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Abstract 
 

Detached Direct Numerical Simulations (DDNS) of a two-phase turbulent bubbly channel flow at Reη = 180 (based on friction 

velocity and channel half-width) were performed using a stabilized finite element method (FEM), a level set algorithm to track 

the interface, and subgrid wall models. Fully developed turbulent single-phase DNS results obtained previously (Trofimova et 

al., 2009) with the same stabilized FEM code, were used as the initial flow field, and a level-set distance field was introduced 

to resolve and track the gas bubbles. Surface tension and gravity forces were used in the simulation to physically represent the 

behavior of a bubbly two-phase air/water flow. The DDNS results were averaged to obtain the mean liquid and gas velocity 

distributions, the local gas volume fractions, and the local turbulent kinetic energy and dissipation rate of the liquid phase. The 

liquid phase parameters were compared with the corresponding single-phase turbulent channel flow to appraise the bubbles’ 

influence on the liquid’s turbulence field and to quantify the importance of bubble-induced turbulence.  

 

 
Introduction 
 
The understanding of two-phase bubbly flows is important 

for science and engineering due to their widespread 

occurrence in natural and man-made systems. Recent 

advances in the development of massively parallel 

computer systems and engineering software makes direct 

numerical simulation (DNS) of two-phase bubbly turbulent 

flows a viable way to study such complex flows. 

Tryggvason et al. (2006) reviewed the current state of the 

DNS of dispersed bubbly gas/liquid flows. Earlier DNS 

applications to multiphase flows resulted in the modeling 

of rising bubbles in shear-free domains, such as: 

homogeneous bubbly flows (Bunner & Tryggvason, 2003), 

bubbly flow in a laminar channel (Nagrath et al., 2005), 

and the decay of isotropic turbulence interacting with 

bubbles (Toutant et al., 2008). Other DNS of two-phase 

turbulent flows have assumed negligibly small bubble size 

compared to the scales of turbulence (e.g., Nierhaus et al., 

2007). 

The two-phase bubbly turbulent channel flow simulation 

presented in this paper was performed using a finite 

element based approach coupled with a level set method. 

The simulation includes gravity, a realistic water/air 

density ratio of 858.3, a surface tension of 0.0365 N/m, 

and liquid and gas viscosities of 8.514×10
-4

 kg/m-s and 

1.858×10
-4

 kg/m-s, respectively, and a liquid phase 

turbulence Reynolds number of 180 (based on friction 

velocity). The level set method also allowed for the 

modeling of possible coalescence and break-up of bubbles. 

In this study, the results of a Detached Direct Numerical 

Simulation (DDNS) are presented, in which appropriate 

subgrid wall models were used in order to control the 

computational costs.  As it will be discussed later, the use 

of these subgrid models eliminated the need for an 

extensive near-wall nodalization which would otherwise be 

required to directly apply a no-slip boundary condition at 

the conduit walls, and to resolve the lubrication-type of 

force on the bubbles very close to the walls. This type of 

computational model allows for a DNS of the fluid 

everywhere except very near the conduit walls, and is 

analogous to the well known single-phase Detached Eddy 

Simulation (DES) model (Spalart, 1997), in which a 

subgrid wall model is used instead of applying a no-slip 

boundary condition at the walls, and a Large Eddy 

Simulation (LES) is performed elsewhere in the flow field.    

 

Nomenclature 
 

CD drag coefficient (-) 

d level-set distance field (m) 

dw distance to the wall (m) 

if  body forces (N) 

Fw wall force 

g gravitational constant (ms
-2

) 

ki turbulent kinetic energy (m
2
s

-2
) 

p pressure (Nm
-2

) 

ui velocity component (ms
-1

) 

R bubble radius (m) 

Sij strain-rate tensor (s
-1

) 

t simulation time (s) 

Xk phase indicator function (-) 

  

Greek letters 

 gas volume fraction (-) 

δ channel half-width (m) 
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εls half of an interface thickness (m) 

εi turbulence dissipation rate for phase-i (m
2
s

-3
) 

μ dynamic viscosity (kg/m-s) 

ρ density (kg·m
-3

) 

ζ surface tension (kg/s
2
) 

ij  stress tensor (Nm
-2

) 

