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Abstract

We develop a new hybrid tabu search method for optimizing a continuous differen-
tiable function over the extreme points of a polyhedron. The method combines extreme
point tabu search with traditional descent algorithms based on linear programming.
The tabu search algorithm utilizes both recency-based and frequency-based memory
and oscillates between local improvement and diversification phases. The hybrid algo-
rithm iterates between using the descent algorithm to find a local minimum and using
tabu search to improve locally and then move to a new area of the search space. This
algorithm can be used on many important classes of problems in global optimization in-
cluding bilinear programming, multilinear programming, multiplicative programming,
concave minimization, and complementarity problems. The algorithm is applied to
two practical problems: the quasistatic multi-rigid-body contact problem in robotics
and the global tree optimization problem in machine learning. Computational results
show that the hybrid algorithm outperforms the descent and tabu search algorithms
used alone.
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1 Introduction

Minimization of a function subject to linear constraints is one of the most fundamental prob-
lems in optimization. In particular we are interested in problems in which an extreme point
or vertex solution is desired or known to exist. The most common example of this problem
is linear programming. Fast and powerful techniques developed for linear programming exist
for traversing the extreme points of a polyhedral constraint region to an optimal solution
[18, 17]. There are many global optimization problems with nonlinear objectives and lin-
ear constraints in which an optimal extreme point solution is desired or known to exist.
Examples can be found in bilinear programming, multilinear programming, multiplicative
programming, concave minimization, and complementarity problems [13, 8]. Our goal is to
develop an algorithm for nonlinear objective problems that searches the extreme points for
an optimal or near-optimal solution.

One strategy used for bilinear and other differentiable objective functions is to iteratively
linearize the objective and solve the resulting linear program. Examples of these algorithms
are the uncoupled bilinear programming algorithm [7, 19], Frank-Wolfe type algorithms
[7, 10], and successive linear programming [2]. These iterative linear programming algorithms
relatively quickly find a local minimum and then stop. owerful simplex method codes such
as MI O [17] can be used quickly and e ciently to solve the linear subproblems. The
algorithms are simple and have few parameters. earches of adjacent extreme points have
been added to make such algorithms more robust [19]. ut their functionality is limited on
global optimization problems.

Tabu search is well-suited for minimizing nonlinear functions with linear constraints.
There is a natural neighborhood structure. Each extreme point corresponds to a basic feasible
solution. We can examine an adjacent extreme point by exchanging a variable outside the
basis for a variable inside the basis. This is the pivot used in the simplex method for linear
programming [18]. ecency memory is maintained by keeping track of when variables are
pivoted in and out of the basis. Frequency memory is incorporated by keeping track of
how often variables appear in the basis. Tabu search algorithms using extreme points have
been successfully applied to integer programming and bilinear programming applications
[3, 12, 1, 1 ]. One limitation of extreme point tabu search is that if the evaluation of the
objective function is expensive and the neighborhoods are large, then tabu search can be slow
when compared with the local descent methods described above. In addition the parameter
choices and features added to tabu search can make it less aggressive than the iterative linear
programming algorithms.

In hybrid extreme point tabu search, we cycle between the two approaches. We use an
appropriate local descent algorithm to move rapidly to a local minimum. Tabu search is
used to investigate the area around the local minimum and then to diversify to a new part of
the search space. Thus we maintain the benefits of a cheap aggressive local descent method
and the robustness of tabu search. The algorithm can be viewed as a form of restart with
long term memory. The frequency-based memory allows us to target new areas of the search
space.

To illustrate the practicality of this approach we experimented with two applications. The
quasistatic multi-rigid-body contact problem is used to predict the motion of a passive rigid



body in contact with robot manipulators [22]. This -complete problem is an uncoupled
linear complementarity problem that can be formulated as an uncoupled bilinear program
[19]. The second problem is global tree optimization in machine learning [ ]. In this problem,
we try to construct a decision tree with a given structure to correctly classify points from
two classes. This  -complete problem can be posed as an extended linear complementarity
problem that can be formulated as a coupled multilinear program [ |.

