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Abstract

Themethodof RecursiveCoordinateReduction(RCR)offerssolutionsto theforwardproblemof multibodydynamics
at a cost in which the numberof operationsis linear in both the numberof generalizedcoordinates,n, and the
numberof independentalgebraicconstraints,m (e.g. O(n + m)). However, the RCR is presentlyrestrictedin
applicability (althoughbroad)and susceptibleto formulation singularities. This paperdevelopstwo methodsfor
avoiding formulationsingularitiesaswell asa recursive generalcoupledloop solutionwhich extendsthe RCR to
the completesetof multibody systems.Application of thesetechniquesarefurther illustratedwith a special� ve-
bar linkage. The existing RCR coupledwith thesedevelopmentsconstitutea Generalized Recursive Coordinate
Reductionmethodwhichshouldbeusedin placeof thetraditional“O(n)” constrainttechnique(truly O(n + nm 2 +
m3)) for superiorO(n + m) computationalperformance.

Nomenclature
FA k Thespatialaccelerationvectorof bodyk asmeasuredin frameF .
F bA k Therecursive spatialvectorof accelerationcomponentsassociatedwith bodyk measuredin frameF which

areexplicit in thesystemgeneralizedspeedderivatives( _u's).
FA t

k The spatialvectorof accelerationcomponentsassociatedwith body k measuredin frameF which arenot
explicit in thesystemgeneralizedspeeds( _u's).

An [k] Theancestralbodysetof abodyk.
b Index correspondingto thebranchingbodyin acoupledloopsystem.

ch[k] Thesetof child bodiesof abodyk.
D i And arbitrarydependentcoordinateon local loop i .

depi Thesetof dependentcoordinateson local loop i .
Des[k] Thedescendantbodysetof abodyk.

F k Thespatialforcevectorof bodyk.
bF k Therecursivespatialforcevectorof bodyk.
bFM A columnmatrixof therecursivespatialforcevectors bF k i with ki 2 independentsf i throughl i .
�F k i Thespatialforcevectorassociatedwith independentgeneralizedspeeduk i in thecoordinatereducedequation

of motionon local loop i .
�F k i A spatialforcevectorintermediatequantityassociatedwith bodyk.
f i A context dependent“�rst” coordinateassociatedwith a local loop i .

Gk i A row matrix of spatialtensorsrepresentingthedependenceof spatialvelocity k i on outboardindependent
generalizedspeeds.

H k i A row matrix of spatialtensorsrepresentingthedependenceon outboardindependentgeneralizedspeedsin
spatialvelocityki 's expressionin termsof pi .
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H k i
r Thespatialtensorelementof H k i associatedwith independentgeneralizedspeedr .

bH k i A row matrix of spatialtensorsrepresentingthedependenceon outboardindependentgeneralizedspeedsin
theki th coordinatereducedequationof motion(outboardof pi ).

�H k i A row matrixof spatialtensorintermediatequantities.
I i And arbitraryindependentcoordinateon local loop i .
I k Thespatialinertiatensorof bodyk.
bI k Therecursivespatialinertiatensorof bodyk.

0i bI k i A recursivespatialinertiatensorassociatedwith independentgeneralizedspeeduk i in thecoordinatereduced
equationof motionon local loop i .

bI k i ;0 i A recursivespatialinertiatensorassociatedwith independentgeneralizedspeeduk i in thecoordinatereduced
equationof motionon local loop i .

0i bI k ;0 j A recursivespatialinertiatensorassociatedwith independentgeneralizedspeeduk in thecoordinatereduced
equationof motionexistingonly oncommonbodiesof two coupledloopsi andj .

bI 0i
M A columnmatrixof therecursivespatialinertiatensorsbI k i ;0 i with ki 2 independentsf i throughl i .

bI pi
M A columnmatrixof therecursivespatialinertiatensors0i bI k i with ki 2 independentsf i throughl i .

0i �I k i A spatialinertiatensorassociatedwith independentgeneralizedspeeduk i in thecoordinatereducedequation
of motionon local loop i .

�I k i ;0 i A spatialinertiatensorassociatedwith independentgeneralizedspeeduk i in thecoordinatereducedequation
of motionon local loop i .

0i �I k i A spatialinertiatensorintermediatequantityassociatedwith independentgeneralizedspeeduk i .
�I k i ;0 i A spatialinertiatensorintermediatequantityassociatedwith independentgeneralizedspeeduk i .

B ~~I
B =B �

Thecentralinertiadyadicof bodyB .
i Index correspondingto anarbitrarykinematicloop.

ich[k] Thebodysetof independentchildrenof bodyk.
iD es[k] Thebodysetof independentdescendantsof bodyk.

ind i Thesetof independentcoordinateson local loop i .
j Index correspondingto anarbitrarybody, coordinate,or kinematicloop.
j i Index correspondingto anarbitrarybodyor coordinatenumberon local loop i .
K i A diagonalmatrix of the spatialpartial velocity vectorsassociatedwith independentgeneralizedspeedsf i

throughl i .
k Index correspondingto anarbitrarybodyor coordinatenumber.
ki Index correspondingto anarbitrarybodyor coordinatenumberon local loop i .
l i The“last” independentcoordinateassociatedwith a local loop i .
N TheNewtonian(or inertial) referenceframe.
n Thenumberof generalizedcoordinatesin amultibodysystem.
nI Thenumberof independentcoordinatesoutboardof thevirtual terminalbodypi on local loop i .
ni Thenumberof generalizedcoordinatesin a local kinematicloop i .
cM k Therecursive triangularizedmassmatrixdiagonalassociatedwith generalizedspeedk.
cM M A squarematrix of thecoupledblock triangularizedmassmatrix termswhich are cM k i with ki 2 indepen-

dentsf i throughl i .
m Thenumberof independentalgebraicconstraintrelationsin amultibodysystem.
mi Thenumberof independentalgebraicconstraintrelationsin thelocal loop i .
mB Themassof abodyB .
P k

r Thespatialpartialvelocity vectorrepresentingthepartialderivative of N V k with respectto ur .
eP k

r Theconstrainedspatialpartialvelocityexplicitly accountingfor theconstraintthroughthedirectembedding
of theconstraintsin theequationsonmotion.

pi Index correspondingto thevirtual terminalbodyof thelocal loop i .
p[k] Theparentof abodyk.
Q ki A scalarintermediatequantityassociatedwith thelocal kinematicsof loop i andbodyk.
R ki A spatialtensorintermediatequantityassociatedwith thelocal kinematicsof loop i andbodyk.

r Index correspondingto anarbitrarybodyor coordinatenumber.
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S k The spatialshift tensorwhich representsthe positionvectorcrossproductcouplingof linear andangular
relationshipsassociatedwith bodyk andit' sparentbody.

rS k The spatialshift tensorwhich representsthe positionvectorcrossproductcouplingof linear andangular
relationshipsbetweenbodyk andbodyr .