φ level set variable (m) 

 
Subscripts 

1 first phase – liquid 

2 second phase – gas 

 

 
Numerical Method 

 
Governing Equations 

 

The spatial and temporal discretization of the 

Incompressible Navier-Stokes (INS) equations in PHASTA 

has been previously described by Whiting (1999) and 

Nagrath (2004). The so-called strong form of these 

equations is given by: 

Continuity:      , 0i ju   ( 1 ) 

Momentum: , , , ,i t j i j i ij j iu u u p f         ( 2 ) 

where ρ is density, ui is i
th

 component of velocity, p is the 

pressure, ij is the stress tensor, and if  represents body 

forces in the i
th

 coordinate direction. For the 

incompressible flow of a Newtonian fluid, the stress tensor 

is related to the strain rate tensor, Sij, as: 

, ,2 ( )ij ij i j j iS u u      ( 3 ) 

Using the Continuum Surface Tension (CST) model of 

Brackbill et al. (1992), the surface tension force was 

computed as a local interfacial force density, and included 

in if . 

 

Level Set Method 
 

The level set method of Sussman (e.g., Sussman et al. 

(1998), Sussman and Fatemi (1999), Sussman et al. 

(1999)) and Sethian (1999) involves modeling the interface 

as the zero level set of a smooth function, φ, where φ 

represents the signed distance from the interface. Hence, 

the interface is defined by φ = 0. The scalar φ, the so-called 

first scalar, is convected with the moving fluid according 

to: 

0
D

u
Dt t


   


 
  ( 4 ) 

where u  is the fluid’s velocity vector. Phase-1, typically 

the liquid phase, is indicated by a positive level set, φ > 0, 

and phase-2 by a negative level set, φ < 0. Evaluating the 

jump in physical properties using a step change across the 

interface leads to poor computational results. Therefore, 

the properties near an interface were defined using a 

smoothed Heaviside kernel function, Hε, given by 

(Sussman et al., 1999): 

0 ,

1 1 ,( ) 1 sin
2

,
1

ls

ls

ls ls

ls

H

 


        
   






 

   
  

 

 ( 5 ) 

and the fluid properties were defined as: 

1 2( ) ( ) (1 ( ))H H          ( 6 ) 

1 2( ) ( ) (1 ( ))H H          ( 7 ) 

Although the solution will be reasonably good in the 

immediate vicinity of the interface, the distance field may 

not be correct throughout the domain since the varying 

fluid velocities throughout the flow field distorts the level 

set contours. Thus the level set was corrected with a 

re-distancing operation by solving the following PDE 

(Sussman and Fatemi, 1999): 

( ) 1
d

S d


     



 ( 8 ) 

where d is a scalar that represents the corrected distance 

field and η is a pseudo time over which the PDE is solved 

to steady-state. This may also be expressed as the 

following transport equation: 

( )
d

w d S


  





 ( 9 ) 

The so-called second scalar, d, is originally assigned the 

level set field, φ, and is convected with a pseudo-velocity 

w , where, 

( )
d

w S
d





  ( 10 ) 

and S(φ) is defined as: 

1 ,

1 ,( ) sin

,
1

ls

ls

ls ls

ls

S

  

      

  




 

   
  

 

 ( 11 ) 

Note that the zeroth level set, or interface, φ = 0, does not 

move since its convecting velocity w , is zero. Solving the 

second scalar to steady-state restores the distance field 

to 1d  but does not alter the location of the interface. 

The first scalar, φ, is then updated using the steady solution 

of d. 

Sussman et al. (1999) and Sussman and Fatemi 

(1999) proposed an additional constraint to be applied 

during the re-distance step to help ensure the interface (φ = 

0) does not move and thus to conserve mass. They found 

imposing this constraint improves the convergence of the 

re-distancing step while maintaining the original zero level 

set. The essence of this constraint, which was used in our 

simulations, is to preserve the original volume and mass of 

each phase during the re-distance step.  

The implementation of the level set method into the 

PHASTA code has been done by Nagrath (2004) and 

Rodriguez (2009). The presented simulations were based 

on the PHASTA version enhanced by Rodriguez (2009) 

with some modifications discussed in the text. 