This paper is organized as follows. In ection 2 we define the problem we are interested in
and discuss its possible applications. Our version of E T is described in ection 3. brief
review of two local descent techniques is provided in ection . The new hybrid approach

is developed in ection . omputational results on the two types of practical problems are
given in ection . irections for future work are given in the conclusion, ection 7.
We use the following notation. For a vector in the -dimensional real space
denotes the  component of and denotes the vector in with components
max 0 1 The dot product of two vectors and  is indicated by . The

outer product is never used.

1C ro

We are interested in problems that involve minimization of an objective function subject
to linear constraints. To ensure that the hybrid algorithm can be used, we restrict the
objective to functions with continuous first partial derivatives. In general, continuity and
differentiability are not required for extreme point tabu search. We assume without loss of
generality that the constraints are in the standard form used in linear programming [18].
Thus the problem becomes

min
1
0
where , , and . For this paper we will assume that
. The set s a polyhedron. We do not assume that is bounded.
The linear constraints in ~ form a simplex. We review brie y the properties of the

simplex and advise the reader to consult a text on linear programming for more details [18].
ny point in  that cannot be written as a linear combination of any two other distinct
points in  is called an extreme point. Each extreme point corresponds to a basic feasible

solution F .Each F consistsof variables. Thus, the polyhedron has ——— extreme

points. The relatively small problem described in ection .1 with 18 and 9 has

8 20 extreme points. The smallest machine learning problem attempted in ection .2 with
1 18 and 800 has on the order of 10  extreme points.

We can move from one extreme point to an adjacent extreme point by doing a pivot.
Once a variable is chosen to enter the basis, the ratio-test is used to determine the exiting
variable. The basis is then updated. The basic feasible solutions and the pivot operation
provide a natural definition for the neighborhood and memory structures needed for tabu
search.



tr oint u rc

Our version of extreme point tabu search E T is an extension of the algorithm described
in [3]. Other versions of tabu search applied to extreme points can be found in [12, 1, 1 |.
We begin with a description of the features of the algorithm and recommended parameter
choices. The resulting algorithm is summarized in  lgorithm 3.1.

The tabu search neighborhood of each extreme point consists of the adjacent extreme
points. ince the choice of variables in the basis uniquely determines the extreme point,
the memory structures need only track which variables are in the basis. For recency-based
memory, the iteration number is recorded whenever a variable enters or exits the basis. For
frequency-based memory, we keep count of the number of times each variable is used in the
basis. We increment the count of the variables in this basis at every iteration, not just for
critical events as suggested in [11]. We explored the critical event strategy but found it did
not enhance the quality of our results. The best solution found so far in terms of the given
objective function is used as the aspiration criterion.

Moves can become tabu in two ways. If a nonbasic variable is required to reenter the basis
before its tabu-tenure has expired, the move is tabu. move may also be tabu if a basic
variable is required to leave the basis before its tabu-tenure has expired. The tabu-tenure
of nonbasic variables is longer than basic variables because the number of possible entering
variables is much larger than that of exiting variables. We usually set the tabu-tenure for

nonbasic variables to 8 and for basic variables to 1  of the
tabu-tenure of the nonbasic variables.

ince the number of adjacent extreme points and cost of function evaluation can be quite
large, a candidate list is used to limit the number of function evaluations performed when
selecting a move. The candidate list consists of all the improving pivots found at a single
iteration identified by the entering variable.  ossible moves from the candidate list are
evaluated until a non-tabu improving move is found or the aspiration criterion is satisfied.
The selected move is then removed from the candidate list. If no improving non-tabu moves
are found then the candidate list is remade. If still no improving moves are found then a
tabu move is taken. The candidate list is also remade if it becomes less than 1  of its
original length.

E T oscillates between a local improvement mode and a diversification mode. In the
local improvement mode, the objective function is used to evaluate the qualities of the move.
The diversification strategy is a variation of the approach suggested in [11]. The following
frequency penalty function is used to force the algorithm into unexplored areas of the search
space.

where belongs to the set of indices of the variables in the current basis, is a large penalty
constant, is the number of the current iteration, and is a count of the
number of times the variable has appeared in the basis. ince we are only ranking adjacent
extreme points at any iteration, we need only calculate



where is the index of the entering variable, is the index of the departing
variable and  is the sum of frequency of the variables in the old basis. In practice, a
large constant can be used for  provided it is su ciently large to avoid negative values of