T k Thespatialtriangularizationtensorassociatedwith generalizedspeedk.
U Thespatialunity tensor.
~~U A unity dyadic.
uk Thegeneralizedspeedassociatedwith themotionof bodyk relative to it' sparentbody.
u i A matrixof theindependentgeneralizedspeedsf i throughl i .
_uk Thegeneralizedaccelerationassociatedwith themotionof bodyk relative to it' sparentbody.

F V k Thespatialvelocityvectorof bodyk asmeasuredin frameF .
F bV k Therecursive spatialvectorof velocity componentsassociatedwith bodyk measuredin frameF which are

explicit in thesystemgeneralizedspeeds(u's).
F Vt

k Thespatialvectorof velocitycomponentsassociatedwith bodyk measuredin frameF whicharenotexplicit
in thesystemgeneralizedspeeds(u's).

F ~v B �
Thevelocityof abodyB 'scenterof massasmeasuredin frameF .

W k i A spatialtensorintermediatequantityrecursively relatingthe kinematicsof body k i , p[ki ], andni through
thedirectembeddingof constraintson loop i .

X k i A spatialtensorintermediatequantityrecursively relatingthe kinematicsof body k i , p[ki ], andni through
thedirectembeddingof constraintson loop i .

Y k i A spatialtensorrelatingthekinematicsof bodyki , pi , andni throughthedirectembeddingof constraintson
loop i .

Z k i A spatialtensorrelatingthekinematicsof bodyki , ki , andni throughthedirectembeddingof constraintson
loop i .

0i Thebasebodyof loop i whichbranchesto form theloop.
F ~! B Theangularvelocityof bodyB asmeasuredin frameF .

1 Intr oduction

The complexity of a multibody systemmodel is often simpli�ed to obtainsolutionsin a desired(or realistic) time
scalefor applicationssuchasrealtimeoperatoror hardware-in-the-loopsimulation,roboticsandcontrol simulation,
modelbasedpredictivecontrol,virtual prototyping,designoptimization,andthelike. The�delity of suchapplications
is mostgenerallycompromisedby boththemodelreductionandsimpli�cation requiredto realizesimulation/analysis
time constraints.In this respect,rapidcomputationof the forwarddynamicsof multibodysystemshasan important
role in many areas. Which haspromptedresearcherswhoseinterestslie in a wide variety of �elds to investigate
methodsfor increasingtheperformanceof multibody forwarddynamicsmethodswhich hadtraditionallycomputed
solutionsfor then independentcoordinateaccelerationsin ordern3 (O(n3)) operationsoverall.

In 1983Featherstone[12] presentedan ef�cient formulationof existing O(n) methods(thoseof Vereshchagin
[24] andArmstrong[8]) calledtheArticulatedBodyAlgorithm(ABA). Basedon Walker andOrin's ef�cient O(n3)
forwardsolutions[25], whichwerein turnderivedfrom recursiveO(n) solutionsof theinverseproblem[20][15], the
ABA achieved linear costversuscomplexity (O(n)) for the forward problemthroughthe exploitation of additional
recursive relationships.

Sincethe ABA's introductiona myriad of O(n) methodswhich extend the applicability and �e xibility of the
recursive formulationhave followed. Most notablyare the extensionsinvolving variousclassesof �e xible bodies
[11][17][2], integrationwith optimal �ltering andcontrol [22][19], designsensitivity [7][16], andparallelcomputing
[10][3][6][14]. Suf�ce it to saythat improvementsto theunderlyingrecursive O(n) formulationbene�t all of these
areas.

The�rst recursiveO(n) algorithmscouldbeappliedonly to treetypemultibodysystemsbut werequicklyextended
by Featherstone[13] andBaeet al.[9] to includethosewith kinematic(closed)loops.However theseandmostother
subsequentclosedloopsolutionsrequiretheformationandinversionof anm� m constraintmatrix,involving O(nm 2)
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andO(m3) operationsrespectively (wherem is the numberof independentalgebraicconstraints).Becauseof the
cubicnatureof theconstraintsolutionthese“Order n” algorithmscanbeoutperformedby ef�cient traditionalO(n3)
methodsfor modestto heavily constrainedsystems.

As analternative to existing O(n) closedloop methods,Valá�sek[23] outlinedtwo methodsfor the treatmentof
multibodyloopsystemsin which theeffectsof dependentloopcoordinatescouldbeobtainedin termsof theindepen-
dentloop coordinatesin a numberof computationslinearin thenumberof dependentcoordinates.In anindependent
development,Anderson[4] formulatedsimilar, thoughmoregeneral,equationsbasedon his O(n) algorithmwhich
implementsKane's Method[1]. Andersonespousedthepotentialbene�tsof sucha method,which apartfrom offer-
ing theimprovedcomputationalcomplexity citedby Valá�sekalsoincludedsuperiorconstraintstability relative to the
traditional“O(n)” constraintformulation.

More recentlytheauthors[5] have extendedtheformulation,now referredto asRecursiveCoordinateReduction
(RCR),to includeabroadarrayof heavily coupledmulti-loopsystems.Thiswork directlydemonstratesthepredicted
resultsof [4] anddetailsthelimitationsof theformulation.

This paperpresentsmodi�cations to theRCRfor the limiting casesof [5], which pertainto arbitraryselectionof
dependentcoordinatesandcoupledloopswith different loop basebodies. Surpassingtheselimitations resultsin a
GeneralizedRecursiveCoordinateReductionmethodcapableof accommodatingarbitrarymultibodysystems.

2 Preliminaries

In this section,specializedmultibody notationsareintroducedandusedto illustratethe recursive relationshipsand
proceduresfundamentalto theO(n) algorithms,whichwill aid in thesubsequentdevelopments.

2.1 Spatial TensorNotation

A spatialtensornotationhasbeenadoptedto greatlysimplify theform of theequationsusedto describepropertiesof
multibodysystems.Spatialtensorsarelinearalgebraicallyaugmentedthreedimensionaltensors(vectorsanddyadics)
which are usedto combinetranslationaland rotational information into a commonuppercasescript symbol. For
example,aspatialvelocity tensorV andaspatialinertiatensorI maybegivenas

N V B =
�

N ~! B

N ~v B �

�
I B =

"
B ~~I

B =B �

0
0 mB

#

=

2

4
B ~~I

B =B �

0~~U

0~~U mB
~~U

3

5

wherethe left superscriptN is the frameof reference,B is the body namewith B � denotingthe centerof mass,

B ~~I
B =B �

is thecentralinertiadyadic,mB is thebody's mass,and~~U is aunity dyadic.
Thusaspatialmomentumcouldbede�ned asthedotproductof spatialinertiawith spatialvelocity

I B � N V B =

"
B ~~I

B =B �

� N ~! B

mB � N ~v B �

#

;

not to beconfusedwith thetensormultiplication I B N V B whichwould insteadproducetwo third ordertensors.
Note that the transposeof a spatialquantityalsoappliesa transposeoperationto its elementswhich signi�es an

interchangeof indicesondyadicquantities.

