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Abstract

The method of Recursive Coordinate Reduction (RCR) offers solutions to the forward problem of multibody dynamics
at a cost in which the number of operations is linear in both the number of generalized coordinates, n, and the
number of independent algebraic constraints, m (e.g. O(n + m)). However, the RCR is presently restricted in
applicability (although broad) and susceptible to formulation singularities. This paper develops two methods for
avoiding formulation singularities as well as a recursive general coupled loop solution which extends the RCR to
the complete set of multibody systems. Application of these techniques are further illustrated with a special five-
bar linkage. The existing RCR coupled with these developments constitute a Generalized Recursive Coordinate
Reduction method which should be used in place of the traditional “O(n)” constraint technique (truly O(n 4 nm? +

m?)) for superior O(n + m) computational performance.

Nomenclature

F, A k" The spatial acceleration vector of body k as measured in frame F.
FA*  The recursive spatial vector of acceleration components associated with body k measured in frame F' which
are explicit in the system generalized speed derivatives (’s).
FA* The spatial vector of acceleration components associated with body k& measured in frame F' which are not
explicit in the system generalized speeds (’s).
Anlk] The ancestral body set of a body k.
b  Index corresponding to the branching body in a coupled loop system.
ch[k] The set of child bodies of a body k.
D;  And arbitrary dependent coordinate on local loop 1.
dep; The set of dependent coordinates on local loop .
Des[k] The descendant body set of a body k.
F k" The spatial force vector of body k.
F k The recursive spatial force vector of body k. R
Fy; A column matrix of the recursive spatial force vectors F *¢ with k; € independents f; through ;.
F ¥ The spatial force vector associated with independent generalized speed uy, in the coordinate reduced equation
of motion on local loop %.
Fki A spatial force vector intermediate quantity associated with body k.
fi A context dependent “first” coordinate associated with a local loop .
G* A row matrix of spatial tensors representing the dependence of spatial velocity k; on outboard independent

generalized speeds.
H* A row matrix of spatial tensors representing the dependence on outboard independent generalized speeds in

spatial velocity k;’s expression in terms of p;.

*Doctoral Student. critcj@rpi.edu
T Associate Professor. anderk5@rpi.edu



H}i  The spatial tensor element of H *i associated with independent generalized speed .
H* A row matrix of spatial tensors representing the dependence on outboard independent generalized speeds in
the k;th coordinate reduced equation of motion (outboard of p;).
H¥ A row matrix of spatial tensor intermediate quantities.
I;  And arbitrary independent coordinate on local loop <.
Tk  The spatial inertia tensor of body k.
1 k The recursive spatial inertia tensor of body k.
07 ki A recursive spatial inertia tensor associated with independent generalized speed uy, in the coordinate reduced
R equation of motion on local loop .
T k0% A recursive spatial inertia tensor associated with independent generalized speed uy, in the coordinate reduced
R equation of motion on local loop +.
07 k05 A recursive spatial inertia tensor associated with independent generalized speed ;. in the coordinate reduced
R equation of motion existing only on common bodies of two coupled loops ¢ and j.
7 J\Oj A column matrix of the recursive spatial inertia tensors Z *#:% with k; € independents f; through ;.
7 i A column matrix of the recursive spatial inertia tensors 0.7 ki with k; € independents f; through ;.
07 ki A spatial inertia tensor associated with independent generalized speed u k; in the coordinate reduced equation
of motion on local loop 3.
k0% A spatial inertia tensor associated with independent generalized speed u. i, in the coordinate reduced equation
of motion on local loop 3.
0 ki A spatial inertia tensor intermediate quantity associated with independent generalized speed wy, .
Thi0i A spatial inertia tensor intermediate quantity associated with independent generalized speed wy, .
~B/B*
Br / The central inertia dyadic of body B.
1 Index corresponding to an arbitrary kinematic loop.
ich[k] The body set of independent children of body k.
iDes[k] The body set of independent descendants of body k.
ind; The set of independent coordinates on local loop 4.
j  Index corresponding to an arbitrary body, coordinate, or kinematic loop.
7i  Index corresponding to an arbitrary body or coordinate number on local loop .
KC; A diagonal matrix of the spatial partial velocity vectors associated with independent generalized speeds f;
through /;.
Index corresponding to an arbitrary body or coordinate number.
Index corresponding to an arbitrary body or coordinate number on local loop 4.
The “last” independent coordinate associated with a local loop .
The Newtonian (or inertial) reference frame.
The number of generalized coordinates in a multibody system.
ny  The number of independent coordinates outboard of the virtual terminal body p; on local loop i.
n;  The number of generalized coordinates in a local kinematic loop .
Mk The recursive triangularized mass matrix diagonal associated with generalized speed k.
M, A square matrix of the coupled block triangularized mass matrix terms which are MPFi with k; € indepen-
dents f; through /.
m  The number of independent algebraic constraint relations in a multibody system.
m;  The number of independent algebraic constraint relations in the local loop .
mp The mass of a body B.
PF  The spatial partial velocity vector representing the partial derivative of V¥ with respect to ..
ﬁrk The constrained spatial partial velocity explicitly accounting for the constraint through the direct embedding
of the constraints in the equations on motion.
p;  Index corresponding to the virtual terminal body of the local loop 3.
plk] The parent of a body k.
Qk; A scalar intermediate quantity associated with the local kinematics of loop i and body k.
R k; A spatial tensor intermediate quantity associated with the local kinematics of loop ¢ and body k.
r  Index corresponding to an arbitrary body or coordinate number.
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S*  The spatial shift tensor which represents the position vector cross product coupling of linear and angular
relationships associated with body k& and it’s parent body.
"S*  The spatial shift tensor which represents the position vector cross product coupling of linear and angular
relationships between body &k and body 7.
T* The spatial triangularization tensor associated with generalized speed k.
U  The spatial unity tensor.