 

Discussion 

Computational domain and grid  

 
The goal of the two-phase bubbly flow simulation was to 

represent a number of adequately resolved bubbles in a 

turbulent channel flow. In order to keep the size of the 

bubbles relatively small compared to the size of the 

channel the following domain parameters were used: 
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 stream wise (x) length: 2xL    

 channel width (y): 2.0yL   

 span wise (z) length: 2

3zL    

This represents a quarter of the domain size used in 

previous (Moser et al., 1999; Trofimova et al., 2009) 

single-phase low Reynolds number DNS ( 4xL   , 

2.0yL  , 4

3zL   ). 

The mesh resolution used in the simulation was chosen to 

accurately represent the bubble interface by having at least 

18 elements across the diameter of an equivalent spherical 

bubble. In addition, for the small bubble simulations, the 

bubble diameter was chosen to represent one eighth of the 

channel width. The mesh parameters are summarized in 

Table 1.  

The mesh was isotropic with 9.8M hexahedral elements. 

This mesh was used to perform the following simulations 

in the turbulent channel flow: 

 a single small bubble simulation 

 a multiple (32) small bubbles simulation 

 a large single bubble simulation   

 

Table 1. Hexahedral mesh parameters used for two-phase 

turbulent channel flow DDNS. 

Mesh 

parameters 

Stream-wise 

direction, x 

Normal to the 

wall direction, y 

Span-wise 

direction, z 

Resolution in 

wall units, 

ix  
2.5 2.5 2.5 

Number of 

nodes 
452 144 151 

In all cases, the bubbles were introduced into a fully 

developed turbulent channel flow solution by supplying 

the single-phase solution with an analytical expression for 

an initial level set distance field representing the bubble(s). 

Table 2 summarizes the parameters of the three two-phase 

turbulent channel flow simulations presented herein. 

Table 2. Bubble size and volume fractions in the 

two-phase flow simulations. 

Case number 1 2 3 

Bubble diameter, number of 

hexahedral elements 
18 18 72 

Bubble diameter, wall units 45 45 180 

Bubble diameter, length units 0.25 0.25 1.0 

Number of bubbles 1 32 1 

Volume of the bubbles 0.00818 0.2618 0.5236 

Channel volume 26.319 26.319 26.319 

Bubble volume fraction 0.031% 1.0% 2.0% 

 

Single-phase turbulent channel flow 
   

The stabilized FEM-based code PHASTA-IC has been 

previously used to perform single-phase turbulent channel 

flow DNS (Trofimova et al., 2009). However, due to 

restrictions imposed on the domain and the grid by the 

desired multi-bubble two-phase flow simulation we had to 

re-compute the single-phase turbulence field for our 

two-phase problem setup.  

The simulation of turbulence in the single-phase channel 

flow was approached differently in the present work. Since, 

unlike Trofimova et al. (2009), we did not start with a 

coarse mesh, an attempt to achieve turbulence using a 

Poiseuille flow (i.e., parabolic mean velocity profile) with 

random perturbations resulted in flow re-laminarization. 

This can be explained by the fact that the random initial 

perturbations on a finer mesh will excite small scales in the 

flow which are very strongly influenced by the molecular 

viscosity compared to the larger scales. Anyway, in order 

to initialize the single-phase turbulent channel flow run we 

introduced as an initial condition a combination of the 

parabolic profile with cosine waves which had scales 

comparable with the channel width. 

Since we designed the mesh with uniform spacing in all 

directions to properly represent the bubbles we did not 

have the ability to apply a no-slip boundary condition at 

the wall since the first point off the wall was 

at 1 2.5y  (i.e., in the laminar sublayer). Thus, we have 

applied a boundary condition at the walls using an 

appropriate traction force (Spalding, 1961). Figure 1 shows 

the instantaneous velocity field in a single-phase turbulent 

channel used for initializing the two-phase flow DDNS. It 

was verified that this subgrid model yields the expected 

“law of the wall” results for single-phase flows. 

 

Figure 1. Single-phase turbulent channel flow solution 

which was used to initialize the two-phase flow 

simulations. 