2.2 Body Sets

A generalmultibodytreesystem,suchasthatshown in �gure 1 allowsanumberof usefulbodysetsto bede�ned. We
notethateachbodyk in thesystem:

� hasasingleparentbodyp[k] exceptthebasebodywhichhastheinertial referenceN asits parent.

� hasasetof child bodiesch[k] whichmaybeempty.
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Figure1: SystemSchematicof anArbitrary TreeSystem

� is saidto bea terminalbodyif ch[k] is empty.

� hasanancestral bodysetAn [k] whichcontainsthebody'sparentp[k], thatbody'sparentp[p[k]], andsubsequent
parentbodiesbackto andincludingthebasebody.

� hasa descendantbodyset denotedDes[k] which containsthe body's childrench[k], the children's children
ch[ch[k]], andsubsequentchild bodiesout to andincludingterminalbodies.

2.3 RecursiveKinematics

Many recursive de�nitions in thekinematicsof multibodysystemsaretrivial, occurringnaturallythroughtheuseof
relativecoordinates.However, beforetheserelationshipsareexpressedin thespatialnotationof section2.1theveloc-
ities andaccelerationsaredecomposedinto portionswhich areexplicit in thecoordinatevelocities, their derivatives,
andall remainingterms.Furthermore,observinglineartransformationsfrom coordinatevelocities_q andaccelerations
•q to generalizedspeedsu andtheir derivatives _u, (asis commonlydonewith Kane's Method[18]) allows increased
ef�ciency [21] without lossof generality.

Thevelocityandaccelerationdecompositionsaregivenby
F V k = F bV k + F Vt

k (1)
FA k = F bA k + FA t

k ; (2)

whereF Vt
k and FA t

k aretheportionsof thevelocityandaccelerationwhicharenotexplicit in thegeneralizedspeeds
u andtheirderivatives _u, respectively. TheF bV k and F bA k have thefollowing recursive de�nitions

F bV k = (S k )T � F bV p[k ] + P k
k uk (3)

F bA k = (S k )T � F bA p[k ] + P k
k _uk ; (4)

whereuk is the coordinategeneralizedspeed, P k
k is the spatial partial velocityvector, and S k is the spatial shift

dyadicwhich representsthepositionvectorcrossproductcouplingof linearandangularrelationships.
An arbitraryspatialpartialvelocity P k

r canbeconstructedas:

P k
r =

@(N V k )
@ur

=

(
( rS k )T � P r

r r 2 k [ An [k]
0 else

(5)

where

rS k =

8
><

>:

U r = k
S ch [r ] � : : : S p[p[:::p [p[k ]] ��� ]] � : : : S p[k ] � S k r 2 k [ An [k]
? else

(6)
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andU is thespatialunity

U =

" ~~U 0

0 ~~U

#

:

We notethat the quantitiesN bA k , NA t
k , P k

k , and S k for all bodiesk canbe formedin O(n) operationsfor a
givensystemstate.

2.4 RecursiveDynamics

The spatialform of the equationsof motion for a multibody treesystemcontainingonly singledegreeof freedom
joints is givenby Kane's Method[18] as

nX

k=1

(P k
r )T � ( I k � N bA k � F k ) = 0: (7)

WhereF k containsall forcesandmomentson bodyk appliedaboutthecenterof massaswell asthe inertial force
contributionsknown in termsof thesystemstate.

Theequationof motion(7) readilyreducesto (8) by observingthepartialvelocitydecompositiongivenin (5).

(P r
r )T �

X

k2 D es[r ][ r

rS k � ( I k � N bA k � F k ) = 0 (8)

Onemaynow make theassumptionthattheform of thekth equationof motioncanbeexpressedas

(P k
k )T � ( bI k � N bA k � bF k ) = 0: (9)

Thustrivial boundarydatais extractedfrom theequationsof motionassociatedwith terminalbodiest

bI t = I t and bF t = F t : (10)

Substitutingtherecursive form for N bA k of (4) into (10)gives

(P k
k )T � [bI k � (( S k )T � N bA p[k ] + P k

k _uk ) � bF k ] = 0: (11)

And solvingfor _uk yields

_uk = � ( cM k ) � 1(P k
k )T � ( bI k � (S k )T � N bA p[k ] � bF k ) (12)

with,
cM k = (P k

k )T � bI k � P k
k : (13)

Now performingsimilaroperationsontheequationof motionassociatedwith theparentbody'sdegreeof freedom,
andsubstitutingtheprevioussolution(12) followsas

0 = (P p[k ]
p[k ] )T �

� X

j 2 D es[p[k ]] [ p[k ]

p[k ]S j � ( I j � N bA j � F j )
�

(14)

= (P p[k ]
p[k ] )T �

�
( I p[k ] � N bA p[k ] � F p[k ]) +

X

j 2 D es[p[k ]]

p[k ]S j � ( I j � N bA j � F j )
�

(15)

= (P p[k ]
p[k ] )T �

�
( I p[k ] � N bA p[k ] � F p[k ]) +

X

j 2 ch [p[k ]]

S j � ( bI j � N bA j � bF j )
�

(16)

= (P p[k ]
p[k ] )T �

�
( I p[k ] � N bA p[k ] � F p[k ]) +

X

j 2 ch [p[k ]]

S j � ( bI j � f (S j )T � N bA p[k ] + P j
j _uj g � bF j )

�
(17)
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Figure2: OpeningaClosedLoopUsingaPhantomBody

= (P p[k ]
p[k ] )T �

�
( I p[k ] � N bA p[k ] � F p[k ]) + (18)

X

j 2 ch [p[k ]]

S j � ( bI j � f (S j )T � N bA p[k ] � P j
j ( cM j ) � 1(P j

j )T � ( bI j � (S j )T � N bA p[k ] � bF j )g � bF j )
�

= (P p[k ]
p[k ] )T � ( bI p[k ] � N bA p[k ] � bF p[k ]) (19)

andtherecursive intermediatequantitiesareobtainedthroughgroupingof termsas

bI p[k ] = I p[k ] +
X

j 2 ch [p[k ]]

T j � bI j � (S j )T (20)

bF p[k ] = F p[k ] +
X

j 2 ch [p[k ]]

T j � bF j (21)

T j = S j � [U � bI j � P k
k ( cM j ) � 1(P j

j )T ]: (22)

TheO(n) solutiontheninvolvesthecalculatingtherecursiveintermediatequantities(20)and(21) inwardfrom the
terminalbodies,effectively lower triangularizingthesystemmassmatrix. Thenforwardsubstitutingfor thesolution
usingequations(12)and(4) notingthat N bA N = 0.

