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Abstract

Themethodof RecusiveCoordinateReductioRCR)offerssolutionsto theforwardproblemof multibodydynamics
at a costin which the numberof operationsis linear in both the numberof generalizedcoordinatesn, andthe
numberof independentlgebraicconstraintsm (e.g.O(n + m)). However, the RCR is presentlyrestrictedin
applicability (althoughbroad)and susceptibleo formulation singularities. This paperdevelopstwo methodsfor
avoiding formulation singularitiesaswell asa recursve generalcoupledloop solutionwhich extendsthe RCR to
the completesetof multibody systems.Application of thesetechniquesare further illustratedwith a special ve-
bar linkage. The existing RCR coupledwith thesedevelopmentsconstitutea Genenlized Recusive Coordinate
Reductiormethodwhich shouldbeusedin placeof thetraditional*O(n)” constraintechnique(truly O(n + nm? +
m?)) for superiorO(n + m) computationaperformance.

Nomenclature

FA K  Thespatialacceleratiorvectorof bodyk asmeasuredn frameF .
FAX Therecursie spatialvectorof acceleratiocomponentassociatedvith bodyk measuredn frameF which
areexplicit in the systemgeneralizegpeedierivatives(u's).
FA(* The spatialvectorof acceleratiorcomponentsssociateavith body k measuredn frameF which arenot
explicit in the systemgeneralizegpeedgu's).
An[k] Theancestrabodysetof abodyk.
b  Index correspondingo the branchingbodyin a coupledioop system.
chlk] Thesetof child bodiesof abodyk.
D; And arbitrarydependentoordinateon localloopi.
dep Thesetof dependentoordinate®n localloopi.
D egk] Thedescendartiodysetof abodyk.
F K Thespatialforcevectorof bodyk.
Bk  Therecursie spatialforce vectorof bodyk.
Ib,\,I A columnmatrix of therecursve spatialforcevectorslf’ ki with k; 2 independents; throughl; .
F ki Thespatiafforcevectorassociatewith independengenealizedspeeduy, in thecoordinateeducedequation
of motiononlocalloopi.
F ki A spatialforce vectorintermediateuantityassociateavith bodyk.
fi A contet dependentrst” coordinateassociateavith alocalloopi.
GX A row matrix of spatialtensorsrepresentinghe dependencef spatialvelocity k; on outboardindependent
genenlizedspeeds
Hk A row matrix of spatialtensorgepresentinghe dependencen outboardndependengenerlizedspeedsn
spatialvelocity k; 's expressiorin termsof p;.
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Thespatialtensorelementof H X associateavith independengenealizedspeed .

A row matrix of spatialtensorsepresentinghe dependencen outboardindependengenemnlizedspeedsn
thek; th coordinataeducedequationof motion (outboardof p;).

A row matrix of spatialtensorintermediateguantities.

And arbitraryindependentoordinateon local loopi.

Thespatialinertiatensorof bodyk.

Therecursve spatialinertiatensorof bodyk.

A recursve spatialinertiatensorassociatewvith independengenealizedspeeduy, in thecoordinateeduced

equationof motiononlocalloopi.

“i A recursve spatialinertiatensorassociatewith independengenerlizedspeediy, in thecoordinataeduced

equationof motionon localloopi.

“I A recursve spatialinertiatensorassociatedvith independengenerlizedspeeduy in thecoordinateeduced

equationof motionexisting only on commonbodiesof two coupledioopsi and; .
A columnmatrix of therecursve spatialinertiatensorspk‘ 0 with k; 2 independents$; throughl; .
A columnmatrix of therecursve spatialinertiatensorsO'pk' with k; 2 independent$; throughl; .
A spatialinertiatensorassociateavith independengenerlizedspeeduy, in thecoordinateeducedequation
of motiononlocalloopi.
A spatialinertiatensorassociateavith independengenerlizedspeeduy, in thecoordinateeducedequation
of motiononlocalloopi.
A spatialinertiatensorintermediatequantityassociateavith independengenerlizedspeeduy, .
A spatialinertiatensorintermediateguantityassociateavith independengenerlizedspeeduy .

Thecentralinertiadyadicof bodyB .
Index correspondingo anarbitrarykinematicloop.
Thebodysetof independenthildrenof bodyk.

iD egk] Thebodysetof independentiescendantsf bodyk.

ind; Thesetof independentoordinate®n localloopi.

j Index correspondingo anarbitrarybody, coordinatepr kinematicloop.

ji  Index correspondingo anarbitrarybodyor coordinatenumberonlocalloopi.

Ki A diagonalmatrix of the spatialpartial velocity vectorsassociateavith independentgenernlized speeds

throughl;.

k  Index correspondingo anarbitrarybodyor coordinatenumber

ki Index correspondingo anarbitrarybodyor coordinatenumberon localloopi.

li  The"last” independentoordinateassociatedavith alocalloopi.

N  TheNewtonian(or inertial) referencdrame.

n  Thenumberof generalizeatoordinatesn a multibodysystem.

n,  Thenumberof independentoordinate®utboardof thevirtual terminalbodyp; onlocalloopi.

n;  Thenumberof generalizeadoordinatesn alocal kinematicloopi.
M k Therecursietriangularizednassmatrix diagonalassociateavith genenlizedspeedk.
M, A squarematrix of the coupledblock triangularizednassmatrix termswhich are @ i with k; 2 indepen-

dentsf; throughl; .

m  Thenumberof independenélgebraicconstraintrelationsin a multibody system.

m;  Thenumberof independenalgebraicconstraintrelationsin thelocal loopi.

mg Themassof abodyB.