—
—

U A unity dyadic.
ur ~ The generalized speed associated with the motion of body k relative to it’s parent body.
u; A matrix of the independent generalized speeds f; through [;.
up  The generalized acceleration associated with the motion of body £ relative to it’s parent body.
F 1% k The spatial velocity vector of body k as measured in frame F.
FYk  The recursive spatial vector of velocity components associated with body & measured in frame F which are
explicit in the system generalized speeds (u’s).
FY,* The spatial vector of velocity components associated with body k& measured in frame F' which are not explicit
in the system generalized speeds (u’s).
8" The velocity of a body B’s center of mass as measured in frame F.
Wki A spatial tensor intermediate quantity recursively relating the kinematics of body k;, p[k;], and n; through
the direct embedding of constraints on loop .
Xk A spatial tensor intermediate quantity recursively relating the kinematics of body k;, p[k;], and n; through
the direct embedding of constraints on loop .
Yk A spatial tensor relating the kinematics of body k;, p;, and n; through the direct embedding of constraints on
loop <.
Zki A spatial tensor relating the kinematics of body k;, k;, and n; through the direct embedding of constraints on
loop i.
0;  The base body of loop ¢ which branches to form the loop.
FG B The angular velocity of body B as measured in frame F.

F

1 Introduction

The complexity of a multibody system model is often simplified to obtain solutions in a desired (or realistic) time
scale for applications such as realtime operator or hardware-in-the-loop simulation, robotics and control simulation,
model based predictive control, virtual prototyping, design optimization, and the like. The fidelity of such applications
is most generally compromised by both the model reduction and simplification required to realize simulation/analysis
time constraints. In this respect, rapid computation of the forward dynamics of multibody systems has an important
role in many areas. Which has prompted researchers whose interests lie in a wide variety of fields to investigate
methods for increasing the performance of multibody forward dynamics methods which had traditionally computed
solutions for the n independent coordinate accelerations in order n® (O(n?)) operations overall.

In 1983 Featherstone [12] presented an efficient formulation of existing O(n) methods (those of Vereshchagin
[24] and Armstrong [8]) called the Articulated Body Algorithm (ABA). Based on Walker and Orin’s efficient O(n?)
forward solutions [25], which were in turn derived from recursive O(n) solutions of the inverse problem [20][15], the
ABA achieved linear cost versus complexity (O(n)) for the forward problem through the exploitation of additional
recursive relationships.

Since the ABA’s introduction a myriad of O(n) methods which extend the applicability and flexibility of the
recursive formulation have followed. Most notably are the extensions involving various classes of flexible bodies
[11][17][2], integration with optimal filtering and control [22][19], design sensitivity [7][16], and parallel computing
[10][3][6][14]. Suffice it to say that improvements to the underlying recursive O(n) formulation benefit all of these
areas.

The first recursive O (n) algorithms could be applied only to tree type multibody systems but were quickly extended
by Featherstone [13] and Bae et al.[9] to include those with kinematic (closed) loops. However these and most other
subsequent closed loop solutions require the formation and inversion of an m x m constraint matrix, involving O (nm?)



and O(m?) operations respectively (where m is the number of independent algebraic constraints). Because of the
cubic nature of the constraint solution these “Order n” algorithms can be outperformed by efficient traditional O(n?3)
methods for modest to heavily constrained systems.

As an alternative to existing O(n) closed loop methods, Valasek [23] outlined two methods for the treatment of
multibody loop systems in which the effects of dependent loop coordinates could be obtained in terms of the indepen-
dent loop coordinates in a number of computations linear in the number of dependent coordinates. In an independent
development, Anderson [4] formulated similar, though more general, equations based on his O(n) algorithm which
implements Kane’s Method [1]. Anderson espoused the potential benefits of such a method, which apart from offer-
ing the improved computational complexity cited by Valasek also included superior constraint stability relative to the
traditional “O(n)” constraint formulation.