3 RecursiveCoordinate Reduction

The traditional“O(n)” constrainttechnique(which actuallyperformsasO(n + nm 2 + m3) wherem is the num-
ber of independentalgebraicconstraintrelations[5]) cuts joints to producetreetopologiesfrom generalmultibody
con�gurationscontainingkinematicloops. By contrast,themethodof Recursive CoordinateReductiongeneratesan
associatedtreetopologythroughtheintroductionof phantombodies, whicharemasslesscopiesof theloopbasebody
(the�rst bodyoutboardof theinertial referencewhich branchesto form theloop). This constructionis demonstrated
in �gure 2 aswell asa local loopnumberingscheme.

3.1 Kinematics

“Open loop” systemsresultingfrom theadditionof a phantombody to a previously “closedloop” aresubjectto the
velocityandaccelerationconstraints

0i V n i = 0 (23)
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0iA n i = 0: (24)

Thevelocityconstraintmaybedecomposedexactlyaswith theunconstrainedsystem,resultingin

0 = 0i V n i = 0i bV n i + 0i Vt
n i (25)

0 = (S n i )T � 0i bV n i � 1 + P n i
n i

un i + 0i Vt
n i : (26)

un i is alwaysavalid choicefor adependentcoordinate,andthereforeit canbesolvedfor as

un i = � Q n i (P n i
n i

)T � [(S n i )T � 0i bV n i � 1 + 0i Vt
n i ] (27)

with
Q n i = [(P n i

n i
)T � P n i

n i
]� 1: (28)

Equation(27)canbesubstitutedbackinto (26) to obtainthen i � 1st form of thevelocityconstraint

0 = R n i � [( n i � 1S n i )T � 0i bV n i � 1 + 0i Vt
n i ] (29)

where
R n i = U � P n i

n i
Q n i (P n i

n i
)T : (30)

Makinganappropriateselectionfor therecursive form of theki th equationandsolvingfollowsas

0 = R k i +1 � [( k iS n i )T � 0i bV k i + 0i Vt
n i ] (31)

= R k i +1 � [( k iS n i )T � P k i
k i

uk i + ( k i � 1S n i )T � 0i bV k i + 0i Vt
n i ]: (32)

And thereforethegeneralsolution

uk i = � Q k i (P k i
k i

)T � k iS n i � R k i +1 � [( k i � 1S n i )T � 0i bV k i + 0i Vt
n i ] (33)

is obtainedwith
Q k i = [(P k i

k i
)T � k iS n i � R k i +1 � ( k iS n i )T � P k i

k i
]� 1 (34)

(undertheassumptionthatthelastm i consecutive coordinatesconstitutea valid selectionsof dependentcoordinates;
e.g.the�rst pi coordinatesform avalid setof independentcoordinates).

Theki � 1st equation
0 = R k i +1 � [( k iS n i )T � 0i bV k i + 0i Vt

n i ]; (35)

thenallowsasolutionfor therecursive relationship

R k i = R k i +1 � [U � ( k iS n i )T � P k i
k i

Q k i (P k i
k i

)T � k iS n i � R k i +1 ]: (36)

For thedependentbodies,we notethatin theusual bV decompositionof (37) it is valid to substitute(35) resulting
in (38)

0i bV k i = (S k i )T � 0i bV k i � 1 + P k i
k i

uk i (37)

= W k i � 0i bV k i � 1 + X k i � 0i Vt
n i (38)

where

W k i = ( k i � 1S k i )T + X k i � ( k i � 1S n i )T (39)

X k i = � P k i
k i

Q k i (P k i
k i

)T � k iS n i � R k i +1 (40)

Therelationship(38) canthenbeusedto write additionalrecursive relationsexpressingthedependentvelocities
in termsof thelastindependentcoordinatein thelooppi

0i bV k i = Y k i � 0i bV pi + Z k i � 0i Vt
n i (41)

Y k i = W k i � Y k i � 1 (42)

Z k i = X k i + W k i � Z k i � 1 (43)

with thetrivial boundarydata
Y pi = U and Z pi = 0: (44)

Thissameprocedurecanbefollowedwith thedependentaccelerationsresultingin
0i bA k i = Y k i � 0i bA pi + Z k i � 0iA t

n i : (45)
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3.2 Dynamics

Theconstrainedform of theequationof motionis givenby

0 =
nX

k=1

( eP k
r )T � ( I k � N bA k � F k ) (46)

where eP are the constrainednon-holonomicspatialpartial velocities(which explicitly accountfor the constraint
throughdirectembeddingof constraintsinto theequationsof motion).

At thispointwenotetheadditionalkinematicde�nitions

N bA k i = ( 0iS k i )T � N bA 0i + 0i bA k i (47)
N bV k i = ( 0iS k i )T � N bV 0i + 0i bV k i : (48)

Substitutingtheaccelerationrelationship(47) into (46)andrestrictingourattentionto thelocal loopweobtain

0 =
n iX

k i = r

( eP k i
r )T � ( I k i � ( 0iS k i )T � N bA 0i + I k i � 0i bA k i � F k i ): (49)

The constrainedpartial velocitiesare the partial derivatives of the velocitieswhich are written in termsof the
independentcoordinatesasin (41). Thesepartialderivativesare

eP k i
r =

@(N V k i )
@ur

=

8
><

>:

P k i
r ki 2 ind i andr 2 ind i

Y k i � P pi
r ki 2 depi andr 2 ind i

0 r 2 depi

(50)

whereind i anddepi arethesetsof independentanddependentcoordinates(respectively) on local loop i .
Substitutionof (50) into (49) resultsin

0 =
pi � 1X

k i = r

(P k i
r )T � ( I k i � ( 0iS k i )T � N bA 0i + I k i � 0i bA k i � F k i ) + (51)

(P pi
r )T �

n iX

k i = pi

(Y k i )T � ( I k i � ( 0iS k i )T � N bA 0i + I k i � 0i bA k i � F k i ):

And 0i bA k i for thedependentbodiesis givenin termsof 0i bA pi by equation(45)whichallows usto rewrite (51)as

0 =
piX

k i = r

(P k i
r )T � ( �I k i ;0 i � N bA 0i + 0i �I k i � 0i bA k i � �F k i ) (52)

with

�I k i ;0 i =

(
I k i � ( 0iS k i )T ki 6= piP n i

j i = pi
(Y j i )T � I j i � ( 0iS j i )T ki = pi

(53)