The algorithm dynamically determines when to change modes. The algorithm starts in
the local improvement mode. If the objective function has not improved significantly in the
last  iterations, the algorithm switches to the diversification mode. We use 02
for small problems and 003 for large problems. E T continues in diversification
mode until the original objective begins to improve or a maximum number of diversification
iterations is reached. The maximum number of diversification iterations is set to 0 1 for
small problems and 0 2 for large problems. We say the objective has not improved if
it has not changed by in the last iterations. epending on the problem, we usually
choose between 0. and 2 and between 0 1 and 0 2 . In diversification mode,
we also find it is necessary to increase the tabu-tenure of both nonbasic and basic variables
to avoid cycling.

or re e O er



1 o c nt orit

Many descent algorithms can be used within hybrid E T . We looked at two algorithms
the uncoupled bilinear programming algorithm and a Frank-Wolfe type algorithm

FW .

[7] can be applied to uncoupled bilinear problems with the following form

min

0

The problem is called uncoupled because the constraint sets and  are independent.
takes advantage of the fact that the constraints are uncoupled.

or o ed er ror or

arg vertex min 0

arg vertex min 0

d

In the above algorithm, arg vertex min denotes an extreme point in the solution set of
the indicated linear program. terminates at a local minimum satisfying the minimum
principle necessary optimality condition [7].

FW can be applied to any instance of roblem 1 provided has continuous first partial
derivatives on  and is bounded below on . In [7], FW was shown to terminate at a
local minimum satisfying the minimum principle necessary optimality condition.

or r Wo e or A%

arg vertex min

1 arg min 1
1

oth and FW iteratively linearize the objective and then solve the resulting ob-
jective. FW can be applied to bilinear programs with uncoupled or coupled constraints. FW
is slightly more expensive because it requires a line search. In practice both algorithms find
a local minimum after a small number of linear programs [7, 19].



rid tr oint u rc

ybrid E T combines a fast local descent method with the robust global optimization
properties of E T . The basic idea is to use a descent algorithm such as or FW to
get to a local minimum. Then tabu search is used to to further explore the local area and
diversify into a new search area.
The basic algorithm 1s

or y rd re e o er

1

In E T, the basic E T algorithm is used unchanged except that the frequency
information is retained from cycle to cycle and the parameters are adjusted to limit the
time spent in the local improvement phase. The descent algorithms are far more e cient
at local improvement, so if E T does not immediately make progress we switch to the
diversification phase.

o ut tion ut

ybrid E T | E T | , and FW were implemented and tested on two practical ap-
plications from robotics and machine learning. The MI O linear programming package
[17] was customized to perform all four algorithms. oth applications can be formulated as
complementarity problems. The multi-rigid-body contact problem requires the solution of
an uncoupled bilinear program. The global tree optimization problem requires the solution
of coupled bilinear or multilinear programs.

The quasistatic multi-rigid-body contact problem predicts the motion of a quasistatic
rigid object when it is in contact with multiple rigid robot manipulators. The goal is to use
to aid in automatically planning the motion of a robot manipulating an object. We
brie y describe and refer the reader to [22, 19] for more details. ince s -
complete and has extreme point solutions, it is an ideal problem for hybrid E T . Our
computational results in this paper are limited to the problems with datasets given in [19].
In the future, we hope to obtain all the datasets from the results given in [19] so we can
make a more detailed evaluation of this problem.
In [19], was formulated as an uncoupled complementarity problem . n algo-
rithm, we will call minimized an uncoupled bilinear program to find a solution of



uses the above .1 as a subproblem. local minimum is found using
and then the adjacent extreme points are searched for improved solutions. If no im-
proved move is found a random move is taken. Then is restarted from the new point.
This restart strategy is very similar to how is used within E T . The difference is
that E T maintains long-term memory to help guide the search of the adjacent extreme
points. performed very well on this problem. It successfully solved 78 problems out
of 82 problems attempted.
We tested ybrid E T | E T |, and on three problems successfully solved by
ata et 1, ata et 2, and ata et 3in [19, p. 1 1] . The problems have 18
variables and 9 constraints. On ata et 2, a global optimal complementary solution was
found by the descent algorithm and therefore also E T . For ata et1 and ata
et 3, failed to find a global minimum. The ybrid E T | however, was able to find
the global minima for both problems in one cycle of and E T . E T performed as
well as  E T on all three problems, finding the complementary solution in each case. In
[19], solved problems with up to 120 variables. Eventually we hope to compare the
resultsof E T and on these problems, especially the problems where did
not find a complementary solution. owever, this is beyond the scope of this paper.