More recently the authors [5] have extended the formulation, now referred to as Recursive Coordinate Reduction
(RCR), to include a broad array of heavily coupled multi-loop systems. This work directly demonstrates the predicted
results of [4] and details the limitations of the formulation.

This paper presents modifications to the RCR for the limiting cases of [5], which pertain to arbitrary selection of
dependent coordinates and coupled loops with different loop base bodies. Surpassing these limitations results in a
Generalized Recursive Coordinate Reduction method capable of accommodating arbitrary multibody systems.

2 Preliminaries

In this section, specialized multibody notations are introduced and used to illustrate the recursive relationships and
procedures fundamental to the O(n) algorithms, which will aid in the subsequent developments.

2.1 Spatial Tensor Notation

A spatial tensor notation has been adopted to greatly simplify the form of the equations used to describe properties of
multibody systems. Spatial tensors are linear algebraically augmented three dimensional tensors (vectors and dyadics)
which are used to combine translational and rotational information into a common uppercase script symbol. For
example, a spatial velocity tensor )V and a spatial inertia tensor Z may be given as

. .B/B* %B/B” =

NpB _ {NWB] 7B _ [Bf / 0 ] _|BI oU
= |NgB* = = 2 =
v 0 mp o0  mpU

where the left superscript IV is the frame of reference, B is the body name with B* denoting the center of mass,
=2B/B” =
Br is the central inertia dyadic, mp is the body’s mass, and U is a unity dyadic.
Thus a spatial momentum could be defined as the dot product of spatial inertia with spatial velocity

=B/B"
7B .NyB _ |B] -NwBl’

not to be confused with the tensor multiplication Z ¥V & which would instead produce two third order tensors.
Note that the transpose of a spatial quantity also applies a transpose operation to its elements which signifies an
interchange of indices on dyadic quantities.

2.2 Body Sets

A general multibody tree system, such as that shown in figure 1 allows a number of useful body sets to be defined. We
note that each body £ in the system:

e has a single parent body plk] except the base body which has the inertial reference N as its parent.

e has a set of child bodies ch[k] which may be empty.



Figure 1: System Schematic of an Arbitrary Tree System

e is said to be a terminal body if ch[k] is empty.

e has an ancestral body set An[k] which contains the body’s parent p[k], that body’s parent p[p[k]], and subsequent
parent bodies back to and including the base body.

e has a descendant body set denoted Des[k] which contains the body’s children ch[k], the children’s children
ch[ch[k]], and subsequent child bodies out to and including terminal bodies.

2.3 Recursive Kinematics

Many recursive definitions in the kinematics of multibody systems are trivial, occurring naturally through the use of
relative coordinates. However, before these relationships are expressed in the spatial notation of section 2.1 the veloc-
ities and accelerations are decomposed into portions which are explicit in the coordinate velocities, their derivatives,
and all remaining terms. Furthermore, observing linear transformations from coordinate velocities ¢ and accelerations
g to generalized speeds u and their derivatives wu, (as is commonly done with Kane’s Method [18]) allows increased
efficiency [21] without loss of generality.

The velocity and acceleration decompositions are given by

FAk _ FA\k+ F.Atk, (2)
where ©V, ¥ and FA, * are the portions of the velocity and acceleration which are not explicit in the generalized speeds
u and their derivatives 1, respectively. The ©V* and ¥ A* have the following recursive definitions

Fpk = (§WT . Fprlkl 4 ply, 3)
F./Zl\k _ (Sk)T . F.,Zl\p[k] + Pkk'dky 4)
where uy, is the coordinate generalized speed, Pkk is the spatial partial velocity vector, and S* is the spatial shift

dyadic which represents the position vector cross product coupling of linear and angular relationships.
An arbitrary spatial partial velocity P,* can be constructed as:

ka

Ny k rQ k\T . T A
Pk — IR _ ('sHt P r € kU An[k] 5)
ou, 0 else
where
u r==%k
sk —  gehlrl . grlpl-plkl-- 1. gplkl. Sk e kU Anlk] (6)
1] else



and U is the spatial unity

We note that the quantities “./Zk, NA, ¥ Pk, and S* for all bodies k can be formed in O(n) operations for a
q k P
given system state.

2.4 Recursive Dynamics

The spatial form of the equations of motion for a multibody tree system containing only single degree of freedom
joints is given by Kane’s Method [18] as

Nak — FRy =o. (7

Z(Pk T

k=1

n

Where F ¥ contains all forces and moments on body k applied about the center of mass as well as the inertial force
contributions known in terms of the system state.
The equation of motion (7) readily reduces to (8) by observing the partial velocity decomposition given in (5).