0i �I k i =

(
I k i ki 6= piP n i

j i = pi
(Y j i )T � I j i � Y j i ki = pi

(54)

�F k i =

(
F k i ki 6= piP n i

j i = pi
(Y j i )T �

�
F j i � I j i � Z j i � 0iA t

n i
�

ki = pi
: (55)

Thecoordinatereducedequationof motion(52)maythenbesolvedrecursively in exactly thesamefashionasthe
unconstrainedequationsof section2.4. Thatis, substitutionof (5) into thej i th equationof motion(52) resultsin

0 = (P j i
j i

)T �
piX

k i = j i

� j iS k i � ( �I k i ;0 i � N bA 0i + 0i �I k i � 0i bA k i � �F k i )
�
: (56)
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And again therecursive assumptionis thatthej i th equationis of theform

0 = (P j i
j i

)T � ( bI j i ;0 i � N bA 0i + 0i bI j i � 0i bA j i � bF j i ); (57)

andtrivial boundarydatais obtainedfor thelastindependentcoordinatein thelooppi

bI pi ;0 i = �I pi ;0 i 0i bI pi = 0i �I pi bF pi = �F pi : (58)

Therecursive form of 0i bA j i from (4) is thensubstitutedinto (57) andtheunknown _uj i is solved for in termsof
thedynamicsof theparentbody.

_uj i = � ( cM j i ) � 1(P j i
j i

)T � ( bI j i ;0 i � N bA 0i + 0i bI j i � (S j i )T � 0i bA p[j i ] � bF j i ) (59)

In theequationof motionassociatedwith theparentof thej i th body(e.g.(56) with j i replaceby j i � 1) the�rst
termcanbeextractedfrom thesum,andtheremainingsumreplacedthroughappropriatesubstitutionof therecursive
quantitiesin (57). Furthersubstitutingthe solutionof _uj i , andgroupingtermsrevealsthe solutionfor the recursive
relationships

bI j i � 1;0 i = �I j i � 1;0 i + T j i � bI j i ;0 i (60)
0i bI j i � 1 = 0i �I j i � 1 + T j i � 0i bI j i � (S j i )T (61)
bF j i � 1 = �F j i � 1 + T j i � bF j i (62)

T j i = S j i � [U � 0i bI j i � P j i
j i

( cM j i ) � 1(P j i
j i

)T ] (63)

cM j i = (P j i
j i

)T � 0i bI j i P j i
j i

: (64)

At theloop basebodywe notethat 0i bA 0i = 0 therebydroppingtheadditionaltermandfollowing thede�nitions
for unconstrainedtreesystems(20-22).

Themostconstraininglimitation of this, theRCRformulation,is theassumptionthat the lastm i coordinatesof
an openedloop constitutea valid selectionof dependentcoordinates.For this reason,solutionsfor many looped
multibodysystemscannotbemodelledby thepresentedform of theRCR,andmany morehave thepossibilityof en-
teringsingularcon�gurationsand/orareasof numericalill-conditioningduringsimulation.Two methodsfor avoiding
singularitiesby alteringthe dependentcoordinateselectionwithin the framework of the RCR will be describedand
evaluatedin thefollowing sections.

4 Arbitrary Selectionof DependentCoordinates

The �rst methodof avoiding singularitiesassociatedwith theRCR involvesthespeci�cationof arbitrarydependent
coordinatesdirectly in the formulationof the RCR algorithm. In otherwords,independentgeneralizedcoordinates
will beincludedin betweenthedependentcoordinates.We alsonotethat thelastcoordinatein theloop canandwill
alwaysbechosenasdependent.This is becausenotdoingsowould requirethephantombodyto havemassproperties
which althoughtrivial, addsneedlessadditionalcomplexity to the formulation(e.g.somestepscanbe skippedby
noting that the spatial inertia associatedwith body n i is always zero). Figure 3 illustratesa possibleselectionof
dependentcoordinatesaswell asadditionalnumberinginformationwhichwill berequiredby thenew formulation.

Thekinematicsolution(33) which solvesfor thebehavior of a coordinatein a loop involvesthe inversionof an
independentconstraintrelationship.Becausethereareexactly m i independentconstraintequationsassociatedwith
loop i , this inversionis not admissiblefor the independentcoordinatesf i throughl i (wheref i andl i arethe joint
coordinatesassociatedwith bodiesFi andL i of �gure 3). Insteadcontributionsfrom thesecoordinatesappeardirectly
in thekinematicsformulationas

0 = R k i +1 �
�
( k iS n i )T � 0i bV k i + 0i Vt

n i +
X

j 2 iD es[k i ]

( jS n i )T � P j
j _uj

�
(65)

whereiD es is thesetof independentdescendantson thelocal loop (e.g.iD es[k i ] = Des[ki ] \ ind i ) and

R k i +1 =

(
R k i +1 �

�
U � ( k iS n i )T � P k i

k i
Q k i (P k i

k i
)T � k iS n i � R k i +1

�
ki 2 depi

R k i +1 ki 2 ind i
: (66)
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Figure3: BodyNumberingin theSelectionof Arbitrary DependentCoordinates

Hencethesolutionfor thedependentgeneralizedaccelerationscanbeobtainedby theaccelerationform of (65) and
aregivenby

_uD i = � Q D i (P D i
D i

)T � D iS n i � R D i +1 �
�
( D i � 1S n i )T � 0i bA D i + 0iA t

n i +
X

j 2 iD es[D i ]

( jS n i )T � P j
j _uj

�
: (67)

Wenow notethatthevelocitiesof thebodiesassociatedwith thedependentcoordinatesD i aregivenby

0i bV D i = (S D i )T � 0i bV D i � 1 + P D i
D i

uD i (68)

= W D i � 0i bV D i � 1 + X D i � 0i Vt
n i + X D i �

X

j 2 iD es[D i ]

( jS n i )T � P j
j uj i ; (69)

whereW D i and X D i aregiven exactly asin (39-40). And the independentcoordinatesI i canbe castin a similar
form,

0i bV I i = (S I i )T � 0i bV I i � 1 + P I i
I i

uI i (70)

= W I i � 0i bV I i � 1 + X I i � 0i Vt
n i + P I i

I i
uI i (71)

with W I i = (S I i )T andX I i = 0.
Combiningthesetwo relationshipsfor ageneralbodyki ontheloopandoutboardof pi (e.g.ki 2 Des[pi ]) results

in
0i bV k i = W k i � 0i bV k i � 1 + X k i � 0i Vt

n i + Gk i � K i u i (72)

where

Gk i =

8
><

>:

h
0 � � � 0 U 0 � � � 0

i

1� n I (spatial)
ki 2 ind i

X k i �
h
0 � � � 0 ( ich [k i ]S n i )T � � � ( l iS n i )T

i

1� n I (spatial)
ki 2 depi

(73)

K i = diag
h
(P f i

f i
) � � � (P l i

l i
)
i

n I � n I (spatial)
(74)

u i =
�
uf i � � � ul i

� T
n I � 1 (scalar) (75)

W k i =

(
(S k i )T ki 2 ind i

(S k i )T + X k i � ( k i � 1S n i )T ki 2 depi
(76)
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X k i =

(
0 ki 2 ind i

� P k i
k i

Q k i (P k i
k i

)T � k iS n i � R k i +1 ki 2 depi
(77)

with ich[ki ] = ch[ki ] \ ind i andnI equalto thenumberof independentcoordinatesoutboardof pi (e.g.thenumber
of independentsin f i throughl i ).