P X Thespatialpartialvelocity vectorrepresentinghe partial derivative of N V¥ with respecto u, .

B Theconstrainedpatialpartial velocity explicitly accountingor the constrainthroughthe directembedding

of theconstraintsn the equationn motion.

Pi
plk]
QKi
R k;

r

Index correspondingdo thevirtual terminalbodyof thelocalloopi.

Theparentof abodyk.

A scalarintermediatequantityassociatedavith thelocal kinematicsof loopi andbodyk.

A spatialtensorintermediatequantityassociatedvith thelocal kinematicsof loopi andbodyk.
Index correspondingo anarbitrarybodyor coordinatenumber



SX  The spatialshift tensorwhich representshe position vector crossproductcoupling of linear and angular
relationshipsassociateavith bodyk andit's parentbody.
'Sk The spatialshift tensorwhich representshe position vector crossproductcoupling of linear and angular
relationshipsetweerbodyk andbodyr .
Tk Thespatialtriangularizatiortensorassociateavith genealizedspeedk.
U Thespatialunity tensor

O A unity dyadic.
ux  Thegenerlizedspeedassociatedvith the motionof bodyk relative to it's parentbody.
uj A matrixof theindependengenerlizedspeedd; throughl;.
Uy  Thegenesrlizedacceleation associatedavith the motionof bodyk relative to it' s parentbody:
FVvK  Thespatialvelocity vectorof bodyk asmeasuredn frameF .
FYk Therecursie spatialvectorof velocity componentsassociatedvith bodyk measuredn frameF which are
explicit in thesystemgeneralizegpeedgu's).
FV, X Thespatialvectorof velocity componentsissociatesvith bodyk measuredh frameF whicharenotexplicit
in thesystemgeneralizedpeedgu's).
F¥B  Thevelocity of abodyB's centerof massasmeasuredn frameF .
WK A spatialtensorintermediatequantity recursvely relatingthe kinematicsof bodyk;, p[ki], andn; through
thedirectembeddingf constraintonloopi.
X X A spatialtensorintermediatequantity recursvely relatingthe kinematicsof bodyk;, p[ki], andn; through
thedirectembeddingf constraintsonloopi.
Y ki A spatialtensomelatingthekinematicsof bodyk;, pi, andn; throughthedirectembeddingf constraintson
loopi.
Z kA spatialtensorelatingthe kinematicsof bodyk;, ki, andn; throughthedirectembeddingdf constraintson
loopi.
0; Thebasebodyof loopi whichbrancheso form theloop.
FL B Theangularvelocity of bodyB asmeasuredn frameF .

1 Intr oduction

The compleity of a multibody systemmodelis often simpli ed to obtain solutionsin a desired(or realistic)time
scalefor applicationssuchasrealtimeoperatoror hardware-in-the-loopsimulation,roboticsand control simulation,
modelbasedredictive control,virtual prototyping,designoptimization,andthelike. The delity of suchapplications
is mostgenerallycompromisedy boththe modelreductionandsimpli cation requiredto realizesimulation/analysis
time constraints.In this respectyrapid computatiorof the forward dynamicsof multibody systemshasanimportant
role in mary areas. Which haspromptedresearchersvhoseinterestslie in a wide variety of elds to investicate
methodsfor increasingthe performanceof multibody forward dynamicsmethodswhich hadtraditionally computed
solutionsfor then independentoordinateaccelerationin ordern® (O(n®)) operationsverall.

In 1983 Featherston§l2] presentedan ef cient formulation of existing O(n) methods(thoseof Vereshchagin
[24] andArmstrong[8]) calledthe Articulated BodyAlgorithm (ABA). Basedon Walker andOrin's ef cient O(n?®)
forward solutions[25], whichwerein turn derivedfrom recursie O(n) solutionsof theinverseproblem[20][15], the
ABA achieved linear costversuscompleity (O(n)) for the forward problemthroughthe exploitation of additional
recursve relationships.

Sincethe ABA's introductiona myriad of O(n) methodswhich extend the applicability and e xibility of the
recursve formulation have followed. Most notably are the extensionsinvolving variousclassesof e xible bodies
[11][17][2], integrationwith optimal Itering andcontrol[22][19], designsensitvity [7][16], andparallelcomputing
[10][3][6][14]. Sufce it to saythatimprovementgo the underlyingrecursve O(n) formulationbene t all of these
areas.

The rst recursve O(n) algorithmscouldbeappliedonly to treetypemultibodysystemsbut werequickly extended
by Featherston§l3] andBaeetal.[9] to includethosewith kinematic(closed)loops. However theseandmostother
subsequertlosedoop solutionsrequiretheformationandinversionof anm m constrainimatrix, involving O(nm?2)



andO(m?®) operationgrespectiely (wherem is the numberof independenalgebraicconstraints).Becauseof the
cubicnatureof the constraintsolutionthese'Order n” algorithmscanbe outperformedy ef cient traditionalO(n3)
methodgor modesto heavily constrainegystems.