PN N rskorh VAR - Ry =0 ®)
k€Des[r|Ur
One may now make the assumption that the form of the kth equation of motion can be expressed as
(PE)T-(TF- NAK —FF) =0, ©
Thus trivial boundary data is extracted from the equations of motion associated with terminal bodies ¢
It=1' and Fl'=F" (10)

Substituting the recursive form for YA of (4) into (10) gives

(PEYT - (ZF - ((SM)T - NAPK 1 Play) — FH =0, (11)
And solving for 1y, yields
i = —(MF)HPET - (TF - (SMT- NAPH - FE) (12)
with, - R
ME=(PHT.Tk. Pk (13)

Now performing similar operations on the equation of motion associated with the parent body’s degree of freedom,
and substituting the previous solution (12) follows as

0 — (Pp”[%ﬁ]) g 3 rlelgi (77 NAT — Fi)] (14)
Jj€Des|plk]|Uplk]

_ (PPZEES]) [(Ip[k] N plk] }"P[k]) + Z plklg 3 . (779 - NAd fj)] (15)
j€Des[plk]]

_ (P;[ge]]) [(zvR) . NAPR ikl Z ST (T7-NAT — Fh)] (16)
j€Ech[plk]]

(P )™ [(zP NAPW — el o 37 59T (89T NAM 4 plig) — FO)) a7y
j€chlp[k]]
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Figure 2: Opening a Closed Loop Using a Phantom Body

(IPPIEES])T_ [(Ip[k] . NA\P[’V] _ ]:'P[k]) 4 (18)
Z ST (T7 (89T . NgrlH pjj(ﬂj)fl(p]j)T (T (ST NP _ Fiyy - fa)]
j€ch[plk]]
_ (PPZEES])T (ZPR) . N el _ ek (19)

and the recursive intermediate quantities are obtained through grouping of terms as

T = e S i F (89T (20)
jEchlplk]

Frikl — gl Z Ti.Fi (1)
jechplk]

TI = ST U-T7 - PEMI) (P (22)

The O(n) solution then involves the calculating the recursive intermediate quantities (20) and (21) inward from the
terminal bodies, effectively lower triangularizing the system mass matrix. Then forward substituting for the solution
using equations (12) and (4) noting that VAN = 0.

3 Recursive Coordinate Reduction

The traditional “O(n)” constraint technique (which actually performs as O(n + nm? + m?) where m is the num-
ber of independent algebraic constraint relations [5]) cuts joints to produce tree topologies from general multibody
configurations containing kinematic loops. By contrast, the method of Recursive Coordinate Reduction generates an
associated tree topology through the introduction of phantom bodies, which are massless copies of the loop base body
(the first body outboard of the inertial reference which branches to form the loop). This construction is demonstrated
in figure 2 as well as a local loop numbering scheme.

3.1 Kinematics

“Open loop” systems resulting from the addition of a phantom body to a previously “closed loop™ are subject to the
velocity and acceleration constraints

Gy = 0 (23)



Ogn — . (24)

The velocity constraint may be decomposed exactly as with the unconstrained system, resulting in

0 = Oipmi = 0ipni 4 0y mi (25)
0 = (§™)T.0yni=ly priy, 4 0p,m, (26)
Uy, 1 always a valid choice for a dependent coordinate, and therefore it can be solved for as
Un, = = QM (Pr)T - [(§™)T - Gyl 4 Oy, i) 27)
with
QM =[(Pr)" - Pl (28)
Equation (27) can be substituted back into (26) to obtain the n; — 1st form of the velocity constraint
0=R"™ .[(MIgm)T . 0ipni=l 4 iy mi] (29)
where
R™ =U—PrQm(Pr)T. (30)
Making an appropriate selection for the recursive form of the k;th equation and solving follows as
0 = Rk+L. [(kisni)T.Oiﬁki + 0y, i) (31)
RFitL I( kiSni)T . Pkl?uki + (kiflsni)T . oi]jki + oin i), (32)
And therefore the general solution
up,, = _Qki(Pkk:)T . kisni . Rkﬁ'l . [(ki—lsni)T . o,,f/ki + oin n] (33)
is obtained with
oki — [(Pklcii)T Chigne Rk (kigno)T Pklcii]—l (34)

(under the assumption that the last m; consecutive coordinates constitute a valid selections of dependent coordinates;
e.g. the first p; coordinates form a valid set of independent coordinates).
The k; — 1st equation

0= Rki—l-l ) [(lenl)Tolﬁk, +Oinn7'], (35)
then allows a solution for the recursive relationship
REi — REit1, = (kism)T . Pk’ii le(pkl?)T . kigmi Rk‘i‘f’l]. (36)

For the dependent bodies, we note that in the usual % decomposition of (37) it is valid to substitute (35) resulting
in (38)