Onceagain thevelocitiesmaybewritten in termsof thatof pi andtheknown portionof n i , but with anadditional
contribution from all of theindependentvariableslying betweenthem(u i ).

0i bV k i = Y k i � 0i bV pi + Z k i � 0i Vt
n i + H k i � K i u i (78)

Where

Y k i = W k i � Y k i � 1 (79)

Z k i = X k i + W k i � Z k i � 1 (80)

H k i = Gk i + W k i � H k i � 1: (81)

The constrainedequationsof motion associatedwith the last independentcoordinatesf i throughl i of the local
looparegivenby

0 =
n iX

k= pi +1

( eP k
r )T � ( I k � N bA k � F k ) (82)

or

0 =
n iX

k= pi +1

( eP k
r )T � ( I k � ( 0iS k )T � N bA 0i + I k � 0i bA k � F k ): (83)

It shouldbeclearthat
eP k

r = H k
r � P r

r ; (84)

whereH k
r is theelementof H k correspondingto thecontributionof ther th generalizedspeed.Usingthisrelationship,

equation(83)becomes

0 = (P r
r )T �

n iX

k= pi +1

(H k
r )T � ( I k � ( 0iS k )T � N bA 0i + I k � Y k � 0i bA pi + I k � Z k � 0iA t

n i + I k � H k �K i _u i � F k ); (85)

andgroupingtermsresultsin

0 = (P r
r )T �

n iX

k= pi +1

(H k
r )T � ( �I k ;0 i � N bA 0i + 0i �I k � 0i bA pi + �H k � K i _u i � �F k ) (86)

with

�I k ;0 i = I k � ( 0iS k )T (87)
0i �I k = I k � Y k (88)

�F k = F k � I k � Z k � 0iA t
n i (89)

�H k = I k � H k : (90)

Whichcanalsobewrittenas

0 = (P k i
k i

)T � ( bI k i ;0 i � N bA 0i + 0i bI k i � 0i bA pi + bH k i � K i _u i � bF k i ) (91)

wherefor independentcoordinatesf i throughl i

bI 0i ;k i =
n iX

j = pi +1

(H j
k i

)T � �I j ;0 i (92)
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0i bI k i =
n iX

j = pi +1

(H j
k i

)T � 0i �I j (93)

bF k i =
n iX

j = pi +1

(H j
k i

)T � �F j (94)

bH k i =
n iX

j = pi +1

(H j
k i

)T � �H j : (95)

And thesolutionsfor theindependentgeneralizedaccelerationsmustsatisfythesetof linearscalarequations

cM k i _u i = � (P k i
k i

)T � ( bI 0i ;k i � N bA 0i + 0i bI k i � 0i bA pi � bF k i ) (96)

with
cM k i = (P k i

k i
)T � bH k i � K i : (97)

Whichmaybewritten in matrix form as

cM M _u i = �K T
i � ( bI 0i

M � N bA 0i + bI pi
M � 0i bA pi � bFM ): (98)

Wherethe bI 0i
M , bI pi

M , and bFM areappropriatecolumnmatriceswith elementsbI 0i ;k i , 0i bI k i , and bF k i respectively, and
cM M is thesquarematrix constructedfrom the cM k i for ki from f i to l i (2 ni ).

Thesolution
_u i = � ( cM M ) � 1KT

i � ( bI 0i
M � N bA 0i + bI pi

M � 0i bA pi � bFM ) (99)

is thenobtainedfor theoutermostindependentgeneralizedaccelerations_u i .
For theremainingindependentcoordinatesontheloop(ki � pi ) theassociatedquantitiesandequationsof motion

arealmostthoseof section3, differingonly in thede�nitions of thetermsassociatedwith thevirtual terminalbodypi

whichareinstead

bI pi ;0 i = �I pi ;0 i �
n iX

k= pi +1

(Y k )T � �H k � K i ( cM M ) � 1KT
i � bI 0i

M (100)

0i bI pi = 0i �I pi �
n iX

k= pi +1

(Y k )T � �H k � K i ( cM M ) � 1KT
i � bI pi

M (101)

bF pi = �F pi �
n iX

k= pi +1

(Y k )T � �H k � K i ( cM M ) � 1KT
i � bFM : (102)

And therecursionproceedsexactlyasbefore.

5 GeneralCoupledLoops

A secondmethodof avoiding singularitiesin the RCR formulationinvolvesalteringthe topologyof the multibody
systemsuchthat valid dependentdegreesof freedomareadjacentandat the endof all openloops. The topology
adjustmentinvolvestheadditionof �ctitious (althoughcompletelyvalid) joints to thesystemandrelieson theability
to handlesystemsof coupledloopsthatdonotshareacommonbasebody.

An arbitraryclosedloop with an invalid setof terminaljoints is illustratedin �gure 4. A trivial solutionto this
problemwhichmaybevalid in many casesis to simply“work theloopin theoppositedirection”. Thusin thepresence
of singularcoordinateselectionat “both ends”,adjustedloopssuchasthatshown in �gure 5 canbeusedto avoid the
singularity.

Thecomputationof two coupledloopsi andj with differentbasebodies0i and0j requirestwo differentrepresen-
tationsof thespatialaccelerationrelative to inertial framefor bodiesalongtheintersectionof bothloops.