As analternatve to existing O(n) closedloop methods Valasek[23] outlinedtwo methodsfor the treatmentof
multibodyloop systemsn which the effectsof dependenioop coordinatesouldbe obtainedn termsof theindepen-
dentloop coordinatesn a numberof computationdinearin the numberof dependentoordinatesin anindependent
development,Anderson[4] formulatedsimilar, thoughmore general,equationdasedon his O(n) algorithmwhich
implementKane's Method[1]. Andersonespousedhe potentialbene ts of sucha method,which apartfrom offer-
ing theimproved computationatompleity cited by Valasekalsoincludedsuperiorconstraintstability relative to the
traditional“O(n)” constrainformulation.

More recentlythe authorg[5] have extendedthe formulation,now referredto asRecusive Coordinate Reduction
(RCR),to includeabroadarrayof heavily coupledmulti-loop systemsThis work directly demonstratethe predicted
resultsof [4] anddetailsthelimitations of the formulation.

This paperpresentsnodi cationsto the RCRfor thelimiting casef [5], which pertainto arbitraryselectionof
dependentoordinatesand coupledloopswith differentloop basebodies Surpassingheselimitations resultsin a
GeneanlizedRecusiveCoodinateReductiormethodcapableof accommodatingrbitrarymultibody systems.

2 Preliminaries

In this section,specializednultibody notationsare introducedand usedto illustrate the recursve relationshipsand
procedurefundamentato the O(n) algorithmswhich will aidin the subsequerdevelopments.

2.1 Spatial TensorNotation

A spatialtensornotationhasbeenadoptedo greatlysimplify the form of theequationsisedto describepropertiesof
multibodysystemsSpatialtensorsarelinearalgebraicallyaugmentedhreedimensionatensorgvectorsanddyadics)
which are usedto combinetranslationaland rotationalinformationinto a commonuppercasescript symbol. For
example,a spatialvelocity tensorV anda spatialinertiatensorl maybegivenas
" 4 2 i 3
NyB =Ty |B - BF 0 :4*3I“~ OU~5
v 0 Mg 00 mpO
wherethe left superscriptN is the frame of reference B is the body namewith B denotingthe centerof mass,
_B=B _
Bl is the centralinertiadyadic,mg is thebody'smassandU is a unity dyadic.
Thusa spatialmomentuncouldbe de ned asthe dot productof spatialinertiawith spatialvelocity

notto be confusedwith thetensomultiplication| BN VB which would insteadproducetwo third ordertensors.
Note thatthe transposef a spatialquantityalsoappliesa transposeperationto its elementswvhich signi es an
interchangef indiceson dyadicquantities.

2.2 Body Sets

A generaimultibodytreesystemsuchasthatshovnin gure 1 allows a numberof usefulbodysetsto bede ned. We
notethateachbodyk in thesystem:

hasa singleparentbodyp[k] exceptthe basebodywhich hastheinertial referenceN asits parent.

hasa setof child bodiesch[k] which maybeempty



Figurel: SystemSchematiof anArbitrary TreeSystem

is saidto beaterminalbodyif ch[k] is empty

hasanancestal bodysetAn [k] which containghebody's parentp[k], thatbody's parentp[p[k]], andsubsequent
parentbodiesbackto andincludingthe basebody:

hasa descendanbody set denotedD egk] which containsthe body's childrench[k], the children’s children
ch[ch[k]], andsubsequenthild bodiesout to andincludingterminalbodies.

2.3 Recursive Kinematics

Mary recursve de nitions in the kinematicsof multibody systemsaretrivial, occurringnaturallythroughthe useof
relative coordinatesHowever, beforetheserelationshipsareexpressedn the spatialnotationof section2.1theveloc-
ities andaccelerationgredecomposethto portionswhich areexplicit in the coordinatevelocities their derivatives,
andall remainingterms.Furthermorepbservindineartransformationgrom coordinatevelocitiesg andaccelerations
¢ to generlizedspeedsl andtheir derivativesu, (asis commonlydonewith Kane's Method[18]) allows increased
ef ciency [21] withoutlossof generality

Thevelocity andacceleratiomecompositionsregivenby

ka - Fbk_'_FVtk (1)

FAk — ka+ FA[k; (2)
wheref V; ¥ andFA ¥ aretheportionsof thevelocity andaccelerationvhicharenotexplicit in thegeneralizedpeeds
u andtheir derivativesu, respectiely. The® V% and FAK have thefollowing recursve de nitions

FVk — (Sk)T Fbp[k] + Pkkuk (3)
F'd?k (Sk)T Fﬁpp[k] + Pkklﬂ(; (4)
whereuy is the coordinategenerlized speed Pkk is the spatial partial velocityvector, and S¥ is the spatial shift

dyadicwhich representshe positionvectorcrossproductcouplingof linearandangularrelationships.
An arbitraryspatialpartialvelocity P,X canbe constructeds:

CARA) _ ( ('s9HT P/S r2 k[ An[k]

Pk = S
' Q@i 0 else ®)
where 8
2U r=k
rgk = gehlr] ... gplplzplpkll T :--gpkl gk 2 k[ An[k] (6)
>
T2 else



andU is the spatialunity " #

U=

o
a o

We notethatthe quantitiesNA%, NA, X, Pk, and S for all bodiesk canbe formedin O(n) operationgfor a
givensystenstate.