0Pk = (ST 0pkiml g iy, 37)
= Wk Opkily phi 0oy (38)
where
Whi  — (ki—lski)T+Xk,i . (ki—lsm)T (39)
Xk = —pligh(plnT. g gl (40)

The relationship (38) can then be used to write additional recursive relations expressing the dependent velocities
in terms of the last independent coordinate in the loop p;

Ok = phe Opee g ghe Oy 1)
Yk = ki kil 2)
zhi = xkpwh. zhot 43)
with the trivial boundary data
yri=Uy and ZPi=0. (44)
This same procedure can be followed with the dependent accelerations resulting in
Ok = Yk 0P Zhe . O 45)



3.2 Dynamics
The constrained form of the equation of motion is given by
0=> (PH)T-(Z" "A* — F¥) (46)
k=1

where P are the constrained non-holonomic spatial partial velocities (which explicitly account for the constraint
through direct embedding of constraints into the equations of motion).
At this point we note the additional kinematic definitions

szl\kq — ( 01',8 k1)T . NA\O»; + Oidzl\ki (47)
Nﬁki _ (OiSki)T,Nﬁoi +Oi§ki. (48)
Substituting the acceleration relationship (47) into (46) and restricting our attention to the local loop we obtain
nq
0= (PF)T-(zh . (Osh)T . NA 4 The . Ophe — Fho), (49)
ki =T

The constrained partial velocities are the partial derivatives of the velocities which are written in terms of the
independent coordinates as in (41). These partial derivatives are

N PR P i ki € ind; and r € ind;
Pl =Zo b= (VB PP ki€ depyandr € ind; (50)
" 0 r € dep;

where ind; and dep; are the sets of independent and dependent coordinates (respectively) on local loop i.
Substitution of (50) into (49) results in

pi—1
0 = Z(Prk7)T . (Ik7 . (Olsk,,)T . NA\Oi +Ik7 . O,,jl\k,; _ f‘k‘l) + (51)
ki=r
(P,pl)T . Z (yk‘l)T . (Zkz . (Oz‘Ski)T . NA\Oi _|_Zk1 . Oijki _ ]_'kl)
ki=p;

And %A% for the dependent bodies is given in terms of 0; A Pi by equation (45) which allows us to rewrite (51) as

pi
0= 3 (PF)T - (TR0 NAD 4 0Tk 0Fk k) (52
k:i:’l"
with
Thi0i {Iki’ (08T ki # pi 53)
- n; i \T i 0, Q4 \T .
Zji:;l?i(y] ) AL ( S/ ) ki = p;
(L {I b ki # pi 54)
i ji\T' ji ji .
ij‘:pi(yj ) AN ki = p;
[ ki Fh ki # pi
Fho = n . : (55)
{Zji—pi(y”>T' [Fie =T 23 OA™] ki =p;

The coordinate reduced equation of motion (52) may then be solved recursively in exactly the same fashion as the
unconstrained equations of section 2.4. That is, substitution of (5) into the j;th equation of motion (52) results in

Pi
0= (PI)T - S (Fighe. (The0 . NZO 4 Ok 0 Fke _ Fho)). (56)

ki=ji



And again the recursive assumption is that the j;th equation is of the form

0= (7)]]11)7" . (j'ji?oi . NA\Oi + Oij'ji . Oijji _ j.\'ji)’ (57)
and trivial boundary data is obtained for the last independent coordinate in the loop p;

i’pi;oi = 7Pl Oifp'i = Oifpi ]?m — Fpi (58)

The recursive form of %47 from (4) is then substituted into (57) and the unknown 1, is solved for in terms of
the dynamics of the parent body.

In the equation of motion associated with the parent of the j;th body (e.g. (56) with j; replace by j; — 1) the first
term can be extracted from the sum, and the remaining sum replaced through appropriate substitution of the recursive
quantities in (57). Further substituting the solution of ;,, and grouping terms reveals the solution for the recursive
relationships

Tdi=10i  — 73i=10i 4 i 7 Jis0i (60)
07di=1 — Ogdi=1 4 idi. 0Fiji. (Sji)T 61)
Faiml = FiTly i Fi (62)

T Ji = &§Ji. [Z/[ _ Oifji, . Pji’(ﬂ]’)_l('P]Jf)T] (63)
Mis = (pi)T . oL ipli, (64)

At the loop base body we note that 0 40i = thereby dropping the additional term and following the definitions
for unconstrained tree systems (20-22).

The most constraining limitation of this, the RCR formulation, is the assumption that the last m; coordinates of
an opened loop constitute a valid selection of dependent coordinates. For this reason, solutions for many looped
multibody systems cannot be modelled by the presented form of the RCR, and many more have the possibility of en-
tering singular configurations and/or areas of numerical ill-conditioning during simulation. Two methods for avoiding
singularities by altering the dependent coordinate selection within the framework of the RCR will be described and
evaluated in the following sections.