 

Two-phase bubbly turbulent channel flows  
  

For all flows analyzed the following steps were taken to 

initialize the turbulent channel bubbly flow simulations: 

 a level set distance field was introduced with an 

analytical expression representing the interface of 

spherical bubble(s) at prescribed location(s) and 

size. 

 the turbulent flow simulation was started initially 

with identical fluid properties (density, ρ and 

molecular viscosity, μ) for both fluids 

 the gas phase density and viscosity are ramped 

down to the desired values over one flow-through 

in the periodic computational domain 

Let us next consider these steps in details. A general form 

of the initial distance field, 0 , for the bubbly flow 

simulations is: 



Paper No  7
th

 International Conference on Multiphase Flow 
  ICMF 2010, Tampa, FL USA, May 30-June 4, 2010 

 

 4 

     
2 2 2

0
1,

min
b

i i i
i N

x x y y z z R


       
  



 

( 12 ) 

where Nb is the number of bubbles in the simulation, 

( , , )i i ix y z  are the coordinates of the centers of the 

bubbles and R is the bubbles’ radius. 

The initial bubbles distributions for the simulations are 

shown in Figure 2. All three simulations deal with 

turbulent vertical flow between parallel plates. The 

gas/liquid relative velocity was achieved by applying the 

gravity body force downwards while having a pressure 

gradient acting upward to overcome the gravity and 

friction forces. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 2. Initial bubble distribution for the three cases of 

interest. 

 

In order to ensure a smooth transition between the single 

and two-phase turbulent channel flow simulations we used 

a numerical ramp to slowly change the properties of the 

gas phase: 

 
0

2 0 1

1

,  if 

( ) 1 ,  if 

,  if 

l

l g

g

t t

t t t t

t t
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( ) 1 ,  if 

,  if 

l

l g

g

t t

t t t t

t t

 


    






    



 ( 14 ) 

where, 0

1 0

t t

t t





  is the linear ramp parameter, t0 is the 

time of the start of the ramp, t1 is the end time of the ramp 

and t is the current simulation time. A typical ramp 

interval, 1 0t t , is about one flow-through time for the 

periodic domain. This method of two-phase flow 

initialization was found to be the most efficient and stable 

way to achieve fully developed bubbly flows. 

Since the interface tracking method we used does not 

account for the physical behavior of gas/liquid/wall 

interactions (such as the contact angle between the wall 

and interface) we initially experienced bubbles attaching to 

the channel walls. This type of behavior can be physical 

for certain fluids and certain conditions, but it is not 

expected for turbulent air/water bubbly flows. Thus, in 

order to perform realistic simulations of the air/water flows 

presented in this paper, we introduced a subgrid model for 

the lubrication-type of repellant wall force which acts on 

the bubble’s interface near the wall. This type of subgrid 

wall force model is well known, and widely used in 

computational multiphase fluid dynamics (CMFD) 

simulations (Antal et al., 1991). The following expression 

was used for the near-wall repellant force: 

1 2

2w l l w

w w

a a
F U R n

d d

 
  

 
  ( 15 ) 

where Ul is the mean liquid velocity, R is the bubble’s 

radius, dw is the distance to the wall at the point of 

application, wn  is the normal to the wall, and a1 = 550.0 

and a2 = 35.0 are model coefficients. This force is only 

applied on the liquid/gas interface ( ls  ) and is only 

significant very close to the wall ( 4.0w lsd   ). The region 

of importance of this force is highlighted in blue on the 

right of the domain in Figure 3. The force is only applied 

throughout the interface thickness (bounded by the pair of 

yellow lines parallel to the black zero level set contour). In 

this figure the wall force is directed to the left, normal to 

the wall. While it would have been possible to resolve this 

lubrication-type wall force by using an adaptive fine grid 

mesh very near the conduit walls, this would have resulted 

in prohibitive computational costs and no improvement in 

accuracy. Thus a subgrid wall force model was used.  

 

 

Figure 3. Bubble wall interaction and the application 

region of the repellant wall force. 