2.4 Recursive Dynamics

The spatialform of the equationsof motion for a multibody tree systemcontainingonly single degreeof freedom
jointsis givenby Kane's Method[18] as

xXo
(PT 1k NRK FN=o (7)
k=1

WhereF ¥ containsall forcesandmomentson body k appliedaboutthe centerof massaswell asthe inertial force
contritutionsknown in termsof the systemstate.
The equationof motion (7) readilyreducego (8) by observingthe partialvelocity decompositiorgivenin (5).

X
(Prr)T rsk (l k Nmk = k) =0 (8)
k2Des[r][ r
Onemaynow make theassumptiorthatthe form of the kth equationof motioncanbe expresseds
(PE)T (P* NARK BY =0 ©)
Thustrivial boundarydatais extractedfrom the equationsof motionassociatedavith terminalbodiest
pt=1t and ®'=F"h (10)

Substitutingthe recursie form for NA¥ of (4) into (10) gives

(POT [PX (YT NAPK + pry)  BK] =0 (11)
And solvingfor uy yields
u= (59 Y(POT (PY (SHT Nk bk (12)
with,
k= (PKT bk pk: (13)

Now performingsimilaroperation®ntheequatiorof motionassociatevith theparentbody's degreeof freedom,
andsubstitutingthe previous solution(12) follows as

0 = (PN * Plkisi (11 NAI Fl) (14)
j2Des[p[k]I[ p[k]
= (ppFELk]])T (1 Pkl Npkl - oplk]y 4 X pIgi (11 NI Ey (15)
j 2D es[p[k]]
= (ppri{(k]l)T (1 PIKI Nl pIkly 4 X si (i NAI iy (16)
j 2ch[p[k]]
= (ppp[{(k]])'r (1 P NPl pIk]y 4 X si (bl f(shT N,dpp[k]+pjjgig by @7
j 2ch[plk]]
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(ppP[Lk]])T (1 PIKI N eIkl plkly 4 (18)
sl (b1 f(sSh)T NApK PJJ(MJ) 1(Pji)T (Pi (ST Nprlkl  piyg Pi)
j2chiplk]]
- (PpFELk]])T (PPl Nfplkl ikl (29)
andtherecursve intermediateguantitiesareobtainedthroughgroupingof termsas
X

prlkl = | pIK] 4 Ti pio(shT (20)

j2chip[k]]

X . .

prkl = okl 4 Ti i (21)

j2ch[plk]]
TI = siu Piprm@l) }PHL: (22)

TheO(n) solutiontheninvolvesthecalculatingtherecursve intermediateyuantitieg20) and(21) inwardfrom the
terminalbodies effectively lower triangularizingthe systemmassmatrix. Thenforward substitutingfor the solution
usingequationg12) and(4) notingthat NAN = 0.

3 Recursie Coordinate Reduction

The traditional“O(n)” constrainttechnique(which actually performsasO(n + nm? + m3) wherem is the num-
ber of independentlgebraicconstraintrelations[5]) cutsjoints to producetreetopologiesfrom generalmultibody
con gurationscontainingkinematicloops. By contrastthe methodof Recursie CoordinateReductiongeneratesin
associatedreetopologythroughtheintroductionof phantombodies which aremasslessopiesof theloop basebody
(the rst bodyoutboardof theinertial referencenhich branchego form theloop). This constructioris demonstrated
in gure 2 aswell asalocalloop numberingscheme.

3.1 Kinematics

“Openloop” systemgesultingfrom the additionof a phantombody to a previously “closedloop” are subjectto the
velocity andacceleratiorconstraints

avmo= 0 (23)



AM = 0 (24)
Thevelocity constraintmay be decomposeeéxactly aswith the unconstrainegdystemyesultingin

0 = Oyn =0yn 4 AVALL (25)
0 = (S™)T 40M T4 phiy, + v " (26)
un, is alwaysavalid choicefor adependentoordinateandthereforet canbesolvedfor as
Up, = QM(PIHT [(S™)T O™ T4 O] (27)
with
QM =[(Pp)" Pol h: (28)
Equation(27) canbe substitutedackinto (26) to obtainthen;  1stform of thevelocity constraint
0= R™ [(" SM)T 0pn Ty 0y (29)
where
R"=U PNQ"(PM)": (30)
Making anappropriateselectionfor therecursve form of thek; th equationandsolvingfollows as
0 = Rk [(kgmyT o ki 4 VALY (31)
= RN [(is™)T pliu + (M ST apki 4 Oy i, (32)
And thereforethe generakolution
uk. - Qki(Pkkii)T kiSni Rk‘+l [(ki 1Sni)T Oibki +Oivtni] (33)
is obtainedwith
Qk = [(Pkkii)T kigni R ki+l (k‘Sni)T Pkki‘] 1 (34)

(undertheassumptiorthatthelastm; consecutie coordinateconstitutea valid selection®f dependentoordinates;
e.g.the rst p; coordinategorm avalid setof independentoordinates).
Thek; 1stequation

0= Rki+1 [(kisni)T Oibki + Oinni]; (35)
thenallows a solutionfor therecursve relationship
Rki — Rki+1 [U (kiSni)T PkkliQki(Pkk‘i)T kiSni Rki+l]: (36)

For thedependenbodies,we notethatin the usual¥® decompositiorof (37) it is valid to substitutg(35) resulting
in (38)