In global tree optimization ~ TO , the problem of constructing a decision tree with a given
structure to recognize points from two classes is formulated as a multilinear program [ |. If a
tree with the given structure exists that completely classifies the points in the two sets then
the solution satisfies an extended linear complementarity problem [21, |. Even a problem
using a tree with only two decisions is - omplete [1 , 7]. If a tree cannot be constructed
to completely classify the points, a tree that minimizes the classification error is desired.
The goal is to construct trees that generalize well, i.e., trees that correctly predict future
points.
TO can be used in nongreedy algorithms to construct multivariate decision trees. up-
pose we are given two sets of points. et  consists of points in from lass . et
consists of points in from lass . We are also given a multivariate decision tree
with fixed structure. For example, Figure 1 a is a tree with three decisions and Figure
1 b 1is a tree with seven decisions. Each decision consists of a linear combination of the
attributes of the points. For example, for the root of the tree and the point , if
then the point follows the right path and if then the point follows the left path.
We call the weights and the threshold of the decision. The error of the
entire tree is formulated as a bilinear or multilinear program and the error is minimized.
This contrasts with greedy decision tree methods such as . [20] that construct a decision
tree one decision at a time until a desired accuracy is reached. oth algorithms, FW and
E T ., have been applied with reasonable success to the TO problem. omputational
results showed that the quality of solutions found were very good in terms of generalization,
but the global minima were frequently not found.
We explored constructing trees with three decisions seven total nodes and seven deci-
sions fifteen total nodes . The reader should consult [ , 3] for details on how the problems



a b

Figure 1 Multivariate decision trees with three a and seven b decisions.

are constructed. The three-decision tree requires solution of the following multilinear pro-
gram.

min
1 1
1 1
1 1
1
1 1 0
where is the  point in | is the point in . This problem can be

simplified to form a coupled bilinear program.
The seven-decision tree results in the following multilinear program

min

0

To evaluate how well E T was performing, we randomly generated problems that
could be classified by the three-decision and seven-decision trees in Figure 1. For the three-



verage Minimum Objective alue Found

umber Method Improvement
imension | of oints | FW | E T E T
200 7. 23. 0.0 0.0
10 200 0.0 10.8 0.0
20 200 0.7 | 1.9 0.0 20.0
00 2991|2879 |1 . 1.
10 00 3889 (1 .1 |2 3.7 37.
20 00 18 .1 | 211. 11.2 30.7

FW found global optimal so solution could not be improved.

Table 1 omparison of average objective value found by three methods Frank-Wolfe,
E T ,and ybrid E T on randomly generated three decision problems . Improvement is
the percent improvement of E T over FW averaged over the trials.

decision tree, we generated sets of 200 and 00 points with . 10, and 20 dimensions. For the
seven-decision tree, we generated 200 points in  dimensions. These training sets were used
to construct the trees. To measure how well the trees generalized, we used the trees to classify
2000 additional randomly-generated points. The additional points are called the testing
set. This process was repeated times to obtain average values for the optimal objective
found, the training set error, and the testing set error. The random data was created by first
generating the decisions in the tree. Fach weight and threshold were uniformly generated
between -1 and 1. Then points were randomly generated in the unit cube and classified
using the generated tree. ince a starting point is required for FW, an initial tree was
generated using the greedy M MT decision tree algorithm [ |. M MT used a linear program
to recursively construct the decisions. The tree was then pruned to the appropriate number
of decisions.

We compared the performanceof E T ,FW,and E T . To evaluate their effectiveness
as global optimization methods, we compared the optimal objective obtained. For all of these
problems the optimal objective is known to be zero. Table 1 gives the average objective value
of the three-decision trees over the trials. The percent improvement consists of the FW
objective - hybrid objective  FW objective for each trial averaged over trials. To see how
well the three methods performed as classification algorithms, we compared the training and
testing set error for each problem. The average training and testing errors for the three-
decision trees are given in Table 2.