Dimensional interpretation of the two-phase 
simulations 

 
The simulations presented in this paper were performed 

using a non-dimensional set of parameters. While for 

single-phase simulations the flow between parallel plates is 

well characterized by the Reynolds number, the complexity 

of the two-phase flow requires a more detailed description 

of the physical interpretation of the modeled flow. This 
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section will discuss the size, surface tension, density and 

other parameters for the cases under consideration. For 

each parameter of interest, β, we will use the following 

notation: 

   is the non-dimensional parameter used in the 

PHASTA simulations 

 *  is the characteristic value of the parameter 

 *     is the physically significant dimensional 

value of the parameter 

The single-phase simulations we have performed used the 

following non-dimensional parameters (density, dynamic 

viscosity, channel half-width, mean liquid velocity): 

1 1.0  , 1 0.00036574  , 1.0  , 1.0mU   ( 16 ) 

This set of parameters results in the following Reynolds 

number based on the half-channel width and mean liquid 

velocity: 

Re 2,734
U 

 


 ( 17 ) 

If we assume that the liquid is water at atmospheric 

pressure and room temperature (STP), the dimensional 

density and dynamic viscosity are: 

1 3
996.5

kg

m
  , 1 0.0008541

kg

m s
 


 ( 18 ) 

In this case the characteristic density and viscosity are: 

* 1

3

1

996.5
kg

m


  


, 

* 1

1

2.3279
kg

m s


  

 
 ( 19 ) 

In order to determine the three basic scaling quantities 

(length, mass and time) we need one more parameter. We 

chose the following characteristic length:  
* 33.6283 10l m   ( 20 ) 

By performing a dimensional analysis of the specified 

characteristic quantities we can dimensionalize all the 

parameters of the problem. Table 3 summarizes the 

relations between the various physical quantities. 

Given the chosen fluid properties and characteristic length 

the present channel flow simulations can be interpreted as 

the flow of water at STP between vertical parallel plates 

having a spacing of 7.25 mm. The periodic domain’s 

length was 22.8 mm and the mean velocity of the flow was 

0.6438 m/s.  

 

Simulation results 

 
The numerical simulations were performed for several 

flow-through times of the periodic domain by the liquid 

phase after the initial density and viscosity ramping was 

completed.  

Figures 4 – 6 demonstrate the bubble(s) evolution in the 

channel flow. The five snapshots shown in each figure are 

equally spaced in time. In each snapshot of the flow the 

left and right boundaries are the walls, the top and bottom 

boundaries had inflow/outflow periodicity conditions and 

the velocity magnitude colors are shown for one plane 

normal to the viewer’s direction. The bubble interfaces 

presented are in three dimensions and don’t necessarily 

intersect with the liquid flow field shown. 

Table 3. Characteristic quantities of interest. 

Notation Name Relation Value Units 

*  density 

specified 

liquid/gas 

property 

996.5 
3

kg

m
 

*  
dynamic 

viscosity 

specified 

liquid/gas 

property 

2.3279 
kg

m s
 

*l  length 

specified 

channel 

half-width 

0.0036283 m 

*m  mass 
* *3l  4.76×10

-5
 kg 

*t  time 
* *2

*

l


 5.635×10

-3
 s 

*u  velocity 
*

* *l




 0.6438 

m

s
 

*p  
pressure 

gradient 

*2

* *3l




 1.1385×10

5
 

2 2

kg

m s
 

*g  
gravity 

acceleration 

*2

*2 *3l




 1.1425×10

2
 

2

m

s
 

*  
surface 

tension 

*2

* *l




 1.5 

2

kg

s
 

 
Figure 4 shows the results of a simulation representing an 

air bubble in a turbulent flow of water between parallel 

plates. The equivalent bubble diameter was 0.9 mm which 

corresponds to 1/8 of the distance between the plates. The 

bubble’s flow through the computational domain took 

about 0.035 s. There is a strong tendency for the bubble to 

approach the wall and we can clearly observe bubble/wall 

interactions as the bubble bounces off the wall and 

approaches it again later in the run. The time of these 

bubble/wall interactions is not uniform due to the turbulent 

fluctuation’s influence on the bubble’s trajectory. In any 

event, the approximate frequency of the bubbly/wall 

interactions was about 30 Hz. 