OGPk = (SK)T 99N T4 Pl 37)
= wki 0gk Ty xki Oy (38)
where
WE = (6 Igk)T 4 oxki (ko Igni)T (39)
xk = plQk(pk)T ksn Rk (40)

Therelationship(38) canthenbe usedto write additionalrecursve relationsexpressinghe dependentelocities
in termsof thelastindependentoordinatdan theloop p;

Ogki = yk 0Py z ko Oy (41)
yki o= wk yk 1 (42)
zko o= xR+ wk o zko1 (43)
with thetrivial boundarydata
YP = and zZP =0 (44)
This sameprocedurecanbefollowedwith the dependenaccelerationsesultingin
0ipki = yki 0ppi 4 7k OiAtni: (45)



3.2 Dynamics
The constrainedorm of the equationof motionis givenby
X
0= (BT (1% NAk Fk (46)
k=1

where B are the constrainedhon-holonomicspatial partial velocities (which explicitly accountfor the constraint
throughdirectembeddingf constraintsnto the equationf motion).
At this pointwe notethe additionalkinematicde nitions

NA)ki - (Oiski)T Nmoi + OiA)k\ (47)
kai — (OiSki)T Nboi + Owbki: (48)
Substitutingthe acceleratiomelationship(47) into (46) andrestrictingour attentionto thelocal loop we obtain
Xi
0= (BX)T (1% (Osk)T NAO 4k ofk pliy: (49)
ki=r

The constrainedpbartial velocitiesare the partial derivatives of the velocitieswhich are written in termsof the
independentoordinatessin (41). Thesepartialderivativesare

Nk, 2 PS ki 2 ind; andr 2 ind;
ki = @'v®) _ Ki ' _ .
B = =_YH PP ki 2 dep andr 2 ind; (50)
Q@ >
Y r 2 dep

whereind; anddep arethesetsof independenanddependentoordinategrespectrely) onlocalloopi.
Substitutionof (50) into (49) resultsin

574 1
0 = (Prki)T (I Ki (Oiski)T N'@oi + Ki OiA)ki F ki)+ (51)
ki:r
Xi
(P,pi)T (Yki)T (I ki (Oiski)T NmOi + | ki OiA)ki E ki):

ki=pi

And %A% for the dependenbodiesis givenin termsof 0 Api by equation(45) which allows usto rewrite (51) as

0= (Prki)T (I ki ;0; N/boi + O‘l ki Oilbki E ki) (52)
ki=r
with (
I kisoi  — ki (OiSki)T ki 6 pi (53)
(e (YT 1 OSIT k= p
ki ki 6 pi
Oil Ki - ‘ ) ' . i i 54
AR o9
ki ki 6 pi
Fl = . ‘ o o 55
Mo (YINT Rl e zie oAk =y (53)

The coordinateeducecequationof motion (52) maythenbe solvedrecursvely in exactly the samefashionasthe
unconstraine@quationf section2.4. Thatis, substitutionof (5) into thej ; th equationof motion (52) resultsin

: X
0= (PjJii)T JISkl (I ki ;0i Nmow + OII ki Olmkl = kl) : (56)
Ki=Ji



And agin therecursie assumptiors thatthej; th equationis of theform

0= (pjjii)T (pji;Oi NG 4 Oipii  Oifii |:bJ'i); (57)
andtrivial boundarydatais obtainedfor thelastindependentoordinatdan theloop p;
ppi:0i = | pi:0i Oippi = Oi| pi PP = EPi: (58)

The recursie form of %A from (4) is thensubstitutednto (57) andthe unknavn u;, is solvedfor in termsof
thedynamicsof the parentbody.

wo= () KROT (PO MR 0PI (SI)T 0RRi i) (59)

In the equationof motionassociatedavith the parentof thej;th body (e.g.(56) with j; replacebyj; 1) the rst
termcanbe extractedfrom the sum,andthe remainingsumreplacedhroughappropriatesubstitutionof therecursve
guantitiesin (57). Furthersubstitutingthe solutionof u;, , andgroupingtermsrevealsthe solutionfor the recursve
relationships

pii 10 = i L0 L Tii piio (60)
Opii 1 = Opdi 1y i Opli (ginT (61)
piv 1 = Fl 1y T b (62)
T =shu %bin pliiny L(PIHT] (63)
M = (PlH)T Oplipi: (64)

At theloop basebodywe notethat 00 = 0 therebydroppingthe additionalterm andfollowing the de nitions
for unconstrainedreesystemg20-22).

The mostconstrainindimitation of this, the RCR formulation, is the assumptiorthatthe lastm; coordinateof
an openedloop constitutea valid selectionof dependentoordinates. For this reason,solutionsfor mary looped
multibody systemsannotbe modelledby the presentedorm of the RCR,andmary morehave the possibility of en-
teringsingularcon gurationsand/orareasof numericalill-conditioning duringsimulation. Two methodgor avoiding
singularitiesby alteringthe dependentoordinateselectionwithin the frameawvork of the RCR will be describedand
evaluatedn thefollowing sections.