The computational results on the random data clearly show that hybrid E T 1is a better
optimization algorithm than FW or E T alone. In Table 1, E T dramatically improved
the objective values found by FW except in the cases where FW found the global optimal
solutions. In every case but one, E T also found better solutions then E T in terms of
objective values. This trend was also exhibited on the seven-decision problem Table 3 . The
objective found by E T was 3.  better than that of E T . The same trend was shown
on the training and testing set errors. E T always performed as well as or dramatically

10



verage Training and Testing et Error in ercent

umber Method Improvement
imension | of oints et |FW | E T E T
200 train || 3. 0.9 0.0 0.0
test 3 3 1 23.0
10 200 train || 0.0 | 0. 0.0
test || 1 .2 |12.9 1.2
20 200 train || 2.8 | 0.7 0.0 20.0
test || 32.0 | 29.7 31. 1.
00 train || 3.0 1 2. 3.7
test 1 2 3.8 11.2
10 00 train 3|2 2 2.9
test || 10.0 | .0 9.3 1.0
20 00 train || 3.3 | 3.8 2. 3.9
test || 11. | 11.8 11.2 3.

FW found global optimal so solution could not be improved.

Table 2 omparison of classification error found by three methods Frank-Wolfe, E T | and
ybrid E T on randomly generated three-decision problems. Improvement is the percent
improvement of E T over FW averaged over the trials.

better than FW.

To assess the practicality of these methods for actual problems we experimented with four
datasets available via anonymous ftp from the Machine earning epository at the niversity
of alifornia at Irvine [1 |. The datasets are the iver isease dataset iver the

IM Indians iabetes dataset iabetes ,the Wisconsin reast ancer atabase ancer
[23], and the leveland eart isease atabase eart [9]. We used -fold cross validation.
Each dataset was divided into  parts. The decision tree was constructed using of
the data and tested on the remaining 1 . This was repeated for each of the parts and
the results were averaged. ince E T consistently outperformed E T | we only present
results for E T and FW in Tables and

Once again the results are clear. In every case E T found significantly better objective
values than FW on all four real-world datasets. This improvement of the objective value
did not always lead to a reduction in the training and testing set errors. The increased
errors were probably caused by the fact that a three-decision tree does not necessarily re ect
the underlying structure of the dataset. Fitting a poor model more accurately will not
necessarily result in better results. TO must be used in the context of a larger algorithm
to help select the appropriate structure of the tree. Iso, alternate objective functions may
produce better generalization. One benefit of tabu search methods is that we have the

exibility to use alternate objective functions. For example, we could use an objective that
counts the number of points misclassified during the E T cycle of the E T algorithm

3].

11



verage esultson even- ecision Trees

Method Improvement
FW E T
Objective alue 812 .9 3.
Training Frror 1.1 10.9 38.9
Testing Error 20. 18.7 9.

Table 3 omparison of classification error found by two methods Frank-Wolfe and ybrid
E T on randomly generated seven-decision problems consisting of 200 points in  dimen-
sions. Improvement is the percent improvement of E T over FW averaged over the
trials.

verage Minimum Objective alue

umber Method Improvement
ataset imension | of oints || FW E T
iver 3 92.2 2.3 .0
1abetes 8 78 1310.0 | 128 .9 2.
ancer 9 82 9 1. 1.3
eart 13 297 20.8 |19 .0 7

Table omparison of objective functions found by two methods Frank-Wolfe and ybrid
E T on real-world datasets. Improvement is the percent improvement of E T over FW
averaged over the trials.

verage Training and Testing et Error in ercent

umber Method Improvement
ataset imension | of oints et || FW E T
iver 3 train || 28.1 | 39. -39.7
test || 32.2 | 39.2 -27.2
iabetes 8 78 train || 2 .1 | 23.7 1.8
test |2 .1 ]2 .7 1.7
ancer 9 82 train || 2.0 | 1. 2 .8
test 0 |38 2.9
eart 13 297 train || 17.7 | 1 .7 2.
test || 17.8 | 1 .2 -2.
Table omparison of classification error found by two methods Frank-Wolfe and ybrid

E T on real-world datasets. Improvement is the percent improvement of E T over FW
averaged over the trials.