Figure 5 shows a multi bubble turbulent channel flow (32 

bubbles initially). Each bubble had an equivalent diameter 

of 0.9 mm and all the flow conditions were the same as in 

the single bubble case described previously. Since we have 

used a uniform mesh for all our simulations, to resolve the 

bubbles in any domain location, the computational cost for 

the 32 bubble simulation was about the same as for a 

single bubble. As expected (Lahey, 2005), significant 

wall-peaking of the lateral bubble distribution was 

observed. 

The third simulation presented in this paper deals with a 

single large bubble in the same domain. The equivalent 

bubble diameter was 3.625 mm, which represents the 

channel’s half-width. However, once the flow becomes 

developed, the bubble develops a cap-like shape and 

stretches itself across about 75% of the distance between 

the parallel plates. Figure 6 shows typical large bubble 

behavior during one flow-through of the simulation. 
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Figure 4. Single bubble turbulent channel flow evolution. 

 

     

Figure 5. Multiple bubbles turbulent channel flow simulation. 

Computational cost 
The two-phase DDNS of turbulent channel flows were 

carried out for about 7 flow-through cycles in the periodic 

domain for each case. In this way we could obtain 

statistically stationary averaged results in each case. One 

flow-through cycle took approximately 3000 time steps. 

PHASTA ran in parallel on 2048 processors on the 

BlueGene/L super computer at Computational Center for 

Nanotechnology Innovation (CCNI) at Rensselaer 

Polytechnic Institute. Two 12 hour runs were required to 

go through 3000 time steps and complete one flow-through 

cycle in each case. Thus, approximately 50,000 CPU-hours 

on a BlueGene/L machine were required for each 

flow-through cycle. Therefore, to produce the final results 

we used about 350,000 CPU-hours for each of the three 

presented cases. To perform “data” averaging (discussed 

below) we performed 5 simulations (with slightly different 

initial bubble distributions) of the 32 bubble case to 

improve the statistical results. Thus, the overall 

computational cost of the results presented in this paper 

was about 2.45 million CPU-hours on a massively parallel 

Blue Gene/L super computer. 
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Figure 6. Large bubble turbulent channel flow simulation.

 
Two-phase turbulence statistics 
 

For each case presented herein time and space averaging 

was performed to compute basic two-phase turbulent flow 

parameters such as the mean velocity for each phase, the 

gas volume fraction distribution, and the turbulent kinetic 

energy and turbulence dissipation rate distributions in the 

liquid phase. 

We perform sliding-window time averaging to make sure a 

statistically stationary solution was obtained after the 

initial transient was washed out. As noted previously, to 

obtain better statistics we also employed an 

ensemble-averaging technique by performing several DNS 

runs of the same problem with slightly different initial 

conditions, and then averaging the results. The analysis 

resulted in the following time-dependent functions of the 

described quantities: 

 
1 1

1 1
( )

e wN N
k i
i k m j

k e wm j

U t X u t t
N N  

 
  

 
 

   ( 21 ) 

 
3 2

1
2

1 1 1

1 1
( ) ( )

e wN N
k i

k m j
k e wm j i

k t X u t t
N N  

 
  

 
 

  


 ( 22 ) 

2
3 3

1 1 1 1

( )1 1
( )

e w
iN N

m jk
k

k e w km j i k

u t t
t X

N N x
 

    

     
     

   ( 23 ) 

1 1

1 1
( ) ( )

e wN N

k k j
e wm j

t X t t
N N 

 
  

 
 

   ( 24 ) 

where Xk is the phase indicator function for field-k, 

( ) ( ) ( )i i
m j m j iu t t u t t U t      is the fluctuation of velocity 

component-i computed during ensemble run-m at time 

instant t + tj; Ne is the number of ensemble runs, Nw is the 

number of velocity samples in each window, t is the 

current time,  2j wt j N t    is the local window 

time, and t  is the time step. An example of mean phase 

velocities and their fluctuations, and the gas phase 

indicator function (X2) is shown in Figure 7. We note that 

for the global void fractions simulated that the velocity 

statistics are inherently much better for the liquid phase. 

 

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14

u,

m/s

time, s

u1 X2

 

Figure 7. Example of DNS data produced by PHASTA for 

two-phase flow at a fixed point which was used for 

obtaining averaged data (u1 is the axial velocity and X2 is 

the gas phase indicator function; the averaged values, 1

1U  

and 2

1U , are shown in blue and orange, respectively). 