N bA k = ( 0iS k )T � N bA 0i + 0i bA k (103)
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N bA k = ( 0j S k )T � N bA 0j + 0j bA k (104)

Noting therelationships,

N bA 0j = ( 0iS 0j )T � N bA 0i + 0i bA 0j (105)
0i bA k = ( 0j S k )T � 0i bA 0j + 0j bA k (106)

substitutionandsimpli�cation of either, resultsin

N bA k = ( 0iS k )T � N bA 0i + ( 0j S k )T � 0i bA 0j + 0j bA k : (107)

Using relationship(107) to handlecoupledloopswithin the RCR is simply a matterof bookkeeping.The local
kinematicsremainunchanged,andthedynamicsof thebranchingbodyb from which thetwo openchainsextendare
givenby X

k2 D es[b][ b

( eP k
b )T � ( I k � N bA k � F k ) = 0: (108)

If the branchingbody's associatedgeneralizedcoordinateis an independentcoordinate(which it is not in coupled
loopsresultingfrom topology“adjustments”for thepurposesof avoidingasingularcoordinateselection)theequation
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Figure6: A PlanarFive-BarMechanism

of motionis
(P b

b )T � ( I b � N bA b � F b) +
X

k2 D es[b]

( eP k
b )T � ( I k � N bA k � F k ) = 0: (109)

Substitutingfrom therecursive equationof motion(57) associatedwith eachof the�rst bodies(f i andf j ) in thetwo
branching“opened”loops,andagain assumingthatbothbodieshave associatedindependentcoordinates(which one
is not in thecaseof thetopology“adjustment”)oneobtains

0 = (P b
b )T � ( I b � N bA b � F b) + (P b

b )T � S f i � ( bI f i ;0 i � N bA 0i + 0i bI f i � 0i bA f i � bF f i ) + (110)

(P b
b )T � S f j � ( bI f j ;0 j � N bA 0j + 0j bI f j � 0j bA f j � bF f j ):

Pluggingin the usualrecursive relationships(4) for 0i bA f i and 0i bA f j aswell as the form of the solutionsfor _uf i

and _uf j given in (59), resultsin anequationexplicit only in contributionsfrom quantitiesassociatedwith bodies0i ,
0j , andb. However the four spatialinertia coef�cients of N bA 0i , N bA 0j , 0i bA b, and 0j bA b cannotbe useddirectly
to form recursive spatialinertias bI . Insteadthecoef�cients arecombinedanddistributedasindicatedby equations
(105)and(106)to producethreecoef�cients of thespatialaccelerationsN bA 0i , 0i bA 0j , and 0j bA b. And Using(107)to
decomposeN bA b onemaywrite

0 = (P b
b )T � ( bI b;0 i � N bA 0i + 0i bI b;0 j � 0i bA 0j + 0j bI b � 0j bA b � bF b): (111)

Thethreetermrepresentationof (111)only appliesonthebodieswhicharecommonto bothloops.As onthebase
bodyof theinnerloop (in thiscasej ) 0j bA k = 0j bA 0j = 0 andthereduction“back” to two termsis automatic.

In thecaseof dependentcoordinatesbeingpresentat theintersectionof thetwo loops,therelationship(45)allows
thethreetermsto beconstructedat the�rst independentcoordinateinboardof b. And solutionsinvolving dependent
f i aresimilarly solved.

6 Discussionand Results

Oneof thesimplestmultibodycon�gurationsfor whichtheRCRformulationof section3 will breakdown is theplanar
� ve-barlinkagerepresentedin �gure 6. In thissystemtheactionof coordinatesq1, q2, andq3 arethatof revolutejoints
andq4 andq5 representthemotionof telescopingprismaticjoints. It shouldbeclearthatwhenrestrictedto a forward
sweepof the� ve-bar, theRCRwill breakdown dueto theinvalid selectionof dependentcoordinates(3–5).

The “arbitrary coordinateselection”(ACS) methodof section4 doeshowever exhibit the expectedsolution(as
obtainedwith AUTOLEV) as demonstratedby the independentcoordinatetrajectoriesshown in �gure 7. In this
example,coordinatesq2, q3, andq5 areusedasthedependentcoordinates,all barsarethin rodsof unit length(meters)
andmass(kilograms),andthe linkageis releasedfrom restin theverticalplanewith the initial conditions(q1 = �

4 ,
q2 = �

2 , q3 = � �
2 , q4 = 0, q5 = 0).

The“generalcoupledloop” (GCL) solutionof section5 for thesame� ve-barmechanismis alsoshown in �gure
7 (themotionsareidentical). In thecaseof this simplemechanism,thetwo multibodytreetopologiesof �gure 8 are
possibleto avoid the singularity. It shouldbe notedthat the systemof 8.b is actuallyan existing solutionof a type
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Figure7: Five-BarSimulationResults

demonstratedin [5] (e.g.coupledloopswith thesamebasebody),theform of which is only availablefor planarand
somespecialspatialloops. For this reasononly the solutionindicatedby 8.acorrespondingto the generalcoupled
loopprocedureis givenin �gure 7.

Although eachof the two methodsdiscussedin sections4 and5, respectively, obtainthe sameresult, the com-
putationalorderof thealgorithmsis very different. Thecomplexity of thearbitrarycoordinateselectionmethodis a
cubic functionof thenumberof independentcoordinatesn I locatedin betweenthedependentones(pi + 1 andn i ),
owing to the inversionof cM M . In this respectnI is boundedonly by the total numberof independentcoordinates
participatingin a given loop (n i � mi � 1) andshouldthereforebe treatedasa loop local O(n i

3) operation.This
worst casebehavior canbestbeobserved in thecaseof spatialloopswith largeplanarportionsadjacentto the loop
basebody.

The additionalcomplexity of the coupledloop solution,if appliedintelligently, never exceedsO(m i ). The low
orderdueto theadditionof multiple loopsthatmayberequiredto avoid severalsingularitiesis obtainedbecausethe
newly formedloopsneednever becoupledto eachother. Hence,theworstcasebehavior is anm i coordinategrowth
in thedescriptionof theloopwhich is solvedin lineartimeO(n + 2m i ) or simplyO(n + m).

Thecoupledloopsolutionalsorepresentsthelastpieceof aGeneralizedRecursiveCoordinateReduction(GRCR)
methodwhichyieldsO(n+ m) performancefor arbitrarymultibodysystemcon�gurations.As suchtheGRCRshould
beusedto replacethetraditional“order n” constraintformulationin any applicationsave thosewheretheconstraint
forcesarebothexplicitly requiredandfew in number. That is theconstraintforcescanbeextractedfrom theGRCR
in theusualway, whichmaybelessef�cient only in thecaseof very lightly constrainedsystems.

It shouldbe notedthat in the presenceof heavy local loop coupling as one would �nd in a multibody lattice
(or mesh)the local couplingwill producenb spatialinertia termson eachbody in a local loop. The computational
complexity of suchmethodsin generalis unclear, asoptimal treerepresentationsof suchsystemsarerequired. In
somecasestheresultscanstill beobtainedin O(n + m), in othersO(n + nbm) is moreappropriate,while O(logn b

n)
maybeanappropriateupperbound.Theapplicationof RCRmethodsto suchsystemsis a topic of currentandfuture
research.

