Preliminary Examination
Department of Mathematical Sciences
Rensselaer Polytechnic Institute
September 10, 2011

Instructions:
¢ Please submit 10 problems for grading out of the 12 problems given on the exam. Do not

sibmit solutions for more than 10 problems.

¢ The exam will be graded anonymously. Do not write your name on it. Instead, write the last
1 digits of your RPI identification number (RIN) at the top right-haud corner of every page
vou submit for grading.

e Show all work necessary to justify your answers. Answers without proper supporting work
will not receive full credit.

¢ When turning in your work, place each problem solution face down on its respective numbered
envelope at the front of the room.

e No books, notes, calculators or other electronic devices (e.g., iPods) are permitted.

e You have 4 hours to complete the exam. 1

e Good luck.
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1. Suppose A is an invertible symunetric nox noreal matrix for which {wi}E | are known to be
real cigenvectors (bt not necessarily the complete set) with corresponding distinet cigenvalues

(VA
(AT L |
Awl = \Owl)

Define

k

B=A+ E ew Wl

=1

where {¢,}5_ are some real constants and v denotes the transpose of vector v .

(a) For what values of {¢ ?‘:1 is B invertible?

b) When B is invertible, express B8-' purely in terms of A7', the coustants {c;}5_, the
cigenvectors {w® 1} and the cigenvalues (AW }E

1=1"



2.

Suppose D is an nox o diagonal matrix with entries 1, =y > 0, and that B is a n < k real
natrix, with A <2 n. Consider the matrix

C =DBB'D
where B! denotes the transpose of matrix B.

What is the maxunum rank C could have (over all possible choices of D and B subject to the
conditions described above)? Explain your reasoning.



Suppose that the permutation operator

P:RY - RY
is defined so that N ~ ;
ty Uy
'y th
Pivs - 135}
UN Un -t
. - L o

for all v € RY. Suppose further you have found N distinct cigenvalues {,\1}5’:1 of P and
corresponding normalized colimmn eigenvectors of the form:

—-{N-1)
L/\J ]

One could solve for {/\j}f{:l explicitly but you don’t need to do this for this problem.

(a) Find the eigenvalues and column cigenvectors of the transpose of the permutation oper-
ator P in terms of {A; Y, and (WO

(b) Now consider the N x N matrix:

y Cyp Cy3 -+ OCN_y CN
CN Cy Cog o CN-—2 CN-y
CN-1 CN C1 " CN-3 CN-2
C=1 .
Cy Cy Cg Cy 9
L Cn Cy Cq4 v CN Cy i

Show that {wt)}, are column eigenvectors for C, and compute their corresponding
cigenvalues in terms of {A\}YV,, {wU} s and {¢;},.



. We detine subsets {Se}. | of the integers as follows:

S[ -‘—‘{1,2,,.,,;\[},
Sy o= {M 1M R20 20,

Sk ={(K =DM+ 1, (K -0)M+2,... KM}
where I and M oare positive integers, and we set N = KA. Detine the following subspaces

of RV:

K
Vo = ﬂ{(.lfh.ﬂg,‘.‘,.ﬁ[\/) v =0 when @,y € Sk},
k=1

N

crn) oy =0fori g Sk,z.ri =0} fork=1,... K.

i=1

Vi = {(£1, 12, ...

(a) Compute the dimension of cach subspace {Vi},.
(h) Show that the subspaces (Vi are all orthogonal to each other.

(¢) Show that the subspaces {Vi}5 , span RY.



5. The plane & + y + 2 = L cuts the eylinder £2 + 5% = Lin an cllipse. Find the points on the
ellipse that lie closest to and farthest from the origin, (Identify which is which.)



C o . ) ) L
6. Find the volume enclosed Lotween the two surfaces 7 =8 ~ 02 -y and == 0%+ 37



7. Find the surface area of the paraboloid = = &= + 4 below the plane 2 = 1.

-1



3. Find the thix ) F - nds of the vector field F(re,y) = 2r1 = 3yj ontward across the ellipse

¢’ whose parametric form is ¢ = cost, gy o= Isint, O <24 < 270 (It is understood that ds

represents are length differential and nrepresents the ontward nnit normal.)



9. Newton's method e be used o find asequence {5, 12 of decimal approximations to the

minber T:”I

{An advantage over the long division adgorithm is that no divisions are HOCeSSAry. )

Let g = 005, Calculate £y with no rounding,.

Show clearly the recursion formula that you use. Show clearly your (hand) decimal caleula-
tions.
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10. Let
l

f(r) =tan ' () Ftan ! <-> N I VR

r
Find an explicit fornla for f(r) that is free of trigonometric functions. Justify your claim.

Hint: think derivative
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1. Let a and b be positive real mnmbers. Find an explicit form for a positive real-valued tunetion,
r(d). O < o 2r, such that the two sets

s fon () () 1)

and
Sy = {(r,y) € RY: (£, y) = (r(#) cos (h), r(b) sin (@), for some p € [0,2m)}

are equal.

Argue that the two sets are cqual.
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12, The center of a cirele in the o, y-plane, of radins 1, has coordinates (. y) = (0, ¢) for some
, )

¢ > 0. 'The cirele is tangent to the parabola, y = ¢°. - < ¢ < 0, at exactly two points.
Compute all possible valnes tor ¢,
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