 
Multi-bubble case 

 

Let us next consider the averaged statistics for the 

multi-bubble flow case. We will not present the 

single-bubble averaged result herein due to the very small 

volume fraction in the flow and thus, the very small 
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statistical sample in the gas phase from the single bubble 

simulations. 

Figure 8 shows the lateral distribution of the liquid and gas 

mean velocities, gas volume fraction and relative velocity 

of the phases. Note that the equivalent bubble diameter is 

the same as the distance between vertical gridlines shown 

in the plot. In order to gather more statistical data for this 

case we have performed 5 simulations with different initial 

perturbations to obtain statistical independence of the 

simulations. To obtain this average we used 4,000 time 

steps averaged across 5 ensemble runs which resulted in 

statistics for 20,000 time steps. This number of time steps 

corresponds to approximately one flow through of the 

liquid phase in each simulation of the ensemble. 

 

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.040

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

α
U, 

m/s

y, m
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Figure 8. Mean flow parameters for multi-bubble 

simulation. 

We can see that the calculated volume fraction distribution 

is consistent with the experimental and theoretical 

observations for small bubble upflows in vertical conduits 

(Lahey, 2005). In particular, the mean velocity gradient 

induces a lift force on the bubbles which moves them close 

to the walls (i.e., wall peaking). This trend can also be 

observed in the simulation snapshots (Figure 5). While the 

liquid mean velocity shows a very smooth profile the gas 

velocity profile is less smooth. We can observe somewhat 

singular behavior near the center line, where the local gas 

volume fraction (i.e., the local void fraction, α) falls to just 

0.07 %. This low value results only in capturing the 

statistics for a few bubbles. In contrast, the near-wall gas 

velocity profile is quite uniform, similar to the liquid 

profile, since each bubble occupies a distance of its 

diameter near the wall and those bubbles slide along the 

wall surface with a single velocity which is captured in this 

statistic. 

The computed relative velocity value is observed to be in 

the range of 0.1 – 0.17 m/s, excluding the near-wall region 

and the unresolved centerline region. We should note that a  

balance between a typical drag force and the buoyancy 

force for a sphere in a quiescent liquid results in 0.26 m/s 

as an estimate of relative velocity. The difference may be 

attributed to the fact the gas bubbles are generally not 

spherical in the simulation and may be traveling in regions 

with significant mean liquid velocity gradients. Legendre 

& Magnaudet (1998) have observed that the drag 

coefficient for a bubble in a linear shear flow is higher than 

in a non-shear case, which would result in smaller relative 

velocity. 

 

Large bubble case  
  

Figure 9 shows the averaging results for the large bubble 

channel flow simulation. We observe that the large bubbles 

are not influenced by the mean liquid velocity gradient in 

the same way as the small ones are. For example, the peak 

of the gas volume fraction is at the center line in this case. 

Also we observe a higher relative velocity of 0.227 m/s 

(when averaged across the channel).  

Joseph (2003) proposed a drag coefficient for a 

spherical-cap bubble in the following form: 

32.0
0.445 6.0

Re
D

eq

C
 

   
 

 ( 25 ) 

where Re
eq R

eq

d U



 is the Reynolds number of the 

bubble based on relative velocity and volume equivalent 

diameter (corresponding to the diameter of a spherical 

bubble with the same volume as the cap bubble under 

consideration). In our case Re 620.6eq   (based on the 

observed relative velocity) which results in 2.69DC  . 

Note that the Reynolds number used in the correlation has 

a negligible influence (less than 1%) on the overall result 

in the observed range of relative velocities. The use of this 

analytical drag coefficient to estimate the theoretical 

relative velocity by balancing drag and buoyancy forces 

results in a relative velocity value of 0.206 m/s which is 

close to the computed value of 0.227 m/s. 
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Figure 9. Mean flow parameters for the large bubble 

turbulent channel flow case. 