12



onc u ion

We have developed a hybrid E T algorithm which combines tabu search with gradient
descent methods. The method is applicable to continuous differentiable objective functions
minimized subject to linear constraints where extreme point solutions are known to exist or
are desired. We implemented two versions, one using an uncoupled bilinear programming
algorithm and one with a Frank-Wolfe algorithm. We obtained excellent computational re-
sults using hybrid E T on two practical problems the quasistatic multi-rigid-body contact
problem in robotics and the global tree optimization problem in machine learning.

We believe this is a very promising line of research. This work could be expanded in three
directions. ybrid E T could be combined with other descent methods such as the reduced
gradient method. The underlying E T algorithm could be improved, for example by incor-
porating the pivots chosen by the descent algorithm into the tabu search memory. astly,
there are many other applications and global optimization problems that could be addressed
using E T | for example concave minimization, complementarity problems, bilinear pro-
gramming, multiplicative programming, parametric bilinear programming, or optimization
problems in which a vertex of a polyhedron is desired.

r nc
[1] . boudi and . ornsten. Tabu search for general zero-one integer programs using
the pivot and complement heuristic. , 1 8293 ,199 .

[2] M. azaraa, . herali,and . hetty.
ohn Wiley ons, ew ork, 1993.

. ennett and . lue. n extreme point tabu search method for data mining. . .I.
3 tt and 1 t point tab h method for data mining I
Math eport o. 228, ensselaer olytechnic Institute, Troy, , 199 .
[] . . ennett. ecision tree construction via linear programming. In M. Evans, edi-
tor,
, pages 97 101, tica, Illinois, 1992.
.. ennett. lobal tree optimization = non-gree ecision tree algorithm.
tt. lobal t ptimizati greedy decision t lgorith
,2 1 10,199 .
[] . . ennett. Optimal decision trees through multilinear programming. . .I. Math
eport 0. 21 , ensselaer olytechnic Institute, Troy, , 199 . evised.
[71 . . ennett and O. . Mangasarian. ilinear separation of two sets in n-space.
, 2207 227, 1993.
8] . ottle, . ang, and . tone. . cademic

ress, an lego, 1992.

13



9] . etrano, . anosi, W. teinbrunn, M. fisterer, . chmid, . andhu, . uppy,
ee, and . Froelicher. International application of a new probability algorithm for
the diagnosis of coronary artery disease. , 30 310,

1989.

[10] M. Frank and . Wolfe. n algorithm for quadratic programming.
,39 110,19

[11] F. lover. Tabu search fundamentals and uses. Technical report, chool of usiness,
niversity of olorado, oulder, olorado, 199 .

[12] F. lover and . kketangen. robabilistic tabu search for zero-one mixed integer
programming problems. Manuscript, chool of wusiness, niversity of olorado, 199 .

[13] . orst and . ardalos, editors. . luwer cademic, ew ork,
199 .

[1] . kketangen, . ornsten,and . tor y. Tabu search within a pivot and complement
framework. , 13 30 31,199 .

[1 ] . Megiddo. On the complexity of polyhedral separability.

, 332 337, 1988.

[1 ] .M. Murphy and .W. ha. I repository of machine learning databases. epart-
ment of Information and omputer cience, niversity of alifornia, Irvine, alifornia,

1992.

[17] . . Murtagh and M. . aunders. MI O . wusers guide. Technical eport O
83.20, tanford mniversity, 1993.

[18] . . Murty. . ohn Wiley ons, ew ork, ew ork, 1983.

[19] . ang, . Trinkle, and . o. complementarity approach to a quasistatic multi-
rigid-body contact problem. , 1391 |
199 .

[20] . . uinlan. . Morgan aufmann, 1992.

[21] . e chutterand . e Moor. The extended linear complementarity problem.

, 71289 32,199 .

[22] . Trinkle and . eng. lanar quasistatic motion of a contacted rigid body.

. 11229 2,199 .

(23] W. . Wolberg and O. . Mangasarian. Multisurface method of pattern separation for
medical diagnosis applied to breast cytology.
, 879193 919 , 1990.