4 Arbitrary Selectionof DependentCoordinates

The rst methodof avoiding singularitiesassociatedvith the RCR involvesthe speci cation of arbitrarydependent
coordinatedlirectly in the formulationof the RCR algorithm. In otherwords,independengeneralizeccoordinates
will beincludedin betweerthe dependentoordinatesWe alsonotethatthe lastcoordinatein the loop canandwill
alwaysbe choserasdependentThisis becaus@ot doingsowould requirethe phantonmbodyto have massproperties
which althoughtrivial, addsneedlessadditionalcompleity to the formulation (e.g. somestepscan be skippedby
noting that the spatialinertia associatedvith body n; is always zero). Figure 3 illustratesa possibleselectionof
dependentoordinategswell asadditionalnumberingnformationwhich will berequiredby the new formulation.

The kinematicsolution (33) which solvesfor the behaior of a coordinatein a loop involvesthe inversionof an
independentonstraintrelationship. Becausdahereare exactly m; independentonstraintequationsassociatedvith
loop i, this inversionis not admissiblefor the independentoordinated ; throughl; (wheref; andl; arethejoint
coordinatesssociateavith bodiesF; andL; of gure 3). Insteadcontributionsfrom thesecoordinatesppeadirectly
in thekinematicsformulationas

X ) .
0= Rki+1 (kiSni)T Oini +0ivtni + (]Sﬂi)T ijlil (65)
j2iD es[ki]

whereiD esis thesetof independentiescendantsn thelocalloop (e.g.iD egk;] = Degk;]\ ind;) and

(
_ RNTU(MS™)T REQN(PE)T MS™ RKM K 2dep (66)

R ki+1 .
R ki+l ki 2 ind;j

10
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Figure3: Body Numberingin the Selectionof Arbitrary Dependen€Coordinates

Hencethe solutionfor the dependengeneralizedaccelerationganbe obtainedby the acceleratiorform of (65) and
aregivenby

X , .
Lﬂ:)i - QDi(PéDii)T DiSni RDi+l (Di lsni)T 0i¢Di + OiAtni + (ani)T ijul : (67)
j2iD es[Di]
We now notethatthe velocitiesof the bodiesassociateavith thedependentoordinate®; aregivenby
0pP = (8PH)T %P Ty pPiup, y (68)
= WP 0D 1y xDi Oy iy x D (s™7 Pluy; (69)
j2iD es[Di]

whereW Pi and X Pi aregiven exactly asin (39-40). And the independentoordinated ; canbe castin a similar
form,

opli = (Sli)T ol 1y PllliU|, (70)
Wl ot Ll Oy plig, (71)

with W' = (S'")T andX ' = 0.
Combiningthesetwo relationshipgor agenerabodyk; ontheloopandoutboardof p; (e.g.k; 2 Degp;]) results
in

Oivki - Wki Oibk‘ 1 + X ki 0O Vt ni 4 Gki Kiui (72)
where
8 h i
20 0 U 0 0 _ _ ki 2 ind;
Gki — h . 1 n; (spatial) | (73)
>xk 0 (|ch[ki]sni)T (hSn\)T ki 2 dep
h i 1 n, (spatial)
Ki = diag (P/") (P _ (74)
n; n; (spatial)
ui = (ufi u; n; 1 (scalar) (75)
ki\T 2 ind;
Wk = (SK) ki 2 ind; (76)

(SK)T + Xk (ki 15n)T K 2 dep
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. 0 ki 2 ind;
Xk = pk ok (pkyT kigni ki +1 I | (77)
K QU (P) ishi R ki 2 dep

with ich[k;] = chlki]\ ind; andn, equalto the numberof independentoordinateutboardof p; (e.g.thenumber
of independentm f; throughl;).

Onceagainthevelocitiesmaybewritten in termsof thatof p; andtheknown portionof n;, but with anadditional
contritution from all of theindependentariabledying betweerthem(u;).

Ok = ki 0Py z ke Oyt K K, (78)
Where
ykio= whioykot (79)
zk = xM+whk o zkt (80)
HY = GM+wk HK L (81)

The constrainecequationsof motion associatedvith the lastindependentoordinated ; throughl; of the local
loop aregivenby

Xi
0= (BT (1% N FY (82)
k=pi+1
or

Xi

0 (Iﬂrk)T (l k (Oisk)T NA?Oi + k Oi,d?k Fk): (83)
k=pi+1

It shouldbeclearthat

B =H P/; (84)

whereH ¥ istheelemenbf H ¥ correspondingo thecontritution of ther th generalizegpeed Usingthisrelationship,
equation(83) becomes

0= (Prr)T (Hrk)T (| k (OiSk)T N/boi+| k Yk Oi/@pi‘i'l k Zk OiAtni_I_I k Hk Kiu_i_ Fk), (85)

k=p;+1

andgroupingtermsresultsin

Xi _
0= (P)T (HIT (1%0 N 4 Ok 0fop 4 gk Ky, F K (86)
k=pi+1

with
| k;0; - I k (O.Sk)T (87)
Gpko= kv (88)
Fk o= Fk 1k zk oaM™ (89)
HY = 1% HK (90)

Which canalsobewritten as

0= (Py)T (Pxior NAO 4 Opki O 4 ki Ky, k) (91)
wherefor independentoordinates; throughl;
0; ki A i \T [0
poki = (H)T 1o (92)
j=pi+l
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Xi

Opki = (H)T o (93)
j=pi+l
Xi .

k= (H)T FI (94)
j=pi+l
Xi .

k= (Hi)T HI: (95)
j=pi+l

And the solutionsfor theindependengieneralizediccelerationsnustsatisfythe setof linearscalarequations
M Kiy; = (Pkkii)T (pOi;ki NAO 4 Oipki  0ifpi Fbki) (96)
with
ko= (PHT Bk K (97)
Which maybewrittenin matrix form as

Myui= KT (RY NARO% 4+ ph Ohpr (98)

Wherethe p,\ﬁl’i , p,\ﬁi ,andlb,\,I areappropriatecolumnmatriceswith elementd 0 ki 0ipki ang@ki respectrely, and
M , is thesquarematrix constructedrom the I ki for k; fromf; tol; (2 n;).