Liquid phase analysis   

In this section we will look at the changes in the liquid 

phase which occur due to the presence of bubbles. We 

compare the mean flow parameters (i.e., the mean velocity, 

turbulent kinetic energy and turbulence dissipation rate) 

obtained from the multi-bubble and large bubble 

simulations with their single-phase flow counterparts.  

Figure 10 shows the mean liquid velocity profiles for the 
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three cases of interests. We can observe that the presence 

of the positive buoyant bubbles accelerate the liquid 

through the channel. Indeed, the change of the liquid 

velocity averaged across the channel is linear with respect 

to the gas volume fraction in the flow for the considered 

cases (Table 4). 
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Figure 10. Mean liquid velocity profiles for single-phase 

and two-phase flows. 

The presence of bubbles in the turbulent liquid flow 

introduces additional velocity fluctuations into the liquid 

turbulence. To quantify the amount of this gas-induced 

additional energy we have computed the turbulent kinetic 

energy of the liquid in the single-phase and two-phase 

channel flow cases.  

 

Table 4. Average liquid mean velocity summary 

Case Gas volume 

fraction 

Average liquid 

velocity, m/s 

Single-phase 0% 1.0088 

Multi-bubble 

flow 

1% 1.1169 

Large bubble 

flow 

2% 1.2037 

 

Figure 11 shows the lateral distribution of the liquid’s 

turbulent kinetic energy for the three cases studied.. It is 

interesting to note that multi-bubble case increases the 

liquid’s turbulent kinetic energy everywhere in the channel 

except at the centerline location, where the observed 

volume fraction is close to zero. The amount of energy 

increase is noticeable, but not really significant for the 

multi-bubble case. 

In contrast, for the large bubble case the liquid’s turbulent 

kinetic energy changes significantly. This is attributed to 

the shape of the large bubble and to its size. In fact, the 

whole pattern of turbulent fluctuations in the liquid flow 

changes due to the presence of a bubble of this size since 

the wake behind it occupies a significant portion of the 

domain. To compare the liquid fluctuation patterns, refer to 

Figure 1 showing the single-phase instantaneous velocity 

distribution, Figure 5 showing multi-bubble velocity field 

and Figure 6 showing the large bubble velocity field. 

While the velocity field structure is somewhat similar in 

Figure 2 and Figure 5, one can notice a large difference 

between the velocity fields in Figure 2 and Figure 6. The 

large changes in velocity magnitude along the channel 

shown in Figure 6 result in a significant turbulent kinetic 

energy difference (Figure 11). It is also worth mentioning 

that the lateral shape of the turbulent kinetic energy 

profiles is similar in all cases under consideration.  
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Figure 11. Liquid turbulent kinetic energy profiles for 

single-phase and two-phase flows. 
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Figure 12. Liquid turbulent dissipation rate profiles for 

single-phase and two-phase flows. 

Figure 12 shows the turbulence dissipation rate 

distributions. We can observe that values increase across 

the channel consistent with the increase of gas volume (i.e., 

void) fraction. The large bubble case exhibits a significant 

value of liquid turbulence dissipation rate (ε) at the center 

line compared with the single and multi-bubble flow cases. 

This can be explained by the presence of high mean shear 

rates in the wake of the large bubble at the center line 

while for the small bubbles at this same location, the mean 

shear rate is very small. 

 
Conclusions 
 

The DDNS results presented herein demonstrate that the 

complex interactions between the gas bubbles and the 
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turbulent liquid flow can be resolved and analyzed. The 

detailed two-phase DDNS “data” provided by this study 

can also be used to spectrally analyze the behavior of 

turbulent two-phase bubble flows, as was done previously 

for turbulent single-phase flow (Bolotnov et al., 2010). 

These results are essential to provide new spectral data for 

the development and assessment of next-generation 

spectral multiphase turbulence models (Bolotnov et al., 

2009) for use in computational multiphase fluid dynamic 

(CMFD) codes. 

Future simulations in conduits should include higher void 

fraction bubbly flows as well as different flow regimes 

(e.g., slug, churn-turbulent, or annular flows). High void 

fraction bubbly flows are of particular interests for 

turbulence model development applications since the 

experimental techniques available today do not allow 

taking reliable multiphase flow data for flow with volume 

fractions higher than ~5% due to bubble interference.  
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