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Department of Mathematical Sciences

Preliminary Examination
September 2006

Directions: Please solve 10 out of 12 problems, making sure to indicate on the front of
the exam book which problems you would like to be graded. You have 4 hours to complete
the exam. The use of books, notes, calculators, beasts, and other aids is not permitted. To
receive full credit for a solution, it should include detailed justification of your work.

Good luck,
Preliminary Exam Committee

1. Consider the system of equations Ax = b, where

A =

 1 2 −1
−2 −1 a
−1 −2 a2

 , and b =

 a
−2a

1

 .
(a) For what values of a is A singular?

(b) For what values of a does Ax = b have a unique solution?

(c) For what values of a does Ax = b have infinitely many solutions?

2. Consider the functional

H(ψ) = −
∫

S2
ψ(x)(∇ · ∇ψ (x))dx

on the surface of the unit sphere S2 in IR3. Show that

H(ψ) =
∫

S2
|∇ψ|2 dx.

3. Suppose we have a function f for which it is known that

1√
s
e1/s =

∫ ∞
0

e−stf(t) dt.

whenever s is a real positive number. Find a function g (which may be expressed in
terms of f) such that

1√
2s+ 5

e1/(2s+5) =
∫ ∞
0

e−stg(t) dt.

for any positive real number s.

4. Find the extremal values and points of the function

f(x, y) = 2x2 + 3y2

on the circle
x2 + y2 = r2.
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5. Develop an approximation to the following integral

∫ 1

0

ξNdξ√
1− ξ2

when N is a large integer through the following steps (which is an implementation of
what is known as Laplace’s method):

(a) Make the substitution ξ = e−u.

(b) Notice that the resulting integrand is largest when u = 0. This suggests that we
can simplify the integral by replacing the square root radical in the integrand by
its first nonzero term in a Taylor expansion about u = 0. Go ahead and make this
simplification, and then evaluate the resulting integral to obtain an approximation
to IN , valid for large N . (You may find it useful to note that

∫∞
−∞ e−x2

dx =
√
π.)

Note that in executing the above steps, you do not need to use explicitly that N is
large, but it turns out the approximation can be justified only for N large. (To help
see this, if you’re bored, check what happens for N = 1 where the integral I1 can be
done exactly, but this is not necessary for the exam.)

6. Solve (by giving the eigenvalues and eigenfunctions) the eigenvalue problem for f(x)
defined on the real interval [0, 2π] :

d2f

dx2
= −λf(x)

f(0) = f(2π)

7. Let

A =

 2 0 1
0 1 0
1 0 2

 , and b =

 2
2

−2

 .
(a) What are the eigenvalues of A?

(b) Find a matrix S that diagonalizes A.

(c) Calculate A7b. What is limk→∞A
kb?

8. Given an infinitely differentiable function f , calculate a Taylor series approximation to

g(ε) =
1

2ε

∫ ε

−ε
f(x) dx,

valid for small ε, in terms of certain Taylor coefficients of f . Your Taylor series ap-
proximation need only be calculated so that the remainder term is O(ε3).
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9. Let N = {1, . . . , n} be a collection of webpages. One method to determine the relative
importance of the pages is to examine their crossreferences. Let

rij =

{
1 if page j links to page i
0 otherwise

Define rii = 0 for all i. In order to normalize for pages that contain a lot of links, let

Rj = number of pages to which j links

and then let
cij = rij/Rj

(assume Rj > 0 for all j). Note that
∑n

i=1 cij = 1 for all j. Let xi measure the
importance of page i, with higher values of xi corresponding to more important pages.
The value x can be taken to be the solution of the matrix equation

x = Cx

where the entries of the matrix C are the quantities cij defined above.

(a) Show that λ = 1 is an eigenvalue of C.

(b) Show that all eigenvalues λ of C satisfy |λ| ≤ 1.

10. Consider the ellipsoids in IR3 given by

f(a, b, c) = 4(a− 1)2 + 3b2 + 2c2 = k

where k > 0 is a constant. Find the furthest and nearest points of a given ellipsoid to
the origin in terms of k (use the Euclidean distance in IR3).

11. Find the volume of the ellipsoid

f(a, b, c) = 4(a− 1)2 + 3b2 + 2c2 = k

in IR3 in terms of k > 0.

12. Determine for what values of the real number p the following series converges:

∞∑
n=1

e
√

ln nn−p.
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