Thesolution
u= (@y) KRy MR+ PR AR B (99)

is thenobtainedfor the outermosindependengeneralizediccelerations; .

For theremainingindependentoordinate®ntheloop (ki  p;) theassociateduantitiesandequationsf motion
arealmostthoseof section3, differing only in thede nitions of thetermsassociateavith the virtual terminalbodyp;
which areinstead

Xi

prio = | mo (YT H* K@) KT P (100)
k=p;+1

opr = o (YT HY Ki(@y) KT PR (101)
k=p;+1

pr = EbP (YT HK K@) KT By: (102)
k=pi+1

And therecursionproceed®xactly asbefore.

5 General CoupledLoops

A secondmethodof avoiding singularitiesin the RCR formulationinvolvesalteringthe topology of the multibody
systemsuchthat valid dependentiegreesof freedomare adjacentand at the end of all openloops. The topology
adjustmentnvolvestheadditionof ctitious (althoughcompletelyvalid) joints to the systemandrelieson the ability
to handlesystem=f coupledioopsthatdo not sharea commonbasebody

An arbitraryclosedloop with aninvalid setof terminaljoints is illustratedin gure 4. A trivial solutionto this
problemwhichmaybevalid in mary casess to simply “work theloopin theoppositedirection”. Thusin thepresence
of singularcoordinateselectionat “both ends”,adjustedoopssuchasthatshovn in gure 5 canbe usedto avoid the
singularity

Thecomputatiorof two coupledoopsi andj with differentbasebodies0; andQ; requirestwo differentrepresen-
tationsof the spatialacceleratiomelative to inertial framefor bodiesalongtheintersectiorof bothloops.

Nmk - (O.Sk)T N/bo. + 0.@'( (103)
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Noting therelationships,

Redundant
Joints

Figure5: A NonsingulaRepresentationf the Loop of Figure4

Nk = (OgkT NOO 4 0k

NAO = (0S0)T NAO 4 0o
Ok = (UgK)T 0H0 4 O Ak

substitutionandsimpli cation of either resultsin

Nﬁpk — (Oisk)T NA)Oi + (Ojsk)T OiA)Oi + OJ‘A)k:

(BT (1k NAY FRy=o0

k2D es[b][ b
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(104)

(105)
(106)

(107)

Using relationship(107) to handlecoupledloopswithin the RCR is simply a matterof bookkeeping. The local
kinematicsremainunchangedandthe dynamicsof the branchingbody b from which the two openchainsextendare

(108)

If the branchingbody's associatedjeneralizeccoordinateis an independentoordinate(which it is not in coupled
loopsresultingfrom topology“adjustments’for the purpose®f avoiding a singularcoordinateselectiontheequation



Ay R
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eh)
4,
Figure6: A PlanarFive-BarMechanism
of motionis X
(PO (1P NAP EP)+ (BT (% NAY FR = (109)

k2 D es[b]

Substitutingfrom the recursve equationof motion (57) associateavith eachof the rst bodies(f; andf;) in thetwo
branching‘opened”loops,andagain assuminghatboth bodieshave associateéthdependentoordinategwhich one
is notin the caseof thetopology“adjustment”)oneobtains

0 = (Pbb)T (| b NA)b Fb)+ (Pbb)T Sf‘ (pfi;O‘ NA)Oi + infi O‘A)fi bei)+ (110)
(Pbb)T Sfj (pr;Oj NpOi + infi Oj@fj ﬁ)fj):

Pluggingin the usualrecursve relationshipg(4) for %A2fi and ®Afi aswell asthe form of the solutionsfor Us,
anduys; givenin (59), resultsin an equationexplicit only in contritutionsfrom quantitiesassociateavith bodies0;,
0;, andb. However the four spatialinertia coefcients of N0, NAO 04 and % AP cannotbe useddirectly
to form recursve spatialinertiasb . Insteadthe coefcients arecombinedanddistributedasindicatedby equations
(105)and(106)to producethreecoefcients of the spatialaccelerationd! 2% | %A%  and % AP, And Using(107)to
decomposé' R° onemaywrite

0= (Pbb)T (pb;O. NA)O. + O.prOJ 0.@0J + ijb ijb be): (111)

Thethreetermrepresentationf (111)only appliesonthe bodieswhich arecommonto bothloops.As onthebase
body of theinnerloop (in thiscase ) %Ak = 4A% = 0 andthereduction“back” to two termsis automatic.

In the caseof dependentoordinatedeingpresentttheintersectiorof thetwo loops,therelationship(45) allows
thethreetermsto be constructeditthe rst independentoordinatenboardof b. And solutionsinvolving dependent
f; aresimilarly solved.

