
The Lorenz Equations

In[98]:= Remove@"Global`*"D

ü This is an introduction to the observation by Edward Lorenz, soon after digital computers became 
available, of a regular pattern in nonlinear equations.

ü Original reference is Deterministic Nonperiodic Flow, by E. Lorenz, in Journal of the Atmospheric Sciences 
20(1963)130.

ü See also Chapter Nine in Nonlinear Dynamics and Chaos, by Steven Strogatz, Westview Press (1994).

ü Additional help from Mathematica documentation.



Set up and solve

In[99]:= InitialConditions = 8x@0D ã z@0D ã 0, y@0D ã 1<;

In[100]:= LorEqns = 8
x£@tD ã s Hx@tD - y@tDL,
y£@tD ã r x@tD - y@tD - x@tD z@tD,
z£@tD ã x@tD y@tD - b z@tD,
InitialConditions<;

These are the values that Lorenz used, according to Strogatz. NDSolve takes a long time to run with these values.

In[81]:= s = 10; b = 8 ê 3; r = 28;

These are the values in the Mathematica documentation. NDSolve runs much faster with these values.

In[101]:= s = -3; r = 26.5; b = 1;

In[102]:= tmax = 200;

In[103]:= soln = NDSolve@LorEqns, 8x, y, z<, 8t, 0, tmax<, MaxSteps Ø 1 000 000D;
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Plot the functions

In[106]:= Plot@y@tD ê. soln, 8t, 0, tmax<D

Out[106]=
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Now plot x(t) and z(t)...

Lorenz.nb   3



The strange attractor in 2D

In[107]:= ParametricPlot@8x@tD, z@tD< ê. soln, 8t, 0, tmax<, AspectRatio Ø 1D

Out[107]=
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Try plotting this for smaller end times, just to see how it moves. I guess if you are ambitious, you could adjust the end time with
Manipulate or Animate.
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The strange attractor in 3D

In[108]:= ParametricPlot3D@8x@tD, y@tD, z@tD< ê. soln, 8t, 0, tmax<,
PlotPoints Ø 100, ColorFunction Ø HHue@Ò4D &LD

Out[108]=

Lorenz.nb   5



Try varying the initial conditions

In[109]:= soln0 = soln;

In[110]:= InitialConditions = 8x@0D ã z@0D ã 0, y@0D ã 1.0001<;

In[111]:= LorEqns = 8
x£@tD ã s Hx@tD - y@tDL,
y£@tD ã r x@tD - y@tD - x@tD z@tD,
z£@tD ã x@tD y@tD - b z@tD,
InitialConditions<;

In[112]:= soln = NDSolve@LorEqns, 8x, y, z<, 8t, 0, tmax<, MaxSteps Ø 1 000 000D;

In[113]:= ParametricPlot@8x@tD, z@tD< ê. soln, 8t, 0, tmax<, AspectRatio Ø 1D

Out[113]=
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It look pretty much the same, but do the trajectories follow each other?
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Testing how the trajectories diverge

In[114]:= dx@t_D := 8x@tD ê. soln< - 8x@tD ê. soln0<

In[115]:= dy@t_D := 8y@tD ê. soln< - 8y@tD ê. soln0<

In[116]:= dz@t_D := 8z@tD ê. soln< - 8z@tD ê. soln0<

In[117]:= d@t_D := Sqrt@dx@tD^2 + dy@tD^2 + dz@tD^2D

In[118]:= LogPlot@d@tD, 8t, 0, 35<, PlotStyle Ø ThickD

Out[118]=

5 10 15 20 25 30 35

0.001

0.01

0.1

1

10

Lorenz.nb   7



Summary

ü The Lorenz Equations were originally derived in order to model the weather.

ü Their solution tends towards a peculiar "butterfly wings" surface in three dimensions, which has been 
called the "strange attractor".

ü A small change in initial conditions leads to an increasing exponential divergence of the two resulting 
trajectories. As we saw in the driven, damped pendulum, this is called a positive Liapunov exponent.

ü Lorenz argued that this was why it is hard to predict the weather! Maybe the "butterfly effect" colloquialism 
has to do with the shape of the strange attractor?
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