts. In the presence of friction, the method is not
guaranteed to produce accurate results.

4.2 Practical Issues with Flexible Multibody Systems

The hybrid formulations described above can directly be extended to include flexible bodies in the systems as well and have
been described in [7,13–15]. AFloating Frame of Reference approach is employed to model the deformation in each body.
All the discussion regarding the accuracy of integrators isdirectly applicable for flexible bodies as well. Modeling contact
in flexible bodies gives rise to additional difficulties which are briefly discussed in this section.

The steps given in section 2.3 can be used for a hybrid complementarity formulation for flexible multibody systems.
The deformation field in each body is modeled as a superposition of preselected mode shape functions. During the impact
of a flexible body, all the possible deformation modes of the body are excited. It is not physically possible to include all
the mode shapes in the simulation. In the least, the mode shapes which are expected to play an important role in restitution
of the flexible body must be included. Here it should be noted that the simulation can be performed without including the
higher order modes. This however does not guarantee an accurate simulation. The errors introduced in the simulation on
neglecting the higher order mode shapes excited on impact are expected to depend on the system under consideration and
its effects are hard to quantify. Note that a velocity or impulse restitution model can also be included for flexible bodies.
However, in reality, the elastic behavior of the body is responsible for the restitution. Consequently, the high frequency
modes which do not play a significant role in the dynamics of the system in absence of contact must also be included for a
correct contact simulation.

This leads to other problems. The error introduced in the expression forvl+1
r (see equation (10)) now also depends on

the frequency of the mode shapes. Consequently, the accuracy of the computed contact forces depends on the frequency
of the mode shape and the time steps of integration. Including high frequency mode shapes would then demand smaller
time-steps to control the errors in the simulation. For suchsystems it is better to use the complementarity contact models
described in [4,41] to account for the stiffness of each flexible body.
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5 Conclusion

This paper discussed the simulation of intermittent contact in robotic systems characterized by a large number of bilateral
constraints. A clear guideline is given for hybrid complementarity formulations which allows the use of complementarity
contact models with any of the recursive forward dynamics schemes. Each hybrid formulation results in an identical LCP.
The cost of solving this LCP is the same in all the hybrid formulations. Consequently, if a forward dynamics algorithm is
optimal for a given system in absence of any contact, the samealgorithm would also be optimal in presence of contacts.
Thus, the comparative studies of recursive forward dynamics schemes for serial [43] and parallel implementation [11, 50]
directly apply to the case of simulating multiple contacts using a hybrid LCP formulation. Additionally, it was theoretically
and numerically shown that the traditional approach for including complementarity contact models in multibody systems
with many bilateral constraints is inefficient. The traditional approach for modeling intermittent contact is expected to give
optimal results for smaller systems. A hybridO(n)-complementarity method results in the most efficient implementation
for larger systems simulated on a single processor. In presence of parallel architecture, any of thelog(n)-complementarity
methods would result in an efficient simulation.

Additionally, a modified approach for integration of motions is presented which allows the use of any explicit higher
order integrator with the LCP solver for frictionless contact. For frictionless case, it is numerically demonstrated that such
a modified approach is better than the first order integrationrequired for the traditional LCP time-steppers. In the presence
of friction, this modified approach could result in inaccurate simulations. Using higher order integrators for intermittent
frictional contact results in well documented difficultiesand is not possible without making some restrictive assumptions
about the system. Currently, the only method to achieve a second order convergence is described in [22,41] and should be
the method of choice for simulating intermittent frictional contact.
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