4 Arbitrary Selection of Dependent Coordinates

The first method of avoiding singularities associated with the RCR involves the specification of arbitrary dependent
coordinates directly in the formulation of the RCR algorithm. In other words, independent generalized coordinates
will be included in between the dependent coordinates. We also note that the last coordinate in the loop can and will
always be chosen as dependent. This is because not doing so would require the phantom body to have mass properties
which although trivial, adds needless additional complexity to the formulation (e.g. some steps can be skipped by
noting that the spatial inertia associated with body n; is always zero). Figure 3 illustrates a possible selection of
dependent coordinates as well as additional numbering information which will be required by the new formulation.

The kinematic solution (33) which solves for the behavior of a coordinate in a loop involves the inversion of an
independent constraint relationship. Because there are exactly m; independent constraint equations associated with
loop i, this inversion is not admissible for the independent coordinates f; through I; (where f; and [; are the joint
coordinates associated with bodies F; and L; of figure 3). Instead contributions from these coordinates appear directly
in the kinematics formulation as

0=RMHL[(Bgna)T Ophe L 0oy ni g N™ 0 (igm)T Py (65)
j€iDes[k;]

where iDes is the set of independent descendants on the local loop (e.g. iDes[k;] = Deslk;] Nind;) and

iQ M ki O ki (p ki QM i
Rkl _ {Rkl—,—l U= (ST Py Qo (P )T kigni . R ;€ dep; (66)

REH ki € ind;

10
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Figure 3: Body Numbering in the Selection of Arbitrary Dependent Coordinates

Hence the solution for the dependent generalized accelerations can be obtained by the acceleration form of (65) and
are given by

T'LD,i :_QD,;(PI%)T. Digni , R Ditl [(Di—lsn,;)T_ 0,;J2{Di+ OiAt"i+ Z (jS"i)T-ijdj]. 67)
j€iDes[D;]
We now note that the velocities of the bodies associated with the dependent coordinates D, are given by
PP (DT OPD L pLuyy, (68)
= WP YDty pbe Giynig Do N (5T Pl (69)

j€iDes[D;]

where WP and X' P are given exactly as in (39-40). And the independent coordinates I; can be cast in a similar
form,

GphL — (Sfi)T,Oiﬁfz:—l_'_’PIIiiuli (70)
WP Oy Pl a

with Wl = (§1)T and X 1i = 0.
Combining these two relationships for a general body k; on the loop and outboard of p; (e.g. k; € Des[p;]) results

in
Oiﬁki — Wkl . Oiﬁk)ifl + in . Oivtni + gkl . IC7ul (72)
where
o 0 u o } k; € ind;
g ki _ 1xnr (spatial) (73)
Xki. [0 o0 (ich[ki] nyT oL (lz'sm)T} k; € dep;
1Xny (spatial)
N * nyXny (spatial)
T
up = [uff e uli]nlxl (scalar) (75)
Sk" T ki ; dl
Whi  — ( k.)T e €1in 6
(SE)T+ ke (Fmism)l k; € dep;

11



0 k; € ind;
P L — i i 77
{_Pli,i Qki(Pk]zi)T kigni . REAL L € dep; 7
with ich[k;] = ch[k;] Nind; and n; equal to the number of independent coordinates outboard of p; (e.g. the number
of independents in f; through ;).

Once again the velocities may be written in terms of that of p; and the known portion of n;, but with an additional
contribution from all of the independent variables lying between them (u;).

Ok = yhe Oy gk Gy ke o (78)
Where
YR = Wk ykict (79)
zhio = xhpwhi. gkt (80)
HE = ghip ke R (81)

The constrained equations of motion associated with the last independent coordinates f; through [; of the local
loop are given by

ng

0= Y (PHT.(zh NAk - FF) (82)
k=p;+1
or .
0= Z (ﬁrk)T . (Ik- . (OiSk)T . NA\OT; + Ik . Oi./zl\k N ]_-k) (83)
k=p;+1
It should be clear that _
Pr=nr-PI, (84)

where H is the element of H * corresponding to the contribution of the rth generalized speed. Using this relationship,
equation (83) becomes

0= (/PTT)T. Z (HT],C)T(I’C(OIS}C)T NA\Oi+Ik~yk~ 01’,@”+I’“»Z’“- Oi.Atm‘i’Ik'Hk'ICilii*fk), (85)
k=pi+1

and grouping terms results in

Uz

0=(P)"+ Y (HHT(IF0 . NAY 4 Ok O4r 4 HE - iy — FF) (86)
k=pi+1
with
Oijk — Zk . yk (88)
.7'u-k = fk_Zk.Zk,OiAt”i (89)
HFY = TIF.HF (90)