6 Discussionand Results

Oneof thesimplestmultibodycon gurationsfor whichtheRCRformulationof section3 will breakdevn is theplanar

ve-barlinkagerepresenteth gure 6. In thissystentheactionof coordinatesy;, ¢, andgs arethatof revolutejoints
andq, andgs representhe motionof telescopingprismaticjoints. It shouldbe clearthatwhenrestrictedto aforward
sweepof the ve-bartheRCRwill breakdevn dueto theinvalid selectionof dependentoordinate$3-5).

The “arbitrary coordinateselection”(ACS) methodof section4 doeshowever exhibit the expectedsolution (as
obtainedwith AUTOLEV) as demonstratedby the independentoordinatetrajectoriesshavn in gure 7. In this
example,coordinatesp, gz, andgs areusedasthedependentoordinatesall barsarethin rodsof unit length(meters)
andmass(kilograms),andthe linkageis releasedrom restin the vertical planewith theinitial conditions(q; = 7,
k=5 8= 51%:01%:0)-

The“generalcoupledloop” (GCL) solutionof section5 for the same ve-barmechanisnis alsoshovn in gure
7 (the motionsareidentical). In the caseof this simplemechanismthe two multibodytreetopologiesof gure 8 are
possibleto avoid the singularity It shouldbe notedthat the systemof 8.b is actuallyan existing solutionof a type
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Figure7: Five-BarSimulationResults

demonstrateth [5] (e.g.coupledioopswith the samebasebody), the form of which is only availablefor planarand
somespecialspatialloops. For this reasononly the solutionindicatedby 8.a correspondindo the generalcoupled
loop procedurds givenin gure 7.

Although eachof the two methodsdiscussedn sections4 and5, respectiely, obtainthe sameresult, the com-
putationalorderof the algorithmsis very different. The compleity of the arbitrarycoordinateselectionmethodis a
cubicfunction of the numberof independentoordinates, locatedin betweerthe dependenbnes(p; + 1 andn;),
owing to theinversionof M ,, . In this respectn, is boundedonly by the total numberof independentoordinates
participatingin a givenloop (n; m; 1) andshouldthereforebe treatedasa loop local O(n; %) operation. This
worst casebehaior canbestbe obseredin the caseof spatialloopswith large planarportionsadjacento the loop
basebody.

The additionalcompleity of the coupledloop solution,if appliedintelligently, never exceedsO(m;). Thelow
orderdueto the additionof multiple loopsthatmaybe requiredto avoid several singularitiesis obtainedoecausehe
newly formedloopsneednever be coupledto eachother Hence the worstcasebehaior is anm; coordinategrownth
in thedescriptionof theloop whichis solvedin lineartime O(n + 2m;) or simply O(n + m).

Thecoupledoop solutionalsorepresentthelastpieceof a GenenlizedRecusiveCoominateReductiofGRCR)
methodwhichyieldsO(n+ m) performancdor arbitrarymultibodysystencon gurations.As suchthe GRCRshould
be usedto replacethe traditional“order n” constrainfformulationin ary applicationsare thosewherethe constraint
forcesareboth explicitly requiredandfew in number Thatis the constraintforcescanbe extractedfrom the GRCR
in the usualway, which maybelessef cient only in the caseof very lightly constrainesgystems.

It shouldbe notedthatin the presenceof heavy local loop couplingasonewould nd in a multibody lattice
(or mesh)the local couplingwill produceny, spatialinertiatermson eachbodyin alocal loop. The computational
complity of suchmethodsin generalis unclear asoptimal tree representationsf suchsystemsarerequired. In
somecasegheresultscanstill beobtainedn O(n + m), in othersO(n + npm) is moreappropriatewhile O(log,,, n)
maybeanappropriataipperbound. The applicationof RCR methodgo suchsystemss atopic of currentandfuture
research.

TheGRCRpresenteih thispapercanalsobeexploitedto obtainaparallelcomputatioralgorithmwith logarithmic
time compleity (O(log, n)). Thisforthcomingwork, promisesatheoreticaiminimumorderof computationgO(n))
onthetheoreticaiminimumorderof processoréO(n)) aswell asincreasede xibility andaccurag owing to theform
of the constraintreatment.

16



Phantom 4~ Fﬂiﬂ

Ground 5 ] [ ]
Body
Phantom
Body 3
q O >
3 LLLLLLLL v Phantom

77777777}_4 Ground
a, | — Os Body

4,

a2
(b)

Figure8: AvailableFive-BarTreeTopologies

7 Conclusions

The Recursie CoordinateReductionmethodwhich haspreviously beenshawvn to offer true O(n + m) performance
for a large classof multibody systemshasbeenexpandedio accommodatéhe completesetof multibody systems.
Two methodshave beenderivedto copewith singularitiesn the original formulationresultingfrom the x edselection
of dependentoordinates. The arbitrary coordinateselectionmethodrequiringthe inverseof an,  n; matrix is
locally cubic,O(n, 3) andis superiorto thetraditionalO(n) closedloop solutionif the systemloopsaresmallor the
coordinatesieedonly bealteredslightly.

The othersolutioninvolving the creationof a coupledloop representationf the singularloop offersO(n + m)
complity. The fully recursve generalcoupledloop solution presentedalso completesa Geneanlized Recusive
CoorinateReductiormethodwhich canbeappliedto arbitrarymultibodysystemsesultingin O(n+ m) performance
for all but themostheavily coupledmultibodylatices.As suchthis methodshouldbe usedin placeof thetraditional
O(n) constraintmethodfor superiorcomputationaperformance.
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