TheGRCRpresentedin thispapercanalsobeexploitedtoobtainaparallelcomputationalgorithmwith logarithmic
timecomplexity (O(logk n)). This forthcomingwork, promisesa theoreticalminimumorderof computations(O(n))
on thetheoreticalminimumorderof processors(O(n)) aswell asincreased�e xibility andaccuracy owing to theform
of theconstrainttreatment.

16



q 1

q 2

q 3

q 6

q 5q 4

Phantom
Ground

Body

(b)

q 1

q 2

q 3

q 6 Phantom
Ground

Body

(a)

Body 3

-q4

-q5

Phantom
Body 3

Figure8: AvailableFive-BarTreeTopologies

7 Conclusions

TheRecursive CoordinateReductionmethodwhich haspreviously beenshown to offer trueO(n + m) performance
for a large classof multibody systemshasbeenexpandedto accommodatethe completesetof multibody systems.
Two methodshavebeenderivedto copewith singularitiesin theoriginal formulationresultingfrom the�x edselection
of dependentcoordinates.The arbitrarycoordinateselectionmethodrequiring the inverseof a n I � nI matrix is
locally cubic,O(nI

3) andis superiorto thetraditionalO(n) closedloop solutionif thesystemloopsaresmallor the
coordinatesneedonly bealteredslightly.

Theothersolutioninvolving thecreationof a coupledloop representationof thesingularloop offersO(n + m)
complexity. The fully recursive generalcoupledloop solution presentedalso completesa Generalized Recursive
CoordinateReductionmethodwhichcanbeappliedto arbitrarymultibodysystemsresultingin O(n+ m) performance
for all but themostheavily coupledmultibodylatices.As suchthis methodshouldbeusedin placeof thetraditional
O(n) constraintmethodfor superiorcomputationalperformance.

Acknowledgment

Supportfor thiswork receivedunderNationalScienceFoundationthroughawardNo. 9733684is gratefullyacknowl-
edged.

References

[1] K. S.Anderson.An order-n formulationfor motionsimulationof generalconstrainedmulti-rigid-bodysystems.
Computers andStructures, 43(3):565–572,1992.

[2] K. S.Anderson.An ef�cient formulationfor themodellingof generalmulti-�e xible-bodyconstrainedsystems.
InternationalJournalof SolidsandStructures, 30(7):921–945,1993.

[3] K. S.Anderson.An ef�cient modelingof constrainedmultibodysystemsfor applicationwith parallelcomputing.
Zeitschrift fr AngewandteMathematikundMechanik, 73(6):935–939,1993.

17



[4] K. S. Anderson. Improved order-n performancealgorithmfor the simulationof constrainedmulti-rigid-body
systems. In Proceedingsof the Third Symposiumon Multibody Dynamicsand Vibrations,ASMEDesignEn-
gineeringTechnical Conference2001, (DETC01), numberDETC2001/VIB-21334,Pittsburgh, PA, Sep.9–12
2001.

[5] K. S. AndersonandJ. H. Critchley. Improvedorder-n performancealgorithmfor thesimulationof constrained
multi-rigid-bodysystems.MultibodySystemsDynamics, 2003.to appearJanuary2003,www.rpi.edu/� anderk5.

[6] K. S. AndersonandS. Duan. A hybrid parallelizablelow orderalgorithmfor dynamicsof multi-rigid-body
systems:Part I, Chainsystems.MathematicalandComputerModeling, 30:193–215,1999.

[7] K. S.AndersonandY. H. Hsu.Analytic full-recursivesensitivity analysisfor multibodydynamicchainsystems.
MultibodyDynamicSystems, August.

[8] W. W. Armstrong. Recursive solution to the equationsof motion of an n-link manipulator. In Fifth World
Congresson theTheoryof MachinesandMechanisms, volume2, pages1342–1346,1979.

[9] D. S. BaeandE. J. Haug. A recursive formationfor constrainedmechanicalsystemdynamics:Part II, Closed
loopsystems.Mechanisms,Structures,andMachines, 15(4):481–506,1987.

[10] D.S.Bae,J.G. Kuhl, andE. J.Haug. A recursive formationfor constrainedmechanicalsystemdynamics:Part
III, Parallelprocessingimplementation.Mechanisms,Structures,andMachines, 16:249–269,1988.

[11] A. K. Banerjee.Block-diagonalequationsfor multibodyelastodynamicswith geometricstiffnessandconstraints.
Journalof Guidance, Control, andDynamics, 16(6):1092–1100,Nov.–Dec.1993.

[12] R. Featherstone.Thecalculationof roboticdynamicsusingarticulatedbody inertias. InternationalJournal of
RoboticsResearch, 2(1):13–30,Spring1983.

[13] R. Featherstone.RobotDynamicsAlgorithms. Kluwer AcademicPublishing,New York, 1987.

[14] R. Featherstone.A divide-and-conquerarticulatedbody algorithmfor parallelO(log(n)) calculationof rigid
bodydynamics.Part1: Basicalgorithm.InternationalJournalof RoboticsResearch, 18(9):867–875,Sep.1999.

[15] J. M. Hollerbach. A recursive lagrangianformulation of manipulatordynamicsand a comparative study of
dynamicsformulationcomplexity. IEEE Transactionson Systems,Man, and Cybernetics, SMC-10(11):730–
736,1980.

[16] Y. H. HsuandK. S.Anderson.Recursive sensitivity analysisfor constrainedmulti-rigid-bodydynamicsystems
designoptimization.Structural andMultidisciplinaryOptimization, 24(4):312–324,Oct.2002.

[17] A. JainandG. Rodriguez. Recursive �e xible multibody systemdynamicsusingspatialoperators.Journal of
Guidance, Control, andDynamics, 15(6):1453–1466,November–December1992.

[18] T. R. KaneandD. A. Levinson.Dynamics:TheoryandApplication. Mcgraw-Hill, NY, 1985.

[19] K. Kreutz-Delgado,A. Jain,andG.Rodriguez.Recursiveformulationof operationalspacecontrol.International
Journalof RoboticsResearch, 11(4):320–328,August1992.

[20] J. S. Y. Luh, M. W. Walker, andR. P. C. Paul. On-line computationalschemefor mechanicalmanipulators.
Journalof DynamicSystems,Measurements,andControl, 102:69–76,Jun.1980.

[21] P. C. Mitiguy andT. R. Kane. Motion variablesleadingto ef�cient equationsof motion. InternationalJournal
of RoboticsResearch, 15(5):522–532,October1996.

[22] G.Rodriguez.Kalman�ltering, smoothing,andrecursiverobotarmforwardandinversedynamics.IEEEJournal
of RoboticsandAutomation, RA-3(6):624–639,December1987.
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