Which can also be written as
0= (PE)T - (The0s . NA Y 4 O ke Oqpe ke iy — F M) 1)

where for independent coordinates f; through [;

TOski Z (ngi)T_i'jQOi 92)



TR o= Y ()T 93)

Jj=pi+1

Froo= > (H)T-FI %94)
Jj=pi+1

He = > ()T HI (95)
Jj=pi+1

And the solutions for the independent generalized accelerations must satisfy the set of linear scalar equations
M\kilji — _(Pk’?)T . (foi;ki . NJZO'i + Oifki . Oiﬁpi _ ﬁk/l) (96)
with - R
MFE = (PlT . HE K. 97)

Which may be written in matrix form as
Mgy = —KT - (T - NA% 4 T - OAP — Fy)p). (98)

Where the 7 ]3;', 7 ]\’j}, and .7? 7 are appropriate column matrices with elements 7 Oiski 0 ki and .7? ki respectively, and
M a 1s the square matrix constructed from the MFi for k; from f; to l; (€ n;).

The solution . R R R R R

i = —(My) KT - (Zyg - YA+ T CAP - Fyy) (99)

is then obtained for the outermost independent generalized accelerations ;.

For the remaining independent coordinates on the loop (k; < p;) the associated quantities and equations of motion
are almost those of section 3, differing only in the definitions of the terms associated with the virtual terminal body p;
which are instead

Zri0i  —  Fpii0i _ Z (yk)T.ﬁk.]Ci(j\//YM)_lle-f]\% (100)
k=p;+1

0Zre = 0z N (YMT L HE K (M) TIKT T (101)
k=p;+1

Frio = Fri— Y (N HEKi(My) KT B (102)
k=p;+1

And the recursion proceeds exactly as before.

5 General Coupled Loops

A second method of avoiding singularities in the RCR formulation involves altering the topology of the multibody
system such that valid dependent degrees of freedom are adjacent and at the end of all open loops. The topology
adjustment involves the addition of fictitious (although completely valid) joints to the system and relies on the ability
to handle systems of coupled loops that do not share a common base body.

An arbitrary closed loop with an invalid set of terminal joints is illustrated in figure 4. A trivial solution to this
problem which may be valid in many cases is to simply “work the loop in the opposite direction”. Thus in the presence
of singular coordinate selection at “both ends”, adjusted loops such as that shown in figure 5 can be used to avoid the
singularity.

The computation of two coupled loops ¢ and j with different base bodies 0; and 0; requires two different represen-
tations of the spatial acceleration relative to inertial frame for bodies along the intersection of both loops.

o~

NAk — (OiSk)T. N20i 4 0i gk (103)
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Figure 5: A Nonsingular Representation of the Loop of Figure 4

NAk = (USk)T . NZ0 4 04k (104)
Noting the relationships,

NAO = (080T NAO 4 00 (105)

0 gk = (05SHk)T . 0:J0; 4 0; gk (106)

substitution and simplification of either, results in

Using relationship (107) to handle coupled loops within the RCR is simply a matter of bookkeeping. The local
kinematics remain unchanged, and the dynamics of the branching body b from which the two open chains extend are
given by

oo (PHT Tk VAR - FF) =0, (108)

keDes[b]Ub
If the branching body’s associated generalized coordinate is an independent coordinate (which it is not in coupled
loops resulting from topology “adjustments” for the purposes of avoiding a singular coordinate selection) the equation
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of motion is R _ R
(PO (2" NA —Fh+ Y (BT (zF- NAF - FR) =0, (109)

ke€Des[b]

Substituting from the recursive equation of motion (57) associated with each of the first bodies (f; and f;) in the two
branching “opened” loops, and again assuming that both bodies have associated independent coordinates (which one
is not in the case of the topology “adjustment’) one obtains

0 = (POT- (TP NAP — FO) 4 (PY)T - &S (TF:0 . NAO 4 O fi . O 4 i _ Ffy 4 (110)
(PO . 8fi (T30 . NAO% 4 O fi . % A5 — F iy,

Plugging in the usual recursive relationships (4) for 0 4f and %A% as well as the form of the solutions for Uy,
and vy, given in (59), results in an equation explicit only in contributions from quantities associated with bodies 0;,
0;, and b. However the four spatial inertia coefficients of N0 NAO; 0ifgb and 9A° cannot be used directly
to form recursive spatial inertias 7 . Instead the coefficients are combined and distributed as indicated by equations

(105) and (106) to produce three coefficients of the spatial accelerations N {0: 0405 and 9A°. And Using (107) to
decompose VA’ one may write

0 — (Pbb)T . (fb;oi . NA\Oi + Oifz\'b;Oj . Oi./zl\oj + Ojj'b . OjA\b _ ﬁ'b) (111)

The three term representation of (111) only applies on the bodies which are common to both loops. As on the base
body of the inner loop (in this case j) “A* = %A% = 0 and the reduction “back” to two terms is automatic.

In the case of dependent coordinates being present at the intersection of the two loops, the relationship (45) allows
the three terms to be constructed at the first independent coordinate inboard of b. And solutions involving dependent
fi are similarly solved.

6 Discussion and Results

One of the simplest multibody configurations for which the RCR formulation of section 3 will breakdown is the planar
five-bar linkage represented in figure 6. In this system the action of coordinates ¢, g2, and g3 are that of revolute joints
and g4 and g5 represent the motion of telescoping prismatic joints. It should be clear that when restricted to a forward
sweep of the five-bar, the RCR will breakdown due to the invalid selection of dependent coordinates (3-5).

The “arbitrary coordinate selection” (ACS) method of section 4 does however exhibit the expected solution (as
obtained with AUTOLEV) as demonstrated by the independent coordinate trajectories shown in figure 7. In this
example, coordinates g2, q3, and g5 are used as the dependent coordinates, all bars are thin rods of unit length (meters)
and mass (kilograms), and the linkage is released from rest in the vertical plane with the initial conditions (q; = %,
©2=7%5.9=—%,q1=0,q5 =0).

The “general coupled loop” (GCL) solution of section 5 for the same five-bar mechanism is also shown in figure
7 (the motions are identical). In the case of this simple mechanism, the two multibody tree topologies of figure 8 are
possible to avoid the singularity. It should be noted that the system of 8.b is actually an existing solution of a type
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Figure 7: Five-Bar Simulation Results

demonstrated in [5] (e.g. coupled loops with the same base body), the form of which is only available for planar and
some special spatial loops. For this reason only the solution indicated by 8.a corresponding to the general coupled
loop procedure is given in figure 7.

Although each of the two methods discussed in sections 4 and 5, respectively, obtain the same result, the com-
putational order of the algorithms is very different. The complexity of the arbitrary coordinate selection method is a
cubic function of the number of independent coordinates n; located in between the dependent ones (p; + 1 and n;),
owing to the inversion of M - In this respect ny is bounded only by the total number of independent coordinates
participating in a given loop (n; — m; — 1) and should therefore be treated as a loop local O(n;?) operation. This
worst case behavior can best be observed in the case of spatial loops with large planar portions adjacent to the loop
base body.

The additional complexity of the coupled loop solution, if applied intelligently, never exceeds O(m;). The low
order due to the addition of multiple loops that may be required to avoid several singularities is obtained because the
newly formed loops need never be coupled to each other. Hence, the worst case behavior is an m; coordinate growth
in the description of the loop which is solved in linear time O(n + 2m;) or simply O(n + m).

The coupled loop solution also represents the last piece of a Generalized Recursive Coordinate Reduction (GRCR)
method which yields O(n+m) performance for arbitrary multibody system configurations. As such the GRCR should
be used to replace the traditional “order n” constraint formulation in any application save those where the constraint
forces are both explicitly required and few in number. That is the constraint forces can be extracted from the GRCR
in the usual way, which may be less efficient only in the case of very lightly constrained systems.

It should be noted that in the presence of heavy local loop coupling as one would find in a multibody lattice
(or mesh) the local coupling will produce n; spatial inertia terms on each body in a local loop. The computational
complexity of such methods in general is unclear, as optimal tree representations of such systems are required. In
some cases the results can still be obtained in O(n +m), in others O(n +nym) is more appropriate, while O(log,,, n)
may be an appropriate upper bound. The application of RCR methods to such systems is a topic of current and future
research.

The GRCR presented in this paper can also be exploited to obtain a parallel computation algorithm with logarithmic
time complexity (O(log,, n)). This forthcoming work, promises a theoretical minimum order of computations (O(n))
on the theoretical minimum order of processors (O(n)) as well as increased flexibility and accuracy owing to the form
of the constraint treatment.
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Figure 8: Available Five-Bar Tree Topologies

7 Conclusions

The Recursive Coordinate Reduction method which has previously been shown to offer true O(n + m) performance
for a large class of multibody systems has been expanded to accommodate the complete set of multibody systems.
Two methods have been derived to cope with singularities in the original formulation resulting from the fixed selection
of dependent coordinates. The arbitrary coordinate selection method requiring the inverse of a n; X n; matrix is
locally cubic, O(n;?) and is superior to the traditional O(n) closed loop solution if the system loops are small or the
coordinates need only be altered slightly.

The other solution involving the creation of a coupled loop representation of the singular loop offers O(n + m)
complexity. The fully recursive general coupled loop solution presented also completes a Generalized Recursive
Coordinate Reduction method which can be applied to arbitrary multibody systems resulting in O(n-+m) performance
for all but the most heavily coupled multibody latices. As such this method should be used in place of the traditional
O(n) constraint method for superior computational